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ABSTRACT

Pair-annihilation process models capture the behaviour
of important reactions amongst fundamental physical but
also chemical systems. We develop a lattice-based pair-
annihilation model based on Kawasaki exchange dynam-
ics and with diffusion properties controlled by a lattice-
gas temperature. We investigate the effect of multi-species
screening in the model when anti-ferromagnetic repul-
sive coupling forces are used. We find a phase transition
manifested by an annihilation induced population collapse
around T=0.22 and an additional phase transition in the
number of species present around Q=5. We describe a
number of quantitative metrics based on graph component
labeling and contrast the behaviours of the ferromagnetic
and anti-ferromagnetic variants of the model.

KEY WORDS
pair annihilation; simulation; complex systems; phase tran-
sition.

1 Introduction
Simulation modelling is still a widely used and indeed nec-
essary tool in developing an understanding of phase transi-
tions and critical phenomena that occur in many physical,
chemical and materials systems. Non equilibrium systems
that do not have transition rates satisfying a microscopic
detailed-balance condition [4] need to be studied on incom-
plete time-scales where the dynamics forms the basis of the
analysis. It is possible however to search for parts of such
systems’ phases spaces where trajectories are attracted and
for which some approximation of the long term behaviour
is possible.
There is continued interest in the critical systems literature
in models that combine diffusion with multi-species rules
and for which processes support or compete. One such
model is the pair-annihilation model (PAM) which can be

Figure 1: Cold, Warm and Hot Snapshots of the 2562 sys-
tem, for Q = 3

used to study processes where two particles meet and mu-
tually annihilate. This is often denoted as A + A → 0 and
is typical of some chemical reaction processes where pairs
of molecules combine to leave behind an inert product that
plays no further part in the reaction [17, 34]. Annihilation
models also play a useful part in understanding more fun-
damental physical interactions.
The pair-annihilation model [10] has been studied in a
number of contexts including: segregation [20]; birth
and death combinations [18]; wave pattern formation [1];
asymmetric reactions [3]; and diffusion in various forms
[7,12,29] and comparisons with other models [2], and with
various diffusion mechanisms explored [9]. The PAM has
been studied extensively at a theoretical level [31] and with
simulations in one dimension [5,30]. In such cases it mod-
els a queue or channel of interacting particles and has rel-
evance for comparisons with theory but is otherwise not
particularly representative of any real physical system. A
two dimensional system modelling a sheet of interacting
particles on a surface is more interesting – but more com-
putationally difficult to simulate.
Many simulation model like the PAM are constructed in
terms of lattice simulations with interacting particles at
nearest-neighbour interaction ranges [6, 26]. The PAM is
usually parameterised in terms of a diffusion rate and par-
ticle annihilation and production rates. We find that the
Kawasaki site-exchange model [22, 23] is a useful way to
formulate the diffusion process in a more realistic way by
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linking it to a temperature. The Kawasaki model [24] is
based on the Ising model [21] but with exchange diffusion
dynamics and is effectively a lattice gas model [16] if there
are vacancies [8] 2011 present. Details of this are given be-
low in Section 2 but in summary we obtain a model where
Q species of lattice cell site diffuse around according to a
simple coupling model that is controlled by temperature.
Any two particles of the same species that met annihilate
one another.
The PAM has been extensively studied with one and two
species and some work has explored three states [11]. We
are not aware of many higher number of species or states
having been explored however – possibly because for nor-
mal ferromagnetic coupling systems there does not appear
to be any new behaviours for higher Q [19].
When a ferromagnetic coupling model like that of the nor-
mal Ising, Potts [27, 33] or Kawasaki model is employed
particle populations steadily decline according to a well
known exponential law. However, our particular new find-
ing, reported in this present article, is that when an anti-
ferromagnetic coupling is employed, then like-like parti-
cles repel and elaborate interleaving checkerboard struc-
tures form whereby one species of particle effectively
shields others from mutual annihilation. We find a phase
transition in temperature and another in the number of
species of particle present. Particles of different species
cannot occupy the same space but otherwise do not couple
with one another. We model our system with initial frac-
tion 1/Q of each species and we treat one of the species -
“state 0” as the vacancies or null reaction products of the
pair annihilations [28].
Our Multiple species Pair-Annihilation Model (MPAM)
was studied through computer simulations on a 2562 square
lattice model for 2,000 time steps where each site was up-
dated on average once per time step. Some snapshots of
the anti-ferromagnetic model are shown in Figure 1 which
shows the interleaving shielding checker-board structures
forming at cold temperatures, but breaking up at tempera-
tures above the critical temperature which we found to be
around Tc ≈ 0.22. Using graph component labelling [14]
and other metrics we investigated the formation of clusters
or droplets [13] of non-vacant particles in the system. We
also studied different number of species and found an addi-
tional transition inQ ≈ 5 where in our model the vacancies
are considered to be one of the Q particles species present.
Our article is structured as follows: In Section 2 we sum-
marise the multi-species pair-annihilation model and the
manner in which we implement it on a lattice. We present
various screen-shots and quantitative metrics from the sim-
ulations in Section 3. In Section 4 we offer a discussion of
the implications of the model and results alongwith some
conclusions and areas for further work in Section 5.

Figure 2: Exchange Mesh showing how A and B exchange,
interacting with their nearest neighbours, or C and D do.

2 Multi-Species Pair-Annihilation
Although a number of authors have reported simulation
work on the pair annihilation model, no work that we are
aware of has studied the effect of anti-ferromagnetic (re-
pulsive) couplings.
The PAM is implemented on a two dimensional lattice with
a site exchange diffusion mechanism similar to Kawasaki
spin-exchange dynamical model, which itself is based on
the Ising model notion of nearest neighbour couplings be-
tween sites. Figure 2 shows how two sites arranged hori-
zontally (A-B) or vertically( C-D) interact with their col-
lective six nearest neighbours. At each step of the model
the sites are “hit” randomly and the evolutionary process
described in Algorithm 1 is followed.
The bonds between sites are supposed to model an interac-
tive coupling between nearest neighbour sites of the form
of the Hamiltonian:

H = − 1

2N

∑
<i,j>

Ji,jσiσj (1)

with the summation over nearest neighbouring sites of
which there are four on a two-dimensional square lattice.
We take the site variables σ ∈ {±1} and the coupling pa-
rameter J to be uniform everywhere and a unit of Boltz-
mann’s constant kB throughout.
Changes in the Hamiltonian H that result in a lowering
of energy (increased bond count) are always accepted and
the swap of sites i, j made, but even changes that imply
a small increase in energy are accepted stochastically, and
this models the effect of thermal fluctuations. The Boltz-
mann probability condition for testing against a random
number is:

P = exp(−∆E/kBT ) (2)

To all intents and purposes have a single parameter model
– the temperature T if we measure changes in energy as
changes in the number of bonds and use kB units for J .

4 Int'l Conf. Scientific Computing |  CSC'13  |



Algorithm 1 Like-Pair Annihilation Model.
choose lattice size, shape, eg square 2562

choose neighbourhood N eg Nearest
choose number of allowed states Q
for all runs do

initialise N sites randomly
for all steps, eg 2,000 do

for all sites i = 1..N , in random order do
choose neighbouring site j ∈ N
if sites i and j are same species then

annihilate i and j, both set to 0
else

count changed bonds if i,j swap
if increased bonds then

swap species at i,j
else

with Boltzmann probability
swap species i,j

end if
end if

end for
record populations and cluster sizes

end for
end for
normalise averaged measurements

We implement the model with Q different states, but with
one of these used to denote a vacancy site. There are there-
fore Q − 1 non vacant states present in the model and we
use the A+A→ 0 like-like pair variation of the pair anni-
hilation model. This is expressed in Algorithm 1 where two
sites of the same species annihilate one another completely
and with probability one. It is possible to introduce an ad-
ditional parameter to the model - a probability usually de-
noted as λ that controls the rate at which such annihilations
occur. We use the Kawasaki model’s temperature to control
the diffusion of species in the spatial lattice. Other authors
adopt a simpler non-interaction based approach and intro-
duce a diffusion constant D. A third parameter controlling
a production process is also possible. In the work we re-
port here we do not allow new particles to be produced and
focus on particle annihilation not production.
In the Ising, Kawasaki and related models the coupling pa-
rameter J is taken as a positive number. The upshot is
that like particles are attracted to like. This form of system
is known as ferromagnetic coupling. However the models
also work consistently if we reverse the sign so that like re-
pels like and the species arrange themselves to avoid other
members of their own species. In the simple Q = 2 case
this gives rise to a checkerboard pattern with species com-
pletely avoiding any nearest neighbour interactions. More
complex inter-plays arise when there are irregularities in
the pattern due to prior annihilations.
In the work reported below we experiment with the anti-

ferromagnetic coupling version of the Kawasaki dynamics,
operated alongside a like-like pair annihilation process.

3 Experimental Simulation Results
Unless otherwise stated, the systems reported are based on
a periodic wrap around geometry on a square lattice of size
N = 2562 sites and initialised randomly with average ini-
tial fraction fQ = N

Q of each species - including vacancies.
The model system is evolved for 2,000 time steps for the
data presented, and various snapshots and quantitative met-
rics are reported.
Figure 1 shows the key result for a small system. The
anti-ferromagnetic couplings make the individual species
repel one another at nearest neighbour interaction lengths
and the surviving particles arrange themselves on checker-
board patterns in which they can maintain themselves for a
long time without meeting and annihilating with a particle
of the same species. When the temperature is slowly raised
however, more thermal fluctuations in the form of particles
that have temporarily hopped off the checkerboard and are
therefore prone to meeting an annihilation partner particle
of the same species. The results are seen at a high temper-
ature, the population of particles starts to drop significantly
as particles are no longer screened by the low temperature
frozen-in interleaving checkerboard patterns.
This effect is seen manifest in systems at various number
of species Q. Figure 3 shows the effect for Q = 3, 4, 5, 6.
In this illustration we have coloured all non-vacancies a
shade of red as this emphasises the long range structure of
defects amongst the interleaving checkerboards that have
arisen from the anti-ferromagnetic couplings. We have not
illustrated the model for ferromagnetic couplings as parti-
cles annihilate very rapidly and the long-term (uninterest-
ing) picture is of a very few isolated particles in a sea of
vacancies.
There are a number of useful quantitative metrics that we
report for both ferromagnetic and anti-ferromagnetic cou-
pled systems however. The simplest to record is a popu-
lation track of a representative species as the system pro-
gresses from its initial random state. Since we treat all non
vacant species the same, it is sufficient to track the popu-
lation of species-1. The population of monomer particles
- that is particles with no non-vacant neighbouring parti-
cles - is also relatively simple to compute. Using a com-
ponent labelling algorithm we can also track the number of
distinct (non-vacancy) cluster components in the system.
These three metrics are shown plotted against time (on a
logarithmic scale) for both an anti-ferromagnetic coupling
simulation (left) and a ferromagnetic one (right).
Figure 4 shows the dramatic difference between the ferro
and anti-ferromagnetic couplings on the PAM. The anti-
ferromagnetism essentially creates a screening effect so
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Figure 3: Snapshots of the 2562 system, after 2000 steps, for Q = 3,4,5,6

that members of the same species can be held apart long
enough for intricate interleaved checker-boarding patterns
to form and prevent a wholesale mutual annihilation of like-
like species. In the data shown in Figure 4 we hold the
system cold with temperature T = 0. This lets us study
the progress from random initial population to long term
behaviour.
In the case of the ferromagnetic model, with particle pro-
duction mutual annihilation progressively removes almost
all particles, and those few remaining only survive because
of the lowered probability of finding an annihilation part-
ner in the space. The anti ferromagnetic system however
allows particles to survive and a steady non zero population
fraction, fraction of monomers and number of non-vacancy
clusters all result. We can see that at zero temperature, the
number of species does not have any obvious complex ef-
fect. Increasing Q means the partial volume fraction avail-
able to each species is reduced, but also allows species to
more effectively “hide from their own” and to survive an-
nihilation for longer based upon the frozen-in long range
spatial checker-boarding patterns.

Figure 5: Final population of species vs log of temperature
for various numbers Q of species present.

A series of systems were simulated at different tempera-
tures to study the effect of the increasing thermal fluctua-
tions.
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Figure 4: Metrics for the 2562 system for anti-ferromagnetic coupling (left) and ferromagnetic (right) at Temperature T=0,
and for various number of species Q values.

Figure 5 shows a plot of the final value (after 2,000 steps)
of the population fraction of representative species number
1, plotted against the diffusion-controlling temperature (on
a logarithmic scale) and with different curves for each of
the different Q values.
One interesting result is the existence of a marked phase

transition for all Q values at temperature Tc ≈ 0.22. This
corresponds to there being sufficient thermal energy for
particles to hop out of or across the nearest neighbour
checkerboard screening them from their fellows and mutu-
ally annihilating. The population drops rapidly above this
critical temperature. A more subtle result is that of a second
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Figure 6: Limiting low-temperature intercept population
fractions for various numbers Q of species present.

Figure 7: Fitted straight line to the data from Figure 6 plot-
ted vs 1/Q.

partial drop in the populations at temperature T ∗
c ≈ 0.13

for Q >= 5. The existence of this suggests a richer set of
phases corresponding to mutually screening structures at
higher Q values. This may also correspond with the known
behaviour of the multi-species Ising model (known as the
Potts model [27]) whose phase transition changes its char-
acteristic behaviour around Q = 5.
We attempt to investigate how systematic the transition in Q
is by plotting the limiting values of the population fractions
for each different Q value at low temperatures.
This is shown in Figure 6 where the near horizontal straight
line limits suggest they can be characterized by a fitted
intercept to each straight line. These intercepts are them-
selves plotted as a function of 1/Q and are shown in Fig-
ure 7. There appears to be a straight line relationship with
1/Q to within the bounds of experimental error from the
experiments reported here.

4 Discussion
We have determined that under anti-ferromagnetic cou-
pling the MPAM model has a richer set of critical transi-
tions than might have been expected. We identified one
in the temperature and another in the number of species
present which also manifests itself in a different tempera-
ture range.
Our simulations were on a 2562 square lattice which as
large enough to support the long range checker-board struc-
tures observed. Small systems of for example < 502 where
not large enough to support these for any observable times.
It is possible that there may be more sophisticated inter-
leaving shielding structures relevant to much higher Q val-
ues, that only manifest themselves at larger lattice sizes.
Our simulations were performed using a custom simula-
tion code written in Java with associated Java Swing 2D
Graphics. This was sufficiently fast to obtain the results
presented in this paper over a few days worth of processing
effort. To study larger systems or to obtain more indepen-
dent runs at each T or Q parameter scan, faster compute
resources would be necessary. This sort of model would
parallelise very well and would be well suited to the use of
a data parallel accelerator such as a Graphical Processing
Unit (GPU). Various parallel strategies such as multi spin
coding [25] and GPU parallelism [32] have been reported
as successful for this sort of model already.
We have focused on two-dimensional systems - largely due
to computational limitations - but the model would ex-
tend in principle to three dimensions. There is scope for
studying layering or other three dimensional structures in
Kawasaki exchange dynamics based models [15].

5 Conclusions
We have extended the pair-annihilation model to multi-
ple species and have explored up to nine different species
present on a square lattice through computer simulation.
We have based our diffusion mechanism on the temper-
ature coupling of the Kawasaki model. We explored the
anti-ferromagnetic coupling regime as well as the more
normal ferromagnetic one and have observed long range
interleaved screening structures form in the model to al-
low species to survive annihilation much longer than they
would in the ferromagnetic system.
We have found and approximately located the phase tran-
sition temperature at which these long range structures are
broken up by particles hopping across them as at around
Tc ≈ 0.22. We have also identified a change in behaviour
at around Q ≈ 5 which we believe is linked to a more sub-
tle interaction between the mutual shielding behaviour at
high Q. We hypothesis a relationship between the low tem-
perature limit behaviour of the system and the reciprocal of
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the number of species present Q.
There is scope to investigate these phenomena in more sta-
tistical detail and potentially to obtain a full and complete
phase diagram of the anti ferromagnetic multiple species
pair-annihilation model (MPAM). There is further scope to
extend the model to three dimensions where more complex
face-centred or body-centred shield structure might form.
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Abstract - In general, the movement strategy of industrial 
robots can be divided into two kinds, PTP (Point to Point) and 
CP (Continuous Path).  In order to cope with high-speed 
handling of the cooperation of industrial robots with machine 
tools or other devices, CP should be implemented so as to 
reduce vibration and noise, as well as decreasing travel time.   
In this paper, we will realize CP motion (especially hybrid 
motion) blending in 3-dimensional space for a 6-axis 
articulated (lab-manufactured) robot (called as “RS2”) by 
using LabVIEW® programming, based on a parametric 
interpolation. .  Another major contribution of this paper is 
the proposal of motion blending simulation technique based 
on LabVIEW® and SolidWorks®, in order to figure out 
whether the hybrid motion blending can be realized before 
actual implementation. In order to evaluate the performance 
of hybrid motion blending, simple PTP (i.e., linear-linear) is 
physically implemented on RS2 as well as hybrid motion 
(especially joint-linear) blending. The implementation results 
of hybrid motion blending and PTP will be compared in terms 
of vibration magnitude and travel time by using the vibration 
testing equipment of Medallion of Zonic®.  It will be confirmed 
that the hybrid motion blending is with less vibration and 
shorter travel time when compared to the PTP, by 
implementing two algorithms on RS2 

Keywords: Hybrid motion blending, LabVIEW® and 
SoildWorks®- based Simulation Technique, 6-axis articulated 
robot, LabVIEW® programming, Virtual drivers, Recurdyn® 
V7 

 

1 Introduction 
  A 6-axis articulated robot, as one of industrial manipulators, 
is commonly used for automation lines of welding, assembly 
and spray painting.  For fast and accurate motion of 6-axis 
articulated robot, more noble motion control strategy is 
needed.  In general, the movement strategy of industrial robots 
can be divided into two kinds, PTP (Point to Point) and CP 
(Continuous Path). Early industrial robots in mass production 
line have been mainly used for simple and iterative jobs in 
which PTP motion is enough. But recently, industrial robots 
which should be co-worked with machine tools are 
increasingly needed for performing various jobs, as well as 
simple handling or welding.  Therefore, in order to cope with 

high-speed handling of the cooperation of industrial robots 
with machine tools or other devices, CP should be 
implemented so as to reduce vibration and noise, as well as 
decreasing operation time. [1] 

More specifically, Fig. 1 shows the comparison of PTP with 
CP. As shown in Fig. 1, PTP makes a robot move from a 
starting  point to an ending point through a via point, whereas 
CP makes a robot from a starting point to an ending point 
without pausing at a via point.  Especially CP can result in 
smooth motion of robot and thereby can shorten travel time of 
robot. 

  
        (a) PTP motion                   (b) CP motion 
     Fig. 1 PTP motion and CP motion 

 
As shown in Fig. 2, basic operation of CP motion can be 

achieved by superposing the trapezoidal velocity profiles of 
two segments (i.e., one segment from a starting point to a via 
point and another segment from a via point to an ending point) 
in the vicinity of a via point.    The CP motion can result in 
reducing both travel time and vibration.   

 

 
Fig. 2 Superposition of velocity  

 
Reduced travel time due to the CP Implementation and 

effects of vibration can be obtained.  Existing CP method in 
[2] has proposed a new velocity superposition algorithm in 
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consideration of various velocity cases, as shown in Fig. 3.   
This algorithm has many equations with difficulties in actual 
application to a robot. Moreover it can not provide hybrid 
motion blending such as blending of joint motion with linear 
motion because it is effective only for homogeneous blending 
of joint motion with joint motion.  As another investigation of 
velocity superposition, Ju et al. [1] has suggested a hybrid 
motion blending algorithm including velocity superposition by 
using parametric interpolation.   By using a 3-axis (lab-
manufactured) SCARA robot (called as “RS1”) with 
LabVIEW® controller (see Fig. 4), this simple algorithm was 
shown to result in less vibration, compared with PTP motion 
and Kim’s algorithm proposed in [2].  However, relatively 
simple LabVIEW® programming and RS1 have been used for 
the realization of CP motion blending in 2-dimensional plane. 

 

 
Fig.3 Kim’s (velocity superposition) algorithm in [2] 

 
 

 
Fig. 4  RS1 (SCARA) and CP motion blending in [1] 

 
 

In contrast, this paper will realize CP motion (especially 
Hybrid motion blending) blending in 3-dimensional space for 
a 6-axis articulated (lab-manufactured) robot (called as 
“RS2”) by using LabVIEW® programming, based on the 
parametric interpolation.   Another major contribution of this 
paper is the proposal of motion blending simulation technique 
based on LabVIEW® and SolidWorks®, in order to figure out 
whether the hybrid motion blending can be realized before 
actual implementation.  Moreover, this simulation technique 
can check any interference between links.  In addition, by 
incorporating the RS2 model of SolidWorks®, Recurdyn® V7 
will be used for checking whether the velocity generated by 
the motion blending algorithm can exceed the maximum of 
velocity at the end-effector of RS2.  Without the simulation 

technique, the implementation of hybrid motion blending 
algorithm on RS2 can result in the damage (especially severe 
twisting of harness nearby a wrist) of robot since it make the 
joint servo motors of RS2 go over the travel speed ranges of 
joints.  At last, in order to evaluate the performance of hybrid 
motion blending, simple PTP (i.e., linear-linear) is also 
physically implemented on RS2 as well as hybrid motion 
blending. The implementation results of hybrid motion 
blending and PTP will be compared in terms of vibration 
magnitude and operation time by using the vibration testing 
equipment of Medallion of Zonic®.   It will be confirmed that 
the hybrid motion blending is with less vibration and shorter 
travel time when compared to the PTP, by implementing two 
algorithms on RS2.    
 

2 Hybrid Motion Blending Algorithm  
and Its Programming on LabVIEW® 

 
 Hybrid motion blending is defined as the blending of 
different two type’s motions such as a blending of joint motion 
with linear motion and circular motion, in the neighborhood of 
a via point. The types of motion can be classified into 3 
categories; joint motion, linear motion, and circular motion.  
In this paper, joint and linear motions are exclusively selected 
for explanation, based on  [1]. 

 
First of all, a parameter u(t) can be introduced as follows: 

 
]1,0[),)(())(( ∈−−= uPPtuPtuP i

s
i

ee
ii                        (1) 

 
where u(t) spans from 0 to 1, having a key role of 
synchronizing all the joints in acceleration and deceleration 
time.  Here i indicates the number of joint axis; i

eP  denotes 

the end position of i-th joint, and i
sP  denotes the start position 

of i-th joint.  It can be worth noticing that u(t) is 1  at i
sP , 

while u(t) is 0  at i
eP .  Especially the parameter u(t) denotes 

the ratio of the moved distance  l during elapsed time t to  the 
total movement L, which can be defined by 
  

Lltu /1)( −=                                                             (2) 
                                                           
Referring to Eq. (1), joint motion segment can be described by 

 
]1,0[),)(())(( ∈−−= uJJtuJtuJ see                    (3) 

 
where J(u(t)) denotes a joint position; the subscripts e and s 
indicates end and start, respectively.  Similarly, a linear 
motion segment can be given by 
 

             (4) 
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θ∆

where L(u(t)) denotes a position of an end-effector in 
Cartesian coordinates.  Especially  eP  and sP indicate the end 
and start position of the end-effector in Cartesian coordinates.  
Equations can be re-written in joint coordinates as follows: 
 

]1,0[)),)(((
)))((())((

∈−−=
=

uPPtuPInvKin
tuLInvKintuJ

see

                  (5) 

 
where InvKin(·) denotes the inverse kinematics routine. 
Similarly, a circular interpolation can be given by 
 

 
Fig. 5  Element of Circular interpolation 

 

               (6) 

     (7) 

 

where pc is circle center, ps is circle starting point, k is normal 

vector of pc ,  is angle of arc. 

 

The motion blending should be implemented in joint 
coordinates on the basis of time axis.  For example, the (k – 
1)-th joint motion segment and the k-th linear motion segment 
can be blended in joint coordinates.  Thus hybrid motion 
blending equation using Eqs. (3)-(7) can be defined as 6 
equations as follows:  

 

Joint – Linear Blending  
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Joint – Circular Blending 
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Linear – Circular Blending  
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Circular – Linear Blending  
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Circular – Joint Blending  
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Linear – Joint Blending  
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where the superscript i denotes the number of joint axis. 
 

Now the Hybrid motion blending is experimented on RS2 
with a LabVIEW® NI PXI-7350 Motion Controller, so as to 
track hybrid motion path.   Figure 6 shows the LabVIEW® 
inverse kinematics graphical program for RS2. This inverse  
kinematics routine of LabVIEW® is often called in the motion  
blending as InvKin(·)  Next the LabVIEW® programming of 
velocity superposition using parameter u(t) is shown in Fig. 7, 
based on Case 1, 2, and 3 in  [1].  By calling both LabVIEW® 

programming of Figs. 6 and 7, the last LabVIEW® 

programming of hybrid motion blending has been constructed 
as shown in Fig. 8.[6] 
 

 
Fig. 6  LabVIEW® inverse kinematics graphical program for 

RS2 
 
 

 
Fig. 7  LabVIEW® programming of velocity superposition usi

ng u(t) 
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Fig. 8  LabVIEW® programming of hybrid motion blending 

 
 

In more specific, the hybrid motion blending of LabVIEW® 

programming be explained as follows.  As shown in Fig. 8, 3 
VI’s are engaged in hybrid motion blending.    Here VI means 
Virtual Instrument of LabVIEW® programming.   The 3 VI’s 
are composed of parameter interpolation VI (which is skipped 
due to simplicity in Eq. (2), velocity superposition VI (see Fig. 
7) and inverse kinematics VI (see Fig. 6).  Consequently 
hybrid motion blending VI calls 3 VI’s to calculate next points 
during motion blending. 
 

3 Application of SoildWorks®  
and LabVIEW® –based Simulation 
Technique to Hybrid Motion Blending of 
a 6-axis Articulated Robot 
 
 Before applying the hybrid motion blending programs using 
LabVIEW® to RS2 directly, we would like to check the 
feasibility of the program in advance to avoid mechanical 
interference between links or joints.  For this purpose, we 
propose a simulation technique to be applied to hybrid motion 
blending by by interlocking SolidWorks® and LabVIEW®.   In 
specific, this simulation technique makes it possible to figure 
put any problem which might occur when the hybrid motion 
blending program of LabVIEW® is applied to RS2 actually.  
Especially the technique can make RS2 avoid a severe 
collision between links or disconnection of harness around a 
wrist when excessive joint angles can be given by rough 
motion blending. 
 

 For the proposed simulation technique, we first make a 3-
dimensional (3-D) modeling of RS2 using SolidWorks® as 
shown in Fig. 9.  In the SolidWorks® 3-D modeling, each joint 
axis moved by RS2 was set from axis 1 through 6 as shown in 
Fig. 10. To realize the simulation, the LabVIEW® program 
used in the previous section of hybrid motion blending was 
incorporated with SolidWorks®.  The 3-D modeling of RS2 in 
SolidWorks® was loaded into LabVIEW®, instead of the 
physical robot of RS2.  Moreover virtual 6 drivers were 

generated on the LabVIEW®, making the joint axes of 3-D 
model coincident with the ones of actual RS2. 

 
Fig. 9 Using SolidWorks® 3-D modeling of 6-axis articulated 

robot 
 

In fact, since RS2 has servo drivers taking charge of motor 
on each axis, and the motor values are set up, it operates as 
soon as the LabVIEW® program is applied. But, in the case of 
the RS2 modeling with SolidWorks®, each motor should be 
set, and the motor value set on the SolidWorks® should be 
made to be equal to the driver value of LabVIEW®, using the 
function of generating virtual driver.  Figure 10 below shows 
each joint axis on which a real robot moves in SolidWorks®·. 
Then the LabVIEW® program developed in the previous 
section was loaded and connected to the virtual drivers.  
Finally SoildWorks® and LabVIEW®-based simulation is 
performed as shown in the interlocking program configuration 
of Fig. 11. [7] 

 
 

Axis Setting-up  of  axes 

1 

 

2 

 

Parameter interpolation VI 

Velocity superposition VI 

Inverse kinematics VI 
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3 

 

4 

 

5 

 

6 

 

Fig. 10  Setting-up of axes for RS2 

 

 
Fig. 11 Interlocking program configuration 

 
 

After setting up the axes of RS2 in SoildWorks®, the 
motion-blending program created in LabVIEW® is 
downloaded into the virtual drivers of SoildWorks® modeling, 
and then SoildWorks® and LabVIEW® –based simulation is 
performed.  Figure 12 shows the simulation result of PTP 
motion and joint-linear blending.  Trajectories of circular–

joint, and linear-circular blending were also identifiable 
through the simulation result of Fig. 13. 
 

  
PTP motion Joint - Linear Blending 

 
Fig. 12  Simulation result of PTP motion and joint-linear 

blending 
 

 

  
Circular – Joint Blending Linear - Circular Blending 

 
Fig. 13  Circular– joint and linear–circular blending 

simulation 
 

Such simulation results make it possible to figure out the 
problems which can take place when the programs made with 
LabVIEW® is applied to RS2 in advance, and thereby we can 
take measures responding to the problems.  To be specific, 
before applying the hybrid motion blending programs using 
LabVIEW® to RS2 directly, we can check the feasibility of the 
program in advance to avoid mechanical interference between 
links or joints.   Thus this simulation technique can make RS2 
avoid a severe collision between links or disconnection of 
harness around a wrist when excessive joint angles can be 
given by rough motion blending. 

 
In addition, by incorporating the RS2 model of 

SolidWorks®, Recurdyn® V7(multi-body dynamics analysis 
program tool) will be used for checking whether the velocity 
generated by the motion blending algorithm can exceed the 
maximum of velocity at the end-effector of RS2.  Without the 
simulation technique, the implementation of hybrid motion 
blending algorithm on RS2 can result in the damage 
(especially severe twisting of harness nearby a wrist) of robot 
since it make the joint servo motors of RS2 go over the travel 
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speed ranges of joints. 
 
Figure 14 shows the 3-D modeling of RS2 using 

Solidworks® in Recurdyn® V7, to which hybrid motion 
blending algorithm given by Eq. (8) is input.   The hybrid 
motion blending simulation can make us check if RS2 could 
be damaged for excessive joint velocities out of joint velocity 
limits, which might come from the blending algorithm.   The 
typical example of damage is the entangling of harness nearby 
the wrist part of RS2.  Figure 15-(a) shows an example of 
joint-linear CP path in terms of Z-position of end-effector. The 
joint-linear motion blending simulation using Recurdyn® V7 
results in the profile of velocity magnitude (or speed) for the 
end-effector of RS2, as shown in Fig. 15-(b).   In this figure, 
the average end-effector speed was confirmed as about 40 
mm/s within the speed limit of 80 mm/s.  This means that the 
hybrid motion blending algorithm can be implemented on RS2 
safely for the given joint-linear CP path of Fig. 15-(a).  For the 
CP path (see Fig. 14-(a)) with reliable simulation result of Fig. 
15-(b), the motion blending algorithm given by Fig. 8 is now 
implemented on RS2. 
 
 

 
Fig. 14  Recurdyn® V7 simulation 

 
 

 
 

a)  Z-Position of End-effector           b)   Velocity of End-effector 
 

Fig. 15   Velocity profile of end-effector during joint-linear 
motion blending in Recurdyn® V7 simulation  

 
 

4  Implementation and Measurement 
of Hybrid Motion Blending on RS2 

 
In order to evaluate the performance of hybrid motion 

blending, simple PTP (i.e., linear-linear) is also physically 
implemented on RS2. The implementation results of hybrid 
motion blending and PTP are compared in terms of vibration 
magnitude and travel time by using the vibration testing 
equipment of Medallion of Zonic®.   It can be noticed from 
Figs. 17 and 18 that, as shown in TABLE I, the vibration peak 

of joint-linear motion blending has been reduced to 1/10, 
compared to that of PTP.  This comparison is clarified through 
TABLE I.   Besides the travel time of joint-linear motion 
blending for a given path of Fig. 15-(a) is 3 s while that of 
PTP is about 5 s.   Therefore the joint-linear motion blending 
is with less vibration and shorter travel time when compared to 
the PTP, by implementing two algorithms on RS2.   For 
reference, Fig. 19 shows the captured hybrid motion blending 
pictures of RS2. 
 

 
Fig. 16 vibration measurement of RS2 

 
 

 
Fig 17 Result of vibration measurement for PTP  

 
 

 
Fig. 18 Result of vibration measurement for joint-linear 

Blending  
 
 

Table. 1  Vibration Acceleration of Motion 

 MOTION  
TYPE 

G[RMS] 
IN X-

COORD. 

G[RMS] 
IN Y-

COORD. 

G[RMS] 
IN Z- 

COORD. 

TIME 
(S) 

PTP 0.2596 0.7526 0.02329 5 

Hybrid motion 
blending 

0.0025 0.0052 0.0021 3 
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Fig. 19 Joint-linear motion blending 
 
 

5 Conclusion 
In this paper, the lab-manufactured 6-axis articulated robot 
(RS2) has been used for investigating motion blending 
technology in a laboratory.   Especially a CP motion blending 
(hybrid motion blending) in 3-dimensional space for RS2 was 
realized by using LabVIEW® programming, based on a 
parametric interpolation.   Another major contribution of this 
paper is the proposal of motion blending simulation technique 
based on LabVIEW® and SolidWorks®, in order to figure out 
whether the hybrid motion blending can be realized before 
actual implementation.  Moreover, this simulation technique 
can check any interference between links. Setting up the axes 
of RS2 in SoildWorks®, the motion-blending program 
generated in LabVIEW®  is downloaded into the virtual drivers 
of SoildWorks® modeling, and then SoildWorks® and 
LabVIEW® –based simulation is performed. The simulation 
results of PTP motion and joint-linear blending as well as 
circular–joint and linear-circular blending were also 
identifiable through simulations.  In addition, by incorporating 
the RS2 model of SolidWorks®, Recurdyn® V7 has been used 
for checking whether the velocity generated by the motion 
blending algorithm can exceed the maximum of velocity at the 
end-effector of RS2.  In order to evaluate the performance of 
hybrid motion blending, simple PTP (i.e., linear-linear) was 
physically implemented on RS2 as well as hybrid motion 
(especially joint-linear) blending. The implementation results 
of hybrid motion blending and PTP was compared in terms of 
vibration magnitude and travel time by using the vibration 
testing equipment of Medallion of Zonic®.   It has been 
confirmed that the hybrid motion blending is with less 
vibration and shorter travel time when compared to the PTP, 
by implementing two algorithms on RS2. 
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Abstract – This paper focuses on the development of a 

simulation technique that can calculate the reduction effect of 
the pressure/flow ripples.  First,, the theoretical kinematic 
analysis according to the variable swash plate angle will be 
presented  to establish the mathematical theory of single 
piston in order to design single piston pump using the 
Simulation-XⓇ. Based on this kinematic analysis, the 
simulation of  variable swash plate type axial piston pump 
will be conducted by changing a notch shape in the valve 
plate part through modifying the opening area of intake and 
discharge and thereby figuring out the pressure of outlet.  The 
simulation result according to notch type will show that a V 
type notch results in smaller pressure pulsation, compared 
with a circular type notch.  Using one-dimensional simulation 
model of single piston pump, we will connect nine piston 
pump models by using Simulation-X® for the overall variable 
swash plate type piston pump, and then proceed with 
investigation through simulation for searching for the optimal 
notch design specifications for minimizing pressure and flow 
ripples. It can be pointed out that the contribution of this 
paper can be referred to as a the development of 
Simulation-XⓇ based Simulation Technique to be applied to 
notch shape optimization for a variable swash plate type 
piston pump. 

Keywords: Simulation-XⓇ  based Simulation Technique, 
Variable Swash Plate Type Piston Pump, Notch Shape 
Optimization, Circular Type Notch, V Type Notch, 
Pressure Pulsation, Flow Ripple. 
 

1 Introduction 
  Hydraulic systems have been used broadly for construction 

equipment due to significantly higher power capacity. In 
addition, most hydraulic parts have a strong durability, which 
well suits the characteristics of construction equipment in 
rough work environment. [1]   In particular, an excavator’s track 
driving motor or a piston pump needs consideration for the 
safety of a driver, requiring durability of higher standard.  In 
the case of hydraulic piston pump, mechanic noise from 
pressure pulsation and flow ripples may heavily affect the 
safety and convenience of the driver.  Moreover, pressure 

pulsation is generated through the flow ripples generated at the 
piston pump as well as the mutual interaction of the hydraulic 
transfer characteristics due to the construction of hydraulic 
circuits.  Such pressure pulsation not only causes the 
mechanical vibration of system components but also becomes 
a cause of noise of the hydraulic system. Thus, to develop a 
simulation technique that can calculate the reduction effect of 
pressure pulsation / flow ripples becomes a very strong design 
support in terms of conducting a measure for low-noise of the 
hydraulic system.[2] 

 

As for the swash plate type hydraulic pump, the power 
pushing the valve plate gets periodically changed as the 
pressure inside the cylinder is repetitively changing from low-
pressure to high-pressure and also reversely. Such 
phenomenon generates a negative impact on speed control at a 
low-speed. Thus, it is necessary to mitigate the pressure 
variation rate inside the cylinder through optimizing the notch 
shape of the valve plate appropriately.[3]  Currently, it is 
developed by several dedicated simulations for the swash plate 
type hydraulic system; however, none of these has a detailed 
description about the hydraulic model being utilized and there 
are many ambiguous points in terms of setting the 
parameters.[4]  
 

This paper deals with pressure pulsation as to the single 
piston, and then completes the perfect piston shape through 
connecting nine pistons. This research is supported by 
kinematic analysis of piston displacement as to the single 
piston pump.  After then, we will conduct investigation as to 
the pressure variation inside the cylinder, which may become a 
cause of pressure pulsation, and also carry out a study as to the 
flow ripples of the nine pistons. Finally we will proceed with 
investigation simulation for searching for the optimal notch 
design specifications for minimizing pressure and flow ripples.  
All simulation process will be performed by using one-
dimensional hydraulic analysis software, Simulation-XⓇ. 
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2 Kinematic Analysis of Piston 
Displacement for a Single Piston pump 

The basic structure of the variable swash plate type axial 
piston pump is shown in Fig. 1. It is a structure to be pumped 
by piston motion due to the swash plate, and the control part 
for the angle of swash plate is composed of a yoke, a spring 
and a control valve, as depicted in Fig. 1. 
 

 
 

Fig. 1 Basic structure of swash plate type axial piston pump[6] 
 

 
In this section, we examine the theoretical kinematic 

concept according to the variable swash plate angle.  It aims to 
interpret in a kinematic term through the mathematical theory 
of single piston in order to design single piston pump using the 
Simulation-XⓇ.  As shown in Fig. 2, the displacement of 
piston can be expressed in the consecutive rotations of the 
drive shaft angle (j ) and the angle of swash plate (a ).  
These rotations are shown in Fig. 3, i.e., the concept diagram 
of single piston.  Thereby a single piston pump has two 
degrees of freedom. The cylinder block and piston are 
composed of both the rotatory motion (j ) (which rotates 

based on the 0C axis) and the rotary motion (a ) of swash 

plate (which rotates based on the 0Z axis). Notation of Fixed 
angle rotation[6] will be utilized as to the displacement of 
single piston since the single piston rotates by j  based on the 

fixed 0C axis and then rotates by a  based on the fixed 0Z .[7]  
It is possible to calculate the location of the piston number 1 
(Point P1) in the system of two degrees of freedom by the 
number of rotation (j ) of drive shaft and the angle of swash 
plate (a ) as in Fig. 4.  
 

  
Fig. 2 Variable at the axial piston pump 

 

 

Fig. 3 Coordinate system in piston and swash plate[6] 

 

 

 

(a) (b) (c) 

Coordinate  
system 

Cylinder block 
rotation 

Swash plate 
rotation 

 

Fig. 4 Coordinate system corresponding to the 2-DOF 

The rotation of cylinder block about  0C , followed by the 

rotation  of  swash plate about 0Z  can be deducted in eq. (1), 
which is summarized in eq. (2) of fixed angle of rotation. 

 

(1) 

 

(2) 
 
 

As shown in eq. (2),  performs two consecutive rotations 
based on the fixed angle rotation as shown in Fig. 5.   This 
leads to finding out the location of piston when doing the 
rotation of coordinate systems about the fixed X0, followed by   
the rotation about the fixed Z0. 
 

 
Fig. 5  Two fixed angle rotations 

Now   of eq. (1) can be given as follows: 
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(3) 

 

Lastly, the equation to find out the displacement of piston can 
be deducted as follows.   In more specific, the location of 
piston with respect to the base coordinate system, i.e., {0},  
can be calculated as follows.   As seen in eq. (4) , in the case 
of 2PP1, it is the location of  piston 1 seen from the coordinate 

system {2}.  Then the consecutive rotation  is performed 
on 2PP1.  In eq. (4), R denotes the radius of piston cyliner as 
shown in Fig. 3. 

 

 

(4) 

  
 

(5) 

 

(6) 

 

(7) 
 

 

The only expression on the piston position in X0, i.e., eq. (5), 
is applied to the Simulation-XⓇ-based model for one-
dimensional anaylsis, as shown in Fig. 6, even though we have 
all the expressions of  x, y, and z of the piston position.    
Especially, In the model of Fig. 6, the back lash element is 
added to the piston displacement in order to take dynamic 
effect between a swash plate and a piston cylinder block into 
consideration for Simulation-XⓇ-based dynamic analysis. 
Thus, the single piston pump modeling has been completed as 
shown in Fig. 7 by using Simulation-XⓇ.[8].. 
 

 
 

 
 

Fig. 6 Simulation-XⓇ-based model of e variable swash plate 
 

single piston pump for one-dimensional analysis 
 

 

 
 

Fig. 7  Single piston model of swash plate type piston pump 
using the Simulation-XⓇ 

 

3 One-dimensional Simulation of Single 
Piston Pump 

 
As mentioned in Section 2, Fig. 7 represents the single piston 
model of variable swash plate type axial piston pump for one-
dimensional analysis for which our investigation will be 
conducted.   This model is currently composed of the piston 
part and the valve plate part (inlet area and outlet area in the 
upper diagram of Fig. 7). Here hydraulic intake and discharge 
occur simultaneously in the valve plate part. 

 
As for pressure pulsation, our investigation will be 

conducted by changing a notch shape in the valve plate part 
through modifying the opening area of intake and discharge 
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and thereby figuring out the pressure of outlet.  In specific, the 
opening area of notch shape on intake and discharge will be 
reduced or enlarged in order to find out the change of pressure 
pulsation, based on the existing opening area of a circle type 
notch.  Table 1 shows the parameters of the modeling to be 
used for one-dimensional (pressure pulsation) analysis of 
single piston pump. 

Table 1  Parameters of the model 
 

Variable Value 

Swash plate angle (deg) 14 

Pump speed (rpm) 100 

Piston cylinder 10 

Stroke (mm) 10~30 

The number of piston (ea) 9 
 

The piston cylinder increases or decreases the opening area 
of notch by being rotated on the notch of valve plate area (or 
when the piston cylinder gets into a notch region), which in 
turn results in pressure pulsation during intake and discharge 
strokes.  As for the notch region, a precise calculation of the 
opening area is required since it is the main interest region 
called as “pressure transition region”.  In this paper, a 
research will be performed for the simulation upon applying a 
V-shape notch which might become better for reducing 
pressure pulsation phenomenon after analyzing an existing 
half-moon (or circular) notch shape.  The V-shape notch is 
selected based on the following reasoning: when the cylinder 
port comes across a high-pressure opening for the first time as 
passing through the Outer Dead Point (ODP)[9] in Fig. 8,  a 
flow area of which a cylinder port is overlapped with the 
opening area of V-shape notch is gradually increasing so that 
pressure pulsation can be reduced.  Figure 9 shows both the 
(existing) circular type notch shape and the (proposed) V type 
notch shape. 

 
Fig. 8  Internal structure of swash plate type axial piston pump[4] 

 

 

 

Circular type  Notch V type Notch 

Fig. 9  Circular type and V type notch shapes 

 
Currently, the area of circular type notch is selected as 

80mm2.   We assume that the entire area of the V-shape notch 
can be regarded to be almost the same as that of the circular 
type notch.  But the area in which the cylinder port is 
overlapped with the notch is different depending on both the 
location of cylinder port on the valve plate and the type of 
notch shape, when the cylinder rotates on the valve plate.  
Thus, according to notch type (circular type or V type), an 
investigation on pulsation is conducted through enlarging and 
reducing the overlapped area per percentage considering the 
existing entire circular type notch area as 100%..   

The first simulation result according to notch type is 
illustrated in Fig. 9.  Figure 9-(a) shows the overlapped area vs. 
cylinder port location for circular type notch (above) and V 
type notch (below).  In addition, Fig. 9-(b) confirms the 
pressure pulation phenomenon of circular type notch, which is 
compared with that of V type notch in Fig. 10.   Figure 10 
confirms that the V type notch results in smaller pressure 
pulsation, compared with the circular type notch,  since the 
flow area of which a cylinder port is overlapped with the 
opening area of V type notch is gradually increasing as shown 
in Fig. 9-(a).  
 

 

 
(a) Overlapped area vs. cylinder port location  for circular type 

notch (above)  and V type notch (below)  

 
(b) Pressure pulsation phenomenon of circular type notch 

 

Fig. 9 Flow area and pressure surging of notch type 
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Fig. 10 Pressure pulsation vs. Notch type 

 

 

Now we conduct the second investigation on pressure 
pulsation of circular type notch and V type notch as enlarging 
or reducing the area per percentage (80%, 90%, 100%, 110%, 
120%) based on the existing entire (circular type notch) area.     
In Fig. 11, the location of cylinder port on the valve plate is 
assumed to be same for both the circular type notch and the V 
type notch.   As shown in this figure, the V type notch results 
in smaller pressure pulsation when compared with the V type 
notch.  This was already pointed out in Fig. 10 that the flow 
area of which the cylinder port is overlapped with the opening 
area of V type notch is gradually increasing as shown in Fig. 
9-(a).  On the other hand, the V-shape notch was not 
significantly affected by the overlapped area as shown in Fig. 
11.  Thus it is expected that the V type notch can reduce the 
impact of pressure pulsation, compared with the circular type 
notch since the overlapped area increases gradually as the 
cylinder rotates even though the area gets enlarged. 

 

 
(a) Circular type notch 

 
(b) V type notch 

Fig. 11 Pressure pulsation of circular and V type notches 
 

4 One-dimensional Simulation of Overall 
Variable Swash Plate Type Piston Pump 
Using Simulation-X 

Using one-dimensional simulation model of single (variable 
swash plate type) piston pump (which was described in the 
previous section), we connect nine piston pump models by 
using Simulation-X® for the overall variable swash plate type 
piston pump as shown in Fig. 12.   Thus far we have looked 
into the change of pressure pulsation according to the 
overlapped area of each notch.  Now, we will proceed with 
investigation through simulation for searching for the optimal 
notch design specifications for minimizing pressure and flow 
ripples. 

 

 
Fig. 12 Overall nine piston pump model using Simulation-X® 

 

For this purpose, we first investigate the effect of circular 
type notch on pressure and flow ripples as follows.   Table 2 
shows the overlapped areas which are given by a design 
specification of circular type notch, according to the rotating 
angles of a cylinder port.  This design specification has been 
illustrated in Fig. 9-(a).   Based on the design specification of 
Table 2, we noticed that the overlapped area rapidly expands 
(when moving from 5 to 10 degrees).  Figure 13 shows the 
result of simulation implemented by applying the design 
values of Table 2.  As can be seen in this figure, pressure and 
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flow ripples occur in the section where pressure rises from low 
to high. 
 

Table 2  Parameters of Circular type notch model 
 

deg 
area 

(mm2) 

0 0 

2 0 

4 0 

5 0 

8 65 

10 80 

20 80 

170 80 

175 80 
 

 
Fig. 13 Pressure ripple (above) and flow ripple (below) of 

circular type notch 
 

In the case of V type notch, as mentioned earlier, we 
noticed in Figs. 9 and 10 that pressure pulsation was better 
than the existing circular notch type.   But the design values of 
V type notch should not be applied randomly just because V 
type notch is better.  Thus we have prepared 5 (candidate) 
design specifications (recommended by a field engineer) in 
Table 3 in order to search for the optimal design specification 
to minimize pressure and flow ripples.  By applying each 
design specification to Simulation-X® -based simulation, we 
got the results shown in Fig. 14.  Based on our examination 
through above simulations, type 5 (indicated by the green 
circle) results in no pressure and flow ripples, compared with 
other 4 design candidates.  Also, as seen in Table 4, the best 
design candidate of type 5 for V type notch has decreased 
pressure peak by 26.4% (especially without overshoot (see the 
side figure of Fig. 14) when compared with that of circular 
type notch.  Therefore the best design specification of V type 
notch can be obtainable by using one-dimensional simulation 
model of single (variable swash plate type) piston pump and 
then connecting nine piston pump models, based on 
Simulation-X®. 
 

Table 3   5 Candidate design specifications of V type notch 
 

 

     Type 
deg 

1 
[mm2] 

2 
[mm2] 

3 
[mm2] 

4 
[mm2] 

5 
[mm2] 

0 0 0 0 0 0 
2 0 0 0 0 0 
4 3 8 11 13 14 
5 5 10 20 18 20 

10 15 20 33 30 35 
20 80 80 80 80 80 

170 80 80 80 80 80 
175 80 80 80 80 80  

 

Fig. 14 Pressure Fluctuation and the Flux Pulse  
after the Alteration 

 

 

Table 4  Comparion of Intial with Optimal Design 
 

 
Value 

Improvement 
Rate  Circular type 

notch  V type notch  

Pressure 
[bar]  139.16 102.36 26.4% 

(decrease) 
 

 

5 Conclusion 
Usually an excavator’s track driving motor or a piston pump 
needs consideration for the safety of a driver, requiring 
durability of higher standard.  In the case of hydraulic piston 
pump, mechanic noise from pressure pulsation and flow 
ripples may heavily affect the safety and convenience of the 
driver.  This paper amis at developing a simulation technique 
that can calculate the reduction effect of the flow ripples, 
which becomes a very strong design support in terms of 
conducting a measure for low-noise of the hydraulic system. 
 

In this paper, the theoretical kinematic analysis according to 
the variable swash plate angle has been performed to establish 
the mathematical theory of single piston in order to design 
single piston pump using the Simulation-XⓇ.  Based on this 
kinematic analysis, a single piston model of variable swash 
plate type axial piston pump has been conducted by changing 
a notch shape in the valve plate part through modifying the 
opening area of intake and discharge and thereby figuring out 
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the pressure of outlet.  The first simulation result according to 
notch type has shown that a V type notch results in smaller 
pressure pulsation, compared with a circular type notch,  since 
the flow area of which a cylinder port is overlapped with the 
opening area of V type notch is gradually increasing. 

 
Using one-dimensional simulation model of single (variable 

swash plate type) piston pump, we have connected nine piston 
pump models by using Simulation-X® for the overall variable 
swash plate type piston pump, and then proceeded with 
investigation through simulation for searching for the optimal 
notch design specifications for minimizing pressure and flow 
ripples.  Therefor our contribution can be referred to as a the 
development of Simulation-XⓇ based Simulation Technique to 
be applied to notch shape optimization for a variable swash 
plate type piston pump. 
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William Dai, A.J. Scannapieco, Frederick Cochran, James Painter, Chong Chang  
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Abstract - Roxane is a code recently developed at Los 
Alamos National Laboratory for multi-physics simulations. 
The physics capabilities include hydrodynamics, material 
mixing, radiation, magnetohydrodynamics, etc. This document 
is to present the main physics capability, basic data structures, 
parallelization, and IO. The focus will be on parallization. The 
data structures include data layer-out and adaptive mesh 
refinement. Roxane is in the stage of active development, and 
some of material presented here will possibly be changed in 
the near future. 

Keywords: numerical simulation, multiphysics, parallel  
 

1 Introduction  
Roxane is a package for multi-physics simulations on Eulerian 
grids. The physics includes hydrodynamics, advection, three-
temperature (3-T) radiation diffusion, ideal and resistive 
magnetohydrodynamics with circuits, linear solvers, material 
mixing, and real equations of state. The code is mostly written 
in Fortran, and a small part in C language.  
 
Simulations are performed through adaptive mesh refinement 
(AMR). Although there are other kinds of AMR, such as 
block-based AMR and patch-based AMR, Roxane uses cell-
based AMR, in which numerical cells are refined cell by cell.  
 
A typical simulation through Roxane involves many materials. 
To effectively use computer memory, material properties in 
mixing cells are stored as link lists, and only non-zero values 
of the properties are stored.  Isotopes of any material are 
similarly compressed and stored. 
 
Roxane is a parallel code run on massively parallel computers. 
The parallel capability was late added after most physics 
packages and data structures were developed. The design 
principle of the parallel capability was to minimize the 
number of communication during each time step and to 
minimize the modifications in physics packages we had to 
make for the parallel capability.  
 
The IO capability in parallel environments is for restarting, 
visualization, connection, and debugging, and it is built on top 
of MPI IO. Although Roxane is able to write arbitrary M files 
from N processors (N to M) for each dump event, currently N 
to 1 is the mode for users. The data in a restarting file are of 
two kinds, one for description of data, called attributes, for 
which processors have the same values, and the other for 
arrays that are distributed among processors. For 

visualization, meshes with AMR, unstructured meshes, and 
variables defined on the meshes are directly written into files.  
 
To check the correctness of algorithms of physics packages 
and parallel implementation, a set of regression tests are run 
daily and weekly. Daily tests are for developers to check any 
modification of the codes and weekly ones are for more 
rigorous examinations. 

2 Physics capability   
In Roxane, hydrodynamics is described by the Euler equation. 
In our applications, physical viscosity may be ignored.  
Instead, in addition to numerical viscosity, artificial viscosity 
is typically introduced in calculations.  Although	  the	  gamma	  
law	  equation	  of	  state	  is	  included,	  Roxane	  uses	  real	  EOS	  
tables	  to	  close	  the	  equations.	  Each of materials involved in 
simulations can have many isotopes. These materials are not 
necessarily in thermal equilibrium. Therefore, the mass 
density, pressure, energy, and flow velocity in the Euler 
equation are the collection of these materials.  
 
Roxane accepts Cartesian, cylindrical, and spherical 
coordinates in one-, two-, and three-dimension. The hydro 
solver in Roxane is not sophisticated, so that various advanced 
mixing models could be easily incorporated into 
hydrodynamics. For a given mesh, all the variables are zonal, 
i.e., defined on volume. Roxane uses a dimension split 
technique to solve two- or three-dimensional hydrodynamics 
equation in a fixed grid. Therefore, one-dimensional solver is 
a building block for hydrodynamics. During each one-
dimensional pass, momentum is defined on a staggered grid, 
called “panel”.  
 
Each one-dimensional pass may be divided into two steps, 
flow motion and advection. The flow motion is due to initial 
flow velocity and acceleration caused by pressure gradient 
and external force. This step is simple in coding. Following 
the flow motion is advection, and advection is much more 
complicated in coding because of the nature of many materials 
and isotopes.  
 
Before advection takes place, Roxane constructs material 
interface within any mixed cells based on the distribution of 
mass and volume of each material on each cell. Currently 
Young’s linear interface reconstruct procedure is used to 
handle materials in mixed cells, and this procedure is expected 
to be replaced by a modified interface reconstruct algorithm 
that will result in smoother interfaces between materials. The 
interface orientation in a mixed cell is determined by the 
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distribution of the material in neighboring cells, and the 
location of interface is calculated through volume fractions 
occupied by the materials within the cell. 
 
The advection of materials and their isotopes making the 
hydrodynamics step a little more complicated. First, each 
material in each cell is advected through hydrodynamics and 
the reconstructed material distribution. Each isotope of a 
material is assumed uniformly distributed within the 
reconstructed volume of the material. 
 
 Magnetohydrodynamics in Roxane is mainly to model 
laboratory experiments that involve the interaction between 
MHD waves, diffusion of magnetic field in materials, and 
circuits in experimental devices.   
 
Radiation in Roxane could be in the diffusion limit. 
Temperatures of radiation field, electrons, and ions are 
coupled and are allowed to be different from each other. 
Diffusion problems in Roxane, such as diffusion of magnetic 
field in MHD, diffusion of temperatures of radiation fields, 
electrons, and ions, result in large algebraic systems at each 
time step.  These systems are nonlinear, and material 
properties involved in the system depend on solutions. The 
size of time step is such chosen that the material properties 
will not experience any significant change, and therefore, the 
material properties of the previous time step are used to 
calculate the solutions of the current time step.  
 

 
 

Figure 1. Illustration for a radiation mesh. Different colors represent 
different materials.  
 
To avoid unknown material properties in mixed cells, mixed 
cells in an AMR mesh are divided into a set of polygons 
through material interface reconstruction. Figure 1 shows an 
example of the “unstructured mesh”. In each of these 
polygons, the material is pure, and its material properties are 
known. Therefore, the linear solver is for a set of unknowns 
defined on these polygons, i.e., the diffusions or linear 
systems are solved on unstructured meshes. Although mixed 
cells are a small part of cells for many problems, all clean 
(unmixed) cells are treaded as unstructured cells in the linear 
solver.  
 

The iterative conjugate gradient method converges slowly, 
and it is particularly slow for large linear systems. To increase 
the convergence, multigrid methods are used as 
preconditioner for the conjugate gradient method. Multigrid 
methods are particularly efficient because mathematical 
systems exhibit multiple scales of behavior, for which basic 
relaxation methods, such as conjugate gradient method, 
exhibit different rates of convergence for short- and long-
wavelength components.  
 
Since the diffusion problems in Roxane are described on 
unstructured meshes, the geometric multigrid is too difficult 
to implemented, an algebraic multigrid method is used. 
Unlike geometric multigrid method, algebraic multigrid 
method automates the coarsening process and interpolation 
without geometry information. Actually coarsening operators 
and interpolation can be derived directly from underlying 
matrices without any references to the grids. 
 
3 Adaptive Mesh Refinement   
The use of cell-based mesh refinement technique has quite 
long history in our institution. Cell-based AMR refines only 
those cells that are supposed to be refined. In cell-based 
AMR, cells, including the cells that are not refined, are treated 
cell by cell. The connectivity of meshes is described by 
connectivity arrays. 
 
After a mesh of cell-based AMR is generated through the 
initial setup or refinement and coarsening during simulations, 
the connectivity between cells must be built before any 
calculation could precede, such as spatial derivatives of 
variables. There are several ways to establish the connectivity. 
Some take advantage of the nature of structured cells, but at 
the cost of much more memory footprint. Others describe the 
connectivity in the way for unstructured meshes.  
 

 
 
Figure 2. The illustration of the connectivity arrays, nlow and nhgh 
around cell n. 
 
Roxane takes advantage of the nature of structured cells but 
with very small memory cost. Two arrays, 
nlow(1:nzone,1:dim) and nhgh(1:nzone, 1:dim), are used for 
the purpose.  Here nzone is the number of cells on my 
processor, including ghost cells (which will be discussed late), 
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and dim is the dimensionality of the problem. The value 
nlow(nz,i) gives the cell id of the lower side of the dimension 
i.  In the case of one-dimensional problem, this neighboring 
cell is uniquely determined. In the multi-dimensional case, 
nlow(nz,i) further refers to the cell that is at the lower end of 
any dimension other than the ith. Similarly, nhgh(nz, i) gives 
the neighboring cell of nz at the high end of the ith dimension, 
but at the lower end of any dimension other than the ith. This 
is illustrated in Fig.2. 
 
The reason we could effectively use the concept of nlow and 
nhgh is that mesh is gradually refined, i.e., an immediate 
neighboring cell of any cell can only be one level higher or 
lower. This assumption is also guaranteed across processor 
interfaces.  There are many methods to generate the 
connectivity arrays. Roxane uses a local KD-tree to set up 
nlow and nhgh. Each identity in the KD-tree is a rectangular 
cell. After the array nlow and nhgh are setup, the tree is not 
needed anymore until the mesh is changed, typically after one 
time step. A mixing cell is always refined to the highest level. 
Furthermore, if any neighboring cell is a mixing or it has 
different material, this cell will be refined. To resolve shocks, 
the location of shock fronts is always refined to the highest 
level.  
 
4 Data structure 
Roxane has its own data structures, some are good, and some 
need to be improved.  Some are good for traditional computer 
platforms, but not good for the (anticipated) future computers.    
 
Roxane currently imposes two kinds of boundary condition, 
one is the reflection boundary condition, and the other is the 
continuation boundary condition. For the convenience of the 
code developers to write the code uniformly for both interior 
cells and cells on the domain boundaries, Roxane introduces 
one layer of boundary cells attached to each simulation 
boundary, and uses an array irdx(nz) to indicate whether each 
cell, nz, is a boundary cell. The size of each boundary cell is 
the same as its corresponding interior cell. 
 
As stated before, Roxane uses a linear list to identify cells, and 
each cell are specified by its center and widths in each 
dimension through two dimensional arrays, xe(nz, idim) and 
dxe(nz, idim).  The connectivity between cells are described 
by two two-dimensional arrays, nlow(nz, idim) and nhgh(nz, 
idim).  The values of xe and dxe may change after each time 
step, and nlow and nhgh are re-built after each time step.  
 
Scalar variables defined on cells are described as one-
dimensional array, such as d(nz).  Flow velocity is defined on 
panels and described by two two-dimensional arrays vl(nz, 
idim) and vh(nz,idim).  
 
We have to mention two points about the cells in Roxane. 
First, every cell is an active cell, and there are no parent cells. 
Second, due to historic reason, cells in Roxane are sorted 
according to their levels. As the result of sorting, base cells, 

whose level is 0, are listed at the beginning in the list of nzone 
cells. After these cells are the cells with level 1, and so on. 
 
To effectively use computer memory, Roxane stores only no-
zero values of material properties, and these material 
properties include mass density fraction df, volume fraction vf, 
energy fraction ef, material strength fraction, such as txxf, tyyf, 
magnetic field intensity fraction hf, etc.  
 
The integer array in Roxane, ist, is used first to determine 
whether each cell is a clean cell (i.e., with one material) or a 
mixed cell (with more than one material). If ist(nz) is bigger 
than 0, then this cell is a clean cell, and the value is also id of 
the material. If for a particular cell nz, ist(nz) gives a negative 
integer, this indicates a mixed cell, and the integer, iax (= -
ist(nz)) gives the index which is used in other arrays for the 
first material in this cell. For example, df(iax), vf(iax), and 
ef(iax) gives the mass, volume, and internal energy fractions 
of the first material in the cell. For the second material in the 
cell and its material properties, the value of nxtf(iax) gives the 
index of the second material in the arrays df, vf, ef, etc. This 
procedure could continue until nxtf(iax) gives 0.  
 
Materials in Roxane may have different isotopes. The 
properties of these isotopes have to be stored in memory 
during calculations. Since it is possible to have many isotopes, 
but each of them spreads only over a fraction of simulation 
domain, Roxane stores only non-zero values of material 
properties of isotopes. Similar to compressed material data, 
such as df and vf, the fractions of mass density of isotopes 
changes after advection in each dimensional pass. 
 
5 Parallelization 
Design and implementation of parallelization were introduced 
after the framework and most physics capabilities in Roxane 
were implemented and tested. Therefore, one constraint in 
parallelization is the minimum change in the framework and 
physics modules, so that authors of the framework and 
modules feel comfortable when further debugging or 
modifications on the framework and physics capabilities are 
needed.  
 
The parallelization includes partitioning, identifying 
constructing ghost cells, communication, link from another 
code project, and comparison between serial and parallel 
calculations.  The design principle of the parallization 
includes the following three aspects: avoid arrays that has the 
global size, such as map_global_to_local(globalid), avoid the 
use of global id, and use less number of communications.  
 
When a simulation runs on more than one processor, mesh 
and its associated variables are distributed among the 
processors. The initial mesh used in Roxane is generated 
through Rage, another code project at our insititution. 
Although Rage and Roxane both deal with structured cell-
based AMR, they order cells differently.  As a result of the 
different ordering, the part of the initial mesh on each 
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processor may be disconnected in Roxane. Therefore, the first 
task in parallelization was to make the simulations correctly 
run on this disconnected partition. 
 
At the early stage of development of parallel, for domain 
partition we intended to depend solely on the open software 
Zoltan, developed by Sandia National Laboratories. But, 
during the implementation of our parallel strategy, we also 
developed our own tool for domain partition. There were a 
couple of reasons for us to do this. First, even if we use 
Zoltan, we have to pack, unpack, implement communications, 
and reconstruct Roxane data structures, which is the majority 
work of domain partition. Second, a simple partition tool is 
desired for possible future modification of codes on future 
computers. There are several common approaches for domain 
partitions in Zoltan, and all the approaches work well for 
Roxane. The home-grown tool uses only bisection, which 
results in a rectangular domains for each processor.  
 
To avoid additional communications, Roxane requires that all 
the cells generated from a same base cell (i.e., a cell whose 
level is 0), will be always on the same processors. This 
constraint eliminated the complexity and many 
communications. Otherwise, if an interface between 
processors is along with an interface between refined cells at 
one instant, the coarsening of the cells will be different from a 
serial calculation unless more communications are introduced.  
As expected, this constraint makes load balance imperfect, 
particularly when the number of base cells on each processor 
is small. Considering that any load balance in real problem 
depends on many factors, such as number of material, the 
number of isotopes of the materials on cells, and the load 
balance of physics packages imported from other codes, a 
perfect balance is almost impossible for real problems, unless 
other parallel strategies, such as task list, are used. 
 

 
Figure 3.  An example of repartition among four. 
 
The input of the domain partition is any given partition. The 
domain of a processor can be disconnected, and some 
processors could have zero cells.  The partition tool will 
repartition the simulation domain according to the number of 
cells and a weighting function w(nz) that gives a relative 
weighting factor of each cell nz. Typical weighting functions 
are based on the number of materials on each cell, w(nz) = 1 
+ 0.1 * nmat, or w(nz) = w(nmat, physics). During the 
repartition, there is no processor own more than its own cells 
at any instant, and there is no global index in use (this is only 

true for the home-grown tool). Figure 3 shows an example of 
repartition among four processors. Each color in the figure 
shows the domain of one processor. In the input, processor 2 
has a disconnected domain.  
 
For domain partition, the following procedure is executed 
after each time step. 
 
•    Check load balance.  
•    If load is balanced, do nothing. Otherwise, do the 

following. 
•    Re-partition to determine the future owner of each cell. 
•    Create a set of buffers, pack coordinates, variables, and 

material data of those cells that will go to other 
processors, and send each of buffers to a targeting 
processor.   

•     Create another set of buffers to receive data from a set of 
processors for new cells. 

•    Unpack the buffers received from other processors add 
new cells into the remaining list of cells. 

•    Build link lists for material and isotope data for the cells 
coming from other processors. 

 
Partition or repartition deals with only real cells (contrary to 
ghost cells). After (re)partition at the initial time or after one 
time step, ghost cells are to be included in each processor 
before any physics calculation.  
 

 
Figure 4.  An illustration of two layers of ghost cells.  
 
Several considerations were in the design to build ghost cells. 
First, we allow any domain partition as an input, rectangular 
or non-rectangular domains, connected or disconnected 
domains, base-cell partition or others.  Second, each processor 
communicates only to its neighboring processors. Third, at no 
instant, one processor owns more cells than those cell on its 
own domain, and no global arrays and indices are involved.  
Fourth, for the need of future numerical solvers, the number 
of layers of ghost cells is a parameter or an input of a 
subroutine (function) call. Last, to reduce the number of 
communication, we pack all the variables together before the 
only communication, including coordinates of ghost cells, the 
variables with different types (integer, float, etc), compressed 
material and isotope data, and link lists, etc.  
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Figure 4 shows an example in which two layers of ghost cells 
are built. Figure 5 shows the partition among four processors, 
and the domain of one processor plus the 5 layers of ghost 
cells. 
 

 
Figure 5.  An illustration of 5 layers of ghost cells in a partition of 
five processors.  
 
After ghost cells are identified, we will prepare for 
communication. As stated before, we tried to use only one 
communication to setup ghost cell geometry, variables 
defined on ghost cells, compressed material and isotope data, 
and link lists. To do that, we first identifies all the parameters, 
variables, material data, etc, which has to send to neighboring 
processors.  After that, a set of buffers are created, each of 
which is for one neighboring processor. After all the 
coordinates of ghost cells, variables, material and isotope data 
are packed into each of the buffers, through MPI each 
processor sends each of its neighboring processor one buffer 
filled with all the necessary data for ghost cells. At the same 
time, each processor creates another set of buffers to receive 
data from each of neighboring processors.  After receiving 
data from any neighboring processors, a processor starts to 
construct ghost cells, all the variables and material and isotope 
data structures defined on the ghost cells.  
 
Therefore, the basic procedure for a parallel calculation is the 
following. 
 
1)     Determine the size of time step. 
2)     Determine neighboring processors 
3)     Identify cells that are ghost cells of neighboring 

processors, and identify neighboring processors.  
4)     Pack coordinates, variables, and material and isotope data 

into buffers. 
5)     Send each buffer to an appropriate neighboring processor. 
6)     Receive one buffer from each of neighboring processors. 
7)     Construct ghost cells from the buffer received from 

neighboring processors. 
8)     Construct data structures on ghost cells from the buffer 

received from neighboring processors. 
9)     Construct link lists for material and isotope data. 
 
For AMR in parallel environments, special care must be taken 
for the constraint of smooth refinement and coarsening near 

interfaces between processors. In Roxane, this constraint is 
enforced on each refinement level, from the highest to the 
lowest levels.  
 
For certain problems, Roxane has to get initial variables and 
material data from an output file of another code project. The 
variables and material data are defined on a set of triangles.  
Therefore, this capability is often called trilink. The cells in 
Roxane are refined based on material interfaces and shock 
fronts.  Simulation boundaries in trilink are always initially 
refined because of the consideration of possible reflection 
boundary conditions, and they will be gradually coarsened 
during the next few time steps if the boundary condition is of 
reflecting.  
 
The input file in trilink is often large in size. When it is linked 
to a parallel calculation, Roxane first partitions the simulation 
domain solely according to area of domains. At that time, 
Roxane has not built the simulation mesh, and has not read 
variables and material data yet. On the base of this partition, 
each processor reads a set of triangles and variables defined 
on the triangles. The area covered by the set of triangles is 
slightly larger than the domain of the processor, so that valid 
interpolation could be made for all the cells within the 
domain.  
 
Correctness of physics models, numerical methods, and 
implementation of codes is of paramount importance. After 
we have the confidence on the models, methods, and 
implementation of serial calculations, the correctness of 
parallelization becomes important. The errors in 
parallelization are often subtle and difficult to identify.  
For the possible differences in simulation results between 
serial and parallel calculations, what is the expectation we can 
have?  
 
Two observations have helped us shape our expectation. First, 
the difference in results of two serial calculations but on 
different computers is of the order 

€ 

O(10−12).  The possible 
reason for this is the different mechanisms for machine round-
off errors. Second, the difference of two serial calculations on 
a same computer but compiled with any optimization flag, 
such as –O,  and with the flag –g is also of the order 

€ 

O(10−12).  
A flag of optimization in compiler would possibly change the 
order of mathematical operations. Furthermore, any tiny 
difference in solutions, no matter how small it is, will possibly 
trigger different mesh refinement and coarsening, thus results 
in different meshes, and finally gives significantly different 
results. 
 
Therefore, we have asked for no difference between serial and 
parallel calculations when the flag –g in compiling is used. 
Specifically, we have used 

€ 

10−40  as the criterion for the 
difference. The process to guarantee the difference within 

€ 

10−40  is the one to find subtle bugs in both parallelization and 
serial code .  Almost every difference has led us to find a new 
bug.  
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To compare the result between two calculations, for each cell 
in the parallel run, we have to first find the corresponding cell 
in the serial run through space coordinates, which is 
accomplished through KD-tree, and then compare the 
variables on the two cells. The tool for this comparison is 
available to users and developers. We find the such a tool is 
extremely useful to detect any tiny difference. 
 
6 IO 
For a long time, Roxane didn’t have parallel IO capabilities, 
but had the one for data analysis and visualization tool POP, 
and had limited restart capabilities for certain problems 
through the IO module pio in rage. During the development of 
Roxane, particularly its parallel capabilities of various physics 
packages, parallel IO capabilities for restart and visualization 
became necessary and urgent.  It seems that it will take a 
much long time to apply the module pio of rage to Roxane.  
 
Current IO capabilities in Roxane are based on the module 
hio, which consists of two layers, bio and meshio. The layer of 
bio is a set of functions for writing, querying, and reading, 
which is based on MPI-IO.  On the top of bio, there is another 
layer called meshio for AMR mesh, unstructured mesh, 
possible particles, and their associated variables.  
 
Several users have asked for the structure of the header in a 
file written through bio. Actually, the structure of the header 
or tail depends on how users use bio, and it is designed to hide 
from users. Instead, querying functions are supplied to get all 
the data in file without knowing how the file was generated. 
 
As stated before, the module hio consists of two layers. The 
first layer includes bio functions for writing, querying, and 
reading mata data and arrays.  The second layer, meshio, is 
built on the top of bio for writing, querying, reading users’ 
high level data structures, such as AMR meshes, unstructured 
meshes, particles, scalar and vector variables defined on these 
meshes and particles, and the relationship between variables 
and meshes.  
 
Certain capabilities in bio and meshio are for possible future 
use. Currently, Roxane uses the mode N-to-1 in hio and 
meshio, in which N processors in a parallel run write to 1 file 
at one dump event, such as restart dump and visualization 
dump. Another mode is N-to-M, through which N processors 
in a parallel run write to M files.  
 
The module bio also has a buffering mechanism for problem-
size arrays. The purpose of this method is to reduce the 
number of writing into a disk. The buffering IO could improve 
the IO performance by a factor between 4 and 20, depending 
on machines and problem sizes. For a typical run on 64 
processors, the factor is above 10.  
 
The buffering is the default IO in Roxane. To change the 
default, developers only have to change the parameter, 
io_buffering, from .true. to .false. All the tools related to 

Roxane could read restart files generated through either 
buffering or non-buffering IO.  
 
High-level data structures in Roxane are directly written into 
visualization files through the module meshio, which is 
developed on the top of bio. The high-level data structures 
include AMR mesh, unstructured mesh in radiation solvers, 
triangle meshes in trilink, particles, and the variables defined 
on the meshes. For cell-based AMR meshes, meshio directly 
write xe(nzone, dim) and dxe(nzone, dim). The association 
between variables and meshes is automatically built and 
stored in files.  
 
The module meshio supports a broad range of unstructured 
meshes, which include meshes with fixed shapes, arbitrary 
polygons, and arbitrary polyhedrons. Cells with a fixed shape 
may be triangles, quadrangles, pentagons, tetrahedrons, 
pyramids, wedges, and pentagon prisms. A cell may be a 
zone, or face, or edge, i.e., a mesh may be a zone-mesh, face-
mesh, edge-mesh, and points. An edge-mesh may be one-, or 
two-, or three-dimensional, and a face-mesh may be either 
two- or three-dimensional. Cells of a zone-mesh may be made 
directly from nodes, or the cells may be made from edges, or 
the cells may be made from faces and the faces are then made 
from either edges or nodes.  
 
The module meshio also supports ghost mesh elements, 
boundary faces, boundary edges, boundary nodes, slip faces, 
slip edges, slip nodes, etc. The variables associated with 
unstructured meshes may be node-variables, or edge-
variables, or face-variables, or zone-variables, and variables 
may be scalars, or vectors, or tensors. 
 
We should point out that the IO capability in Roxane has not 
gone through any optimization for file systems and hardware. 
 
Roxane writes restart files through bio functions listed in the 
section above. Some data are written the bio_attr_write and 
others through bio_write.  Although bio_write doesn’t have to 
have valid offset and global size of array as inputs, writing 
one array through bio_write will result in one communication. 
To reduce the number of communications, Roxane calculates 
all the offsets and global sizes through one communication, 
and then call bio_write to write all the arrays.  
 
Roxane writes only necessary but sufficient data for restart, 
and writes only data on real cells. To restart with the same 
number of processors, each processor just reads original data 
back from a file without reconstructing compressed material 
data. To restart with different number of processors, each 
processor has to read a part of original data or more than the 
original data, and thus has to reconstruct compressed material 
data. We have not implemented this yet. But, to restart with 
more processors than the original number, some processors 
read nothing from the file, and then all processors take 
advantage of repartition to restart the calculation. 
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Roxane writes its data in the subroutine Roxane_write, and 
reads the data in the routine Roxane _read. The restart files of 
Roxane are in the binary format, and could be read on either 
big-endian or little-endian computers. 
 
An important part of a visualization file is the simulation 
mesh and its associated variables. The mesh is described by 
by two-dimensional arrays, xe(nzone,dim) and 
dxe(nzone,dim). Roxane could directly write xe and dxe into 
the file for the mesh.  Currently our main tool for visualization 
is EnSight. Visualization tool developed by Computational 
Engineering International, Inc. Since EnSight doesn’t have 
any capability to directly accept arrays xe and dxe for 
visualization, Roxane also could convert xe and dxe to a 
representation of an unstructured mesh, and then write the 
unstructured mesh into file.  
 
A reader is developed to visualize Roxane visualization files, 
no matter whether the mesh in the file is of AMR described by 
xe and dxe or is unstructured. Currently, the files could be 
visualized by both EnSight and Visit, a visualization tool 
developed in Lawrence Livermore National Laboratory.  
 
Visualization files also could contain some redundant data for 
convenience in visualization. For example, the working 
variable, pressure, is never in a restart file, but it may in a 
visualization file. Also, Roxane writes several other meshes. 
Each of the meshes is actually a part of the simulation mesh 
occupied by one material.  These meshes for materials 
overlapped with each other because of mixing. Roxane also 
writes all the mixing cells as another mesh so that users could 
easily view the cells that are mixed. On these meshes for 
materials and mixed cells there are also all the variables.  
 
To reduce the size of visualization files, variables of floating 
point are written into files as single precision by default. But, 
considering that some developers may need variables of 
double precision for debugging, Roxane also could write the 
variables as double precision. For the size of files, by default, 
Roxane writes only a basic set of variables into files, but more 
variables could be added into files through commands in input 
files.  
 
Roxane could write particles and variables associated with the 
particles into visualization files, and the reader is able to 
visualize the particles and their variables.  
 
The reader of Roxane directly connects the data files to 
visualization tools, such as EnSight and Visit without explicit 
transformation of data files.  To meet the requirement of some 
visualization tools, Roxane could also write ghost cells and 
valid values of variables on ghost cells into visualization files.  
 
7 Regression tests 
Roxane goes through its regression tests on main computers 
daily and weekly. There are three sets of tests. One is for 
serial calculations to test the correctness of algorithms and 

modifications of codes, the second set is to test correctness of 
parallel implementations, and the third is to test those parallel 
implementations involving third-party software. 
 
For the tests of serial calculations, there is a standard file, 
called gold file, for each problem. These gold files are 
actually restart files. We use the same gold file for different 
computer platforms. Each test will generate a restart file, 
which will be compared against the gold file of the problem 
for all the variables. Since there are differences in solutions 
between different computers, and these differences are 
typically accumulated with time, the tolerance used in this set 
of tests may not be as small as it should be for certain test 
problems. For significant changes in algorithms, we have to 
re-produce or update those gold files. 
 
For the second set of tests, there are no gold files. Each test on 
each machine will generate two files, which are restart files 
too, one from a serial calculation, and the other from parallel 
calculation. These two files then compare against each other 
for all the variables. Since numerical results of mathematical 
operations depend on the order of operations, such as a 
summation on cells, we are trying to avoid such operations in 
this set of tests. This is achieved through a command 
“use_global_sum = .false.” in input files. Since some global 
sums in Roxane feed back to the dynamics of solutions, such 
as the refinement/coarsening criteria discussed before, this 
command actually changes the solutions. But it changes the 
solutions in both serial and parallel calculations, and in the 
exactly same way. This command is for parallel regression 
tests only, and the flag use_global_sum should be left as .true. 
(by default) in users’ calculations. 
 
In principle, the differences in solutions between serial and 
parallel calculations should be exactly vanishing for the 
second set of test problems. But, the executable of Roxane in 
daily regression tests is generated through compiling with 
optimization flags on. The optimization changes the order of 
mathematical operation, and changes the order differently on 
serial and parallel calculations. The optimization results in 
slightly different results between serial and parallel 
calculations during each time step. Furthermore, the 
difference between serial and parallel calculations could be 
accumulated with time, trigger different refinement and 
coarsening of meshes, and causes obvious mismatch in final 
solutions. This is the reason the tolerance is not as small as it 
should be in some of regression tests. 
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Abstract 
 

Windows
TM

 Dam Analysis Modules (WinDAM) is a set of 

modular software components that can be used to analyze 

overtopped earthen embankments and internal erosion of 

embankment dams. These software components are being 

developed in stages. The initial computational modules 

address routing of floods through the reservoir with dam 

overtopping and evaluation of the potential for vegetation 

or riprap to delay or prevent failure of the embankment. 

Subsequent modules incorporate dam breach analysis. 

Current work is underway to include analysis of internal 

erosion, non-homogeneous, zoned embankments, and the 

analysis of various other forms of embankment protection. 

The focus of this paper is on the overall software 

architecture and its integration with Sandia National 

Laboratories’ DAKOTA software suite to perform global 

sensitivity analysis on a wide range of input parameters.  
 

Keywords: Erosion, hydraulic modeling, sensitivity 

analysis, simulation, uncertainty analysis. 
 

 

 

1.  Introduction 
 

Windows
TM

 Dam Analysis Modules (WinDAM) is a set 

of modular software components that can be used to 

analyze overtopped earthen embankments and internal 

dam erosion. The development of WinDAM is staged. 

The initial computational model addresses routing of the 

flood through the reservoir with dam overtopping and 

evaluation of the potential for vegetation or riprap to 

delay or prevent failure of the embankment. The first 

module, WinDAM A+, also incorporates the auxiliary 

spillway erosion technology used in SITES. However, 

unlike SITES, it allows a user to analyze up to three 

auxiliary spillways and embankment erosion on the dam. 

The next computational model, WinDAM B, incorporates 

dam breach analysis; i.e., the breach failure of a 

homogeneous embankment through overtopping and 

drainage of stored water in the reservoir. In addition, 

work is currently underway to include analysis of internal 

erosion, analysis of non-homogeneous embankments, and 

analysis of other forms of embankment protection. The 

two most common causes of earthen embankment and 

levee failure are overtopping and internal erosion [14]. 

     WinDAM is designed to address the dam safety 

concerns facing the national legacy infrastructure of over 

11,000 small watershed dams constructed with US 

Federal involvement over a seventy-year period. The US 

Department of Agriculture -Agricultural Research Service 

(USDA-ARS), US Department of Agriculture-Natural 

Resources Conservation Service (USDA-NRCS), and 

Kansas State University are working jointly to develop 

and refine this software. Public Law 78-534 – Flood 

Control Act of 1944 started the small watershed program, 

and it was followed by Public Law 83-566 – Watershed 

Protection and Flood Prevention Act of 1954. Starting in 

1958, an average of one dam per day was constructed 

over a period of twenty years.  
 

 
 

Figure 1.  Internal erosion of USDA-NRCS structure 

 

Most flood routing of dams before the middle 1960’s 

was computed manually. Then, routing software on 

computers began to replace manual methods. In 1983, the 

USDA-SCS-ARS Emergency Spillway Flow Study Task 

Group (ESFSTG) was formed to develop better 

technology for earth spillway analysis. The ESFSTG 

collected data on dams that experienced either emergency 

spillway flow at least three feet deep or significant 

damage during a storm event. Approximately one hundred 

sites were selected for more in-depth evaluation and data 

collection, and data analysis began in 1990 from the field 

spillway data initially collected. Tests were conducted in 

the USDA-ARS outdoor Hydraulic Engineering Research 

Unit (HERU) Laboratory near Stillwater, Oklahoma, 

during this time to further understand spillway 

performance processes such as flow concentration, 

vegetal cover failure, surface detachment, and headcut 

migration. These findings were incorporated into the 

DAMS2 software, and then into Stability and Integrity 

Technology for Earth Spillways (SITES) software in 

1994. The bulk length concept was replaced by SITES 

spillway erosion modeling technology in other USDA-

NRCS references. Although SITES may be used to 

analyze existing dams and spillways, it was developed 

primarily for design and was developed over a period in 

which computational capability was much more limited 
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than today. The legacy infrastructure of aging structures 

also means a transition from design of new structures to 

analysis of existing structures. For example, existing 

structures may overtop as a result of watershed changes or 

sediment deposition within the flood pool leading to 

inadequate spillway capacity. WinDAM builds on and 

extends the existing technology in SITES to provide the 

needed capability for these types of analyses. 

     Windows
TM

 Dam Analysis Modules (WinDAM) is a 

collection of modular software components that can be 

used to design and analyze the performance of earthen 

dams. The focus of the initial collection of computational 

modules is to evaluate earth dams subjected to flooding 

that may result in overtopping of the dam embankment 

and auxiliary spillway(s) [1]. The reservoir routing model 

incorporated into the software includes outflow from a 

principal spillway, up to three auxiliary spillways, and 

over the top of the dam embankment. For conditions 

where overtopping of the embankment is predicted, the 

hydraulic attack on the downstream face can also be 

evaluated using the initial software modules in WinDAM 

A+. The downstream face of a dam is typically protected 

using vegetation or riprap. WinDAM A+ has been 

extended to include erosion and breach computations for 

conditions where the hydraulic attack exceeds that which 

can be withstood by the vegetal or riprap lining, and the 

resulting modules are in WinDAM B. The next version, 

WinDAM C, will incorporate analysis of failures caused 

by internal erosion or piping failures. To evaluate erosion 

in each auxiliary spillway, the SITES Spillway Erosion 

Analysis module with Latin Hypercube Sampling 

(SSEA+LHS) is integrated with WinDAM A+. The 

Embankment Erosion Module is extended to include a 

Breach Analysis Module. The current model assumes the 

dam has a homogeneous embankment. It is most 

applicable for the analysis or design of embankments 

constructed from cohesive soil materials. It is anticipated 

that the model will be expanded to handle zoned 

embankments in WinDAM D. The breach technology 

enabling this expansion is currently under development. 

Inputs to WinDAM include a description of the reservoir 

inflow hydrograph, reservoir storage capacity, all spillway 

properties, the dam cross section and profile, properties of 

the embankment, and input parameters for the breach 

analysis module. Inflow hydrographs can also be obtained 

automatically from other reach routing software, such as 

SITES 2005.1.6, SSEA+LHS [2], HEC-HMS [3], HEC-

RAS, or WinTR-20 as shown in Figure 2. 

     Outputs include a description of the reservoir water 

surface variation with time, the hydrographs associated 

with outflow through each of the spillways and over the 

top of the embankment, and a description of the attack on 

the dam embankment and downstream embankment face. 

Output hydrographs can be directed to external reach 

routing software. Output information is generated in both 

text and graphical format. The software generates ASCII 

text and/or XML control files for the model simulator 

which performs the model calculations. Output from the 

simulator is written to intermediate XML and/or fixed-

format ASCII text files that can be read by a Graphical 

User Interface (GUI) to display results in both text and 

graphical format. Due to the well-defined interfaces that 

automatically convert data to and from different forms, it 

is easy for software developers to interface the system 

with existing analysis software and with software under 

development. Templates that can be used in conjunction 

with DAKOTA are also automatically generated. 

In the DAKOTA system, a strategy is used to create 

and manage iterators and models [4]. A model contains a 

set of variables, an interface, and a set of responses, and 

an iterator operates on the model to map the variables into 

responses using the interface. The WinDAM system is 

used to automatically generate DAKOTA input files. For 

parameter studies, the user indirectly specifies these 

components through strategy, method, model, variables, 

interface, and responses keywords. Then, DAKOTA is 

invoked to iterate on the WinDAM simulation models, or 

vice versa, as needed to generate output.  
 

 

 
 

 

Figure 2.  WinDAM software architecture 
 

 

In what follows, Section 2 covers the WinDAM 

software which may be used to evaluate dams subjected 

to flooding that may result in overtopping of the 

embankment or flow through an existing pathway 

(conduit) through the embankment – up to WinDAM C. 
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Then, Section 3 covers integration of WinDAM with 

DAKOTA to perform simple parameter studies and 

uncertainty analysis. Finally, Section 4 summarizes the 

results. 

 

2.  Breach and Internal Erosion Analysis 
 

Flow is routed through the reservoir by balancing inflow, 

outflow, and storage under the assumptions of a level 

reservoir surface with all outflow being a function of 

reservoir water surface elevation. Stage-storage properties 

of the reservoir are entered in tabular format with 

elevation in feet and the corresponding surface area in 

acres or storage volume in acre-feet. Reservoir inflow 

hydrographs are entered into WinDAM as series of time-

discharge pairs with time in hours and flow in cubic feet 

per second (cfs). 

     Inflow hydrographs are normally computed using 

other software that is capable of generating a rainfall-

runoff hydrograph. The time increment used for entry of 

the hydrograph is normally used in performing the routing 

and erosive attack computations.  

The computational model incorporated into the 

WinDAM software assumes stepwise steady-state flow 

and a level water surface in the reservoir. The mass 

balance equation governing flow through the reservoir for 

any given time step may be obtained by averaging 

conditions over the time step. The inflow to the reservoir 

is a known function of time only, and is obtained through 

application of appropriate hydrologic models such as 

SITES 2005.1.6, HEC-HMS [3], or WinTR-20. The 

outflow from the reservoir is the sum of the outflow from 

all spillways and the outflow over the top of the dam. 

Using the assumptions of a level water surface in the 

reservoir and stepwise steady flow, each of the individual 

outflows may be treated as a unique function of the 

reservoir water surface elevation. Likewise, the storage 

volume in the reservoir becomes a unique function of the 

reservoir water surface elevation.  
 

2.1 WinDAM B 
 

The primary purpose of WinDAM B is threefold: 
 

 Hydraulically route one input hydrograph through, 

around, and over a single earthen dam. 

 Estimate auxiliary spillway erosion in up to three 

earthen or vegetated auxiliary spillways. 

 Estimate erosion of the earthen embankment caused 

by overtopping of the dam embankment. 
 

Since WinDAM B does not include any specific 

hydrology component, the user must create the input 

hydrograph using other software. This allows the user the 

flexibility to choose the hydrologic software most suitable 

for analysis of site conditions; e.g., HEC-HMS, etc. 

WinDAM B assumes the embankment of the dam is a 

homogenous earthen material.  Many USDA-NRCS dams 

are homogenous earthen fill, so the WinDAM B model 

applies. Future versions of WinDAM will address zoned 

embankments where each zone exhibits different erosion 

resistance from other zones. 

Most existing USDA-NRCS dams are built with a 

single earthen auxiliary spillway. In rehabilitation of old 

USDA-NRCS-designed dams, it is more common to also 

utilize additional auxiliary spillways. As a result, 

WinDAM B allows the user to input up to three auxiliary 

spillways, each spillway with a zoned embankment and 

different physical characteristics.  

Computation of the discharge through the area of the 

breach, if any, is unit discharge based on the effective 

width. If breach is to be evaluated, the associated erosion 

is assumed to be initiated in an area corresponding to 

maximum unit discharge over the top of the dam.  

Following breach initiation, the unit discharge is 

computed assuming negligible energy loss from the 

reservoir to the hydraulic control and critical flow 

conditions with hydrostatic pressure at the hydraulic 

control. The processes that determine the erosion during 

embankment breach are dependent on the breach 

geometry and the breach area discharge.  

The way in which the erosion will progress depends on 

the local geometry and discharge. Initially, the headcut 

(local vertical) may not be sufficiently high to generate 

the plunging action that is associated with typical headcut 

advance. Likewise, during latter stages of the process, the 

headcut may become submerged. 

The headcut is considered to be submerged for 

purposes of computing erosion whenever the downstream 

tailwater elevation is greater than the elevation of the 

crest of the headcut, or the height of the headcut is less 

than the critical depth of the flow in the breach area. The 

latter implies that the minimum depth of water at the base 

of the headcut is the critical flow depth based on the 

breach area unit discharge. When the headcut is 

submerged, the headcut is considered not to advance or 

deepen from plunging action of the flow over the crest of 

the headcut. If elevation of the downstream tailwater 

computed from total flow through the reservoir is below 

the elevation of the base of the headcut and the base of the 

headcut is within the embankment, the headcut may 

continue to deepen as a result of flow on the face of the 

dam downstream of the headcut. The rate of deepening 

that is associated with this flow is approximated using a 

normal flow depth model consistent with that used in 

evaluating surface protection. The erosion rate resulting in 

deepening of the headcut is computed by: 
 

)( cedr k      (1) 

where 

r = the soil detachment rate in volume per unit area per 

unit time,  

kd = a detachment rate coefficient that is a property of 

the embankment material,  

τe = the erosionally effective stress (in 1b/ft
2
), and 

τc = the critical soil stress (in 1b/ft
2
). 

 

As applied in WinDAM, kd is expressed in (ft/h)/(lb/ft
2
) 

and is provided as input to the model (see Figure 3). The 
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appropriate value for input may be obtained from soil 

tests as described by Hanson and Cook [11].  

When the tailwater is below the crest of the headcut 

and the height of the headcut is greater than the critical 

depth of flow, the flow will tend to plunge over the crest 

of the headcut. Stresses associated with this plunging flow 

may govern the rate of downward erosion at the base of 

the headcut, the rate of headcut advance, or both. 
 

 
 

Figure 3.  Breach model input 
 

 

In WinDAM, users may select an energy-based or a 

stress-based advance rate model. The energy-based 

model, designated the Temple/Hanson model, is described 

by Temple et al. [5]. The model is a variation on the semi-

empirical model used in the SITES spillway erosion 

computations [2]. The stress-based model, designated the 

Hanson/Robinson model, is an adaptation of the model 

described by Hanson, et al. [10], These advance rate 

models reflect different degrees of simplification of the 

complex process and have different input requirements.  

 

2.2 WinDAM C 
 

For WinDAM C, in addition to overtopping breach 

computations, calculations may alternatively be executed 

to evaluate breach through internal erosion along an 

existing flow path through the embankment. Several tests 

were conducted at the USDA-ARS Hydraulic Engineering 

Research Unit (HERU) near Stillwater, Oklahoma, to 

evaluate the impact that different material properties have 

on the rate of internal erosion, as shown in Figure 4. The 

internal erosion module assumes a homogeneous 

embankment with a simple cross section and is most 

directly applicable to embankments constructed from 

cohesive soil materials. The initial flow path (conduit) 

through the embankment is assumed to be horizontal with 

a rectangular cross section and a constant width and 

height over its entire length. The initial dimensions and 

location are specified by the user. The conduit is allowed 

to expand uniformly vertically and horizontally until a 

boundary is reached or the upper surface becomes 

unstable and collapses (as shown in Figure 4 d-e). In 

addition to expansion of the conduit due to hydraulic 

stress along the conduit boundary, a headcut is allowed to 

form at the outlet of the conduit and to progress upstream. 

Once erosion of the conduit results in removal of the 

conduit roof, erosion processes and computations are 

equivalent to overtopping breach computation as in 

WinDAM B. 
 

 

  

  
 

  
 

Figure 4. Internal erosion analysis at USDA-ARS HERU 

 

Internal erosion calculations represent a simplified 

approach and are considered a first effort at identifying 

the dominant processes and incorporating them into an 

integrated breach model for cohesive embankments. This 

model will be refined and modified as the overall process 

is better understood and more validation data becomes 

available. To that end, it becomes important to perform 

sensitivity and uncertainty analysis to better understand 

the model and which parameters are most important. 
 

 

3.  Uncertainty and Sensitivity Analysis 
 

The goal of uncertainty analysis is to obtain a better 

understanding of the probable range of outputs given that 

there is a certain amount of uncertainty in the input. In 

particular, based on uncertain inputs, determine the 

distribution function (uncertainty) of the outputs and 

probabilities of failure (reliability metrics); identify the 

statistical measures (mean, variance, etc.) of the outputs; 

and identify the inputs whose variance contribute most to 

variance in the outputs (global sensitivity analysis) [4]. 

For simplicity, we will focus on the analysis of spillway 

designs, but the same analysis can be used to evaluate a 

wide range of properties, including the model inputs as 

shown in Figure 3 for breach or internal erosion analysis. 

Spillway designs are compared by determining both 

the stability and integrity of the spillway when it is 

subjected to a given design storm. In a typical design, 

three types of hydrographs are used: principal spillway 

hydrographs, stability design hydrographs, and freeboard 

hydrographs. A principal spillway hydrograph is used to 

size the principal spillway and set the elevation of the 

crest of the emergency or auxiliary spillway. The 

principal spillway is typically a conduit through the dam 
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used to pass low flows, whereas the auxiliary spillway is 

often an open channel capable of passing infrequent large 

flows. Earth auxiliary spillways are typically wide 

trapezoidal channels vegetated as appropriate for the local 

area. A stability design hydrograph, when routed through 

a reservoir, generates the maximum auxiliary spillway 

outflow that the reservoir will be expected to pass without 

erosion damage. For the design to be stable, erosion 

thresholds must bound hydraulic stresses that lead to the 

initiation of erosion. For flows larger than the stability 

design hydrograph, spillway erosion may occur, and the 

spillway may require maintenance (see Figure 1). A 

freeboard hydrograph represents the maximum flow for 

which the structure is designed. The integrity of the 

auxiliary spillway, as represented by its resistance to 

breach, is evaluated for the spillway outflow associated 

with this hydrograph. Naturally, this is the most important 

consideration in designing an earth (soil, rock, or both) 

spillway. Even though extremely large discharges may 

cause significant erosion, the spillway must not breach 

during passage of the freeboard hydrograph. A spillway 

is considered breached if the spillway crest is degraded by 

erosion and floodwater is released through the spillway a 

fixed depth below the crest elevation. 

Breach potential is a function of the spillway system, 

the characteristics of the spillway outflow hydrograph, the 

erodibility of the earth materials, the spillway layout, 

bottom width, and maintenance. Integrity analysis is 

based on the idea that some erosion is allowable if its 

occurrence is infrequent, maintenance is provided, and the 

spillway will not breach during passage of the freeboard 

hydrograph [7]. 

The integrated development system for water resource 

site analysis WinDAM+DAKOTA is designed to fully 

integrate the simulation models in WinDAM with the 

uncertainty quantification, sensitivity analysis, and 

parameter studies capabilities in DAKOTA. This novel, 

new development environment interactively guides user 

input, invokes the sampling and simulation models in the 

background, and parses the results to automatically 

generate output hydrographs, summary tables, and graphs.  
 

 

 
 

 

Figure 5.  Uniform distribution input 
 

This version of the software also allows a user to 

conduct parameter studies and specify the inputs to be 

analyzed based on a list of probability distribution 

functions. Twenty-five different types of distributions can 

be specified [2]. For example, a user could specify a 

Normal Distribution for hydrograph peak discharge with a 

mean of 50,000 cfs and a standard deviation of 10,000 

cfs, or a user could specify a Uniform Distribution for a 

material property such as headcut index, Kh, for multiple 

materials or a single material as shown in Figure 5.  

Random samples are generated using the Latin 

Hypercube Sampling (LHS) library routines found in 

Dakota 5.2. In addition to specifying the types of 

distributions to be used to generate samples, the user can 

also specify the number of instances to be generated and 

the algorithm to be used to generate those samples. In 

particular, the user can select between Monte Carlo and 

Latin Hypercube Sampling. With Monte Carlo Sampling, 

the samples are generated at random. The user can specify 

a random number seed to generate the same sequence of 

random samples. With Latin Hypercube Sampling, the 

samples are more evenly distributed across the search 

space, resulting in better coverage and fewer samples 

required [13]. As shown in Figure 5, a user could request 

10 instances (samples) to be generated for a given 

material's headcut index using a Uniform Distribution 

from 0.001 to 0.201. Then, one sample would be 

randomly generated for each interval of length 0.02 from 

0.001 to 0.201. For this input, the generated samples are 

shown in Figure 6. 

 
 

@UNCERTAINTY 

  @OBSERVATIONS     10 

  @VARIABLES      1 

    KH(1):              

@SAMPLEDATA 

 1 1  0.178143860112386      

 2 1  0.114162037013804        

 3 1  0.153554977141378      

 4 1  0.184678807170631      <- min erosion 

 5 1  0.140484162236030      

 6 1  7.696084019646307E-003 <- max erosion 

 7 1  6.790786373412117E-002 <- mean erosion 

 8 1  2.112528697716014E-002 

 9 1  5.711419140612775E-002 

10 1  9.154328306156087E-002 
 

Figure 6.  Random samples generated 

 
 

The Build Interface is used to generate instances for a 

given run based on the random variables generated, and 

then to invoke the simulator for each instance. The Build 

Interface also parses output to extract summary data. 

 
 

 
 

Figure 7.  Aux. spillway summary table 
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The summary data is presented in a two-level table. The 

top-level table, shown in Figure 7, only displays instances 

resulting in maximum, mean (actually the run closest to 

the mean), and minimum erosion, whereas the second-

level table, see Figure 8, displays all instances. 
 

 
 

Figure 8.  View All runs 
 

After one or more related runs have been processed, they 

can be analyzed by using the Output Interface. The user 

can quickly compare differences between runs and 

instances by viewing the Summary Tables and Summary 

Graphs. By varying these input parameters, a user can 

quickly determine how changes in each will potentially 

impact erosion. The output graph for Spillway Erosion 

includes the option to display the currently selected run 

with the maximum erosion (shown in orange), the mean 

erosion (shown in red), and the minimum erosion (shown 

in green). The erosion for the current run is shown in 

blue, below in Figure 9. 
 

 
 
 

Figure 9.  Spillway erosion graph 

 

Finally, the output can be used for a parameter study to 

determine how changing the value of an input parameter, 

in our example the headcut index, Kh, will impact the 

amount of erosion that results. A scatter plot of the results 

is shown in Figure 10.  
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Figure 10.  Scatter plot for all runs 

As expected, the stronger materials result in less erosion. 

Note that one sample is selected from each interval due to 

Latin Hypercube Sampling.  

Instead of having WinDAM drive the analysis, we can 

also allow DAKOTA to be used to drive the analysis in an 

iterative fashion. 
 

 
 

Figure 11.  Iterative analysis 
 
 

Dakota supports several different options for the Design 

and Analysis of Computer Experiments (DACE): 
 

• Sensitivity Analysis (SA) - determine which inputs have 

the most influence on the output. 

• Uncertainty Analysis (UA) - compare the relative 

importance of model input uncertainties on the 

uncertainty in the model output. 

• Response Surface Approximation (RSA) - use sample 

input and output to create an approximation to the 

simulation output; e.g., neural net, etc. 

• Uncertainty Quantification (UQ) - take a set of 

distributions on the inputs and propagate them through 

the model to obtain distributions on the outputs. 

 
 

 
 

Figure 12.  Auxiliary spillway 

 

For example, with the auxiliary spillway shown in Figure 

12, we might want to determine which material's strength 

is most important in determining the amount of erosion 

that will occur. The corresponding DAKOTA input file is 

shown below in Figure 13. 

Here we specify 4 uncertain variables representing the 

strengths of materials, Kh, 1 through 4, with ranges of 

0.03 to 0.11 for material 1, 0.1 to 0.7 for material 2, 1.0 to 

13.0 for material 3, and 100.0 to 300.0 for material 4. 

Other parameters can be specified in a similar manner, 

and a user interface, such as Jaguar, can be used to drive 

the simulation. 
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# DAKOTA INPUT FILE - dakota_sites_uq.in 

strategy, 

 single_method,  graphics,tabular_graphics_data 

method,        

 dace random 

   samples 80,  seed 123 

model,  

 single 

variables, 

        interval_uncertain = 4 

          num_intervals   = 1 1 1 1 

          interval_probs  = 1.0 1.0 1.0 1.0 

          interval_bounds = 0.03 0.11 0.1 0.7 1.0 13.0 100.0 300.0 
.. 

 

Figure 13.  DAKOTA input file 

 

The DAKOTA output is shown below in Figure 14. 
 

       iuv_1   -4.97535e-001    (Kh1),   iuv_2   -6.25741e-001   (Kh2) 

       iuv_3   -9.10251e-001    (Kh3),  iuv_4   -1.53207e-001    (Kh4) 
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Figure 14.  Correlation graph 
 

 

The output shows that material 3 is the most important 

with a partial correlation coefficient of -0.91, followed 

closely by material 2, and then material 1. All are 

negatively correlated, so as the strength increases, the 

amount of erosion decreases. Similar types of analyses 

can be performed by varying any hydrologic or material 

properties, or erosion model inputs, such as those shown 

in Figure 3. 

 
 

4.   Conclusions 
 

WinDAM is being developed in stages to evaluate the 

performance of earth dams. Existing modules with well-

defined interfaces enable efficient integration of existing 

legacy software and future enhancements. The system 

provides tools that can be used to better understand the 

structure, function, and dynamics of such structures. This 

paper describes how uncertainty quantification and 

sensitivity analysis can be incorporated by linking the 

WinDAM development environment with DAKOTA. The 

paper also provides an simple example to show how the 

system can be used to conduct a parameter study and 

perform uncertainty analysis.  
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Abstract 

 

Globular stellar clusters are relatively common.  All globular clusters that have been observed are 

relatively large ( ~10
4
 - 10

6
  stars).  In the absence of other influences, many if not all globular clusters 

continually lose mass as stars escape their gravitational hold. It has been hypothesized that the presence of 

primordial binaries helps to increase the persistence of small (~1000-star)  globular clusters.  Here I use 

N-body gravitational simulation of  isotropic, Plummer-distributed,  small globular clusters, with stellar 

evolution,  to assess the persistence  of such clusters as a function of  initial populations  of 100-500 

primordial binaries (representing 0.1 - 0.5 of the initial cluster mass).  The simulation predicts that in such 

clusters (a) star-loss is roughly linear in time up to ~300 Myr after t0, (b) cluster persistence is, more or 

less, an increasing function of the fraction of primordial binaries at t0, when such binaries account for 0.1-

0.5 of the initial cluster mass.   

 
Keywords: globular cluster, primordial binaries, N-body simulation 

 

 

 

1.0  Introduction 

1.1  Overview of globular clusters 

Globular stellar clusters are roughly 

spherical, gravitationally bound collections 

of stars.  A large fraction of the total mass of 

a globular cluster tends to be concentrated in 

a cluster "core". 

All globular clusters observed to date are 

relatively large (10,000  to 1,000,000 stars).   

They are relatively common in galactic 

halos:  ~150 have been detected in the Milky 

Way ([25]);  the galaxy M87 may contain 

~13,000 ([24]).  

1.2  Overview of the nbody6 simulator 

nbody6 ([1],[2]) is a highly parameterized 

gravitational N-body ([1]) simulator that has 

been widely used to simulate globular 

cluster evolution ([26]).   

The  nbody6 equations of motion are derived 

and discussed extensively in [1]. 

 

In nbody6, single particles and center-of-

mass systems are integrated by the neighbor 

scheme described in [6], using the fourth-

order Hermite method ([7]).  

 

Binaries and close two-body encounters are 

simulated by the Stumpff version of 

Kustaanheimo–Stiefel ([8])  regularization 
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([9]), while interactions of compact 

subsystems are described by the chain 

regularization method ([10], [11], [12]). 

Strong interactions in unperturbed triples 

and quadruples are treated by three-body 

([13]) and Heggie ([14]) global 

regularization ([15]). Hard  triples and 

higher-order systems satisfying a stability 

criterion ([16],[17]) are reduced to two-body 

configurations (so-called mergers as 

opposed to collisions).  

 

Several aspects of synthetic stellar 

evolution, mass loss, tidal circularization, 

and collisions are included in the simulator. 

Binary evolution and collisions ([18]), 

metallicities ([19]) ,  Roche lobe overflow, 

and spin–orbit coupling are also  included in 

the simulator. 

 

Further details of the theory and methods 

implemented in nbody6 can be found in [1] 

and [4]. 

The nbody6 software is ~30,000 source 

lines,  distributed over ~300 program units, 

of a non-standards-conforming variant of 

Fortran77 ([5]). By modern engineering 

standards ([23]), the nbody6  detailed  

design, testing, and maintenance 

documentation is meager.  

The GRAPE special-purpose supercomputer 

([22]) was  the principal target platform for 

nbody development.  Ports to other 

platforms have tended to be informal. 

 

2.0  Method 

In the absence of external influences, many 

if not all globular clusters continually lose 

mass as stars escape their gravitational hold.   

Small clusters (~1000 stars) may not persist 

for more than ~500 Myr  because their core 

does not exert a large enough gravitational 

force to retain stars of average mass and 

velocity.   

It  has been conjectured that the persistence 

of small globular clusters may be enhanced 

by the presence of primordial binaries.  

Here, I use nbody6 to investigate the effect 

of primordial binaries on the persistence of 

small globular clusters.  N-body simulation 

of a globular cluster requires a specification 

of the initial mass distribution of the cluster.  

I assume an isotropic Plummer density 

distribution ([20])  at t0. The isotropic 

Plummer density distribution is given by 

 

where M is the total mass of the cluster, and 

a is the Plummer radius, a scale parameter 

which sets the size of the cluster core. 

Although the Plummer distribution diverges 

from the distribution of observed globular 

clusters, it is a mathematically convenient 

and plausible approximation of the 

distribution of ~80% of the mass of many 

observed globular clusters. 

nbody6 source code ([2]) was obtained in 

April 2012 from the URL identified in [2] 

and ported to the Vista/64-bit-Cygwin 

environment ([21]).   As distributed [2], the 

nbody6 source code contains over 1000 

instances of  mixed-precision arithmetic.  It 

also contains ~30 Fortran INTRINSIC 

function calls that violate [5].  Initial testing 

of executables built from [2] revealed tens 

of fatal numeric pathologies in the 

Cygwin/gfortran-compiler environment, all 

resulting from these problems.   The source 

was accordingly re-engineered to eliminate 

mixed-precision arithmetic and to make the 

INTRINSIC function calls consistent with 

[5].  Inaccessible ("dead") code (~300 

Fortran statements) was removed.   

 

The makefile distributed at [2] has been 

maintained primarily support the platform 

described in [22].  Accordingly, the makefile 

was modified to be consistent with the 

Cygwin/gfortran compiler environment. 
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The re-engineered source was rebuilt from 

the  re-engineered makefile. 

 

Selected setup (input file) parameter values 

(in nbody6 simulator units unless otherwise 

noted) for these experiments were (names in 

caps are input parameter names, as 

identified in file define.f  in [2]): 

 

 Total wall clock time limit 

(TCOMP):  10 minutes 

 Initial number of single stars (N): 

800, 700, 600, 500 

 Set minimum number of particles 

(NCRIT):  5 

 Set maximum number of neighbors 

(NNBMAX):  95 

 Set time step for irregular force 

polynomial (ETAI): 0.02 

 Set time step for regular force 

polynomial (ETAR): 0.03 

 Set initial radius of neighborhood 

sphere (RS0):  0.3 

 Set time interval for parameter 

adjustment (DTADJ): 2.0 

 Set termination time (TCRIT):  

500.0 nbody time units  

 Set energy tolerance (QE): 2.0D-04 

 Set virial cluster radius (RBAR): 1.0 

pc 

 Set mean mass in solar units 

(ZMBAR): 0.5 

 Assume isotropic Plummer 

distribution at t0 (KZ5 = 1) 

 Use standard tidal field (KZ14 = 1) 

 Enable standard treatment of stable 

triples and quadruples (KZ15 = 1) 

 Enable updating of regularization 

parameters RMIN, DTMIN, and 

ECLOSE (KZ16 = 1) 

 Use Eggleton-Tout-Hurley mass-

loss algorithm (KZ19 = 3) 

 Use Kroupa initial mass function 

(KZ20  = 4) 

 Enable logging of escaped stars to 

file ESC (KZ23 = 2) 

 Enable slow-down of two-body 

motion at chain level (KZ26 = 2) 

 Enable multiple regularization for 

all particles (KZ30 = 1) 

 Assume no unique density center 

(KZ39 = 1) 

 Time-step criterion for 

regularization search (DTMIN): 

1.0E-05 

 Distance criterion for regularization 

search (RMIN):  1.0D-03 

 Set regularized time-step parameter 

(ETAU): 0.2 

 Set binding energy per unit mass for 

hard binary (ECLOSE): 1.0 

 Set relative two-body perturbation 

for unperturbed motion (GMIN):  

1.0E-06 

 Set secondary termination parameter 

for soft KS binaries (GMAX): 0.001 

 Set the pre-scaling maximum 

particle mass (BODY1):  10.0 

 Set the pre-scaling minimum 

particle mass (BODYN): 0.2 

 Set number of primordial  binary 

systems (NBIN0): 200, 300, 400, 

500 

 Set number of primordial 

hierarchies (NHI0):  0 

 Set metal abundance (ZMET): 0.02 

 Set evolutionary epoch (EPOCH0): 

0 

 Set virial ratio (Q):  0.5 

 Set maximum time step (SMAX): 

1.0 

 Set maximum semi-major axis 

(SEMI): 0.0005 

 Set initial eccentricity (ECC):  -1.0  

(for thermal distribution) 

 Mass ratio (RATIO): 0.0 

 Set range in SEMI for uniform 

logarithmic distribution (RANGE):  

100.0 

 

Given the above, all other parameters are 

ignored by nbody6, or were set to zero.  

These setups assume that the cluster does 

not interact with anything outside the 

cluster. 
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Preliminary experiments showed that the 

simulator typically exceeded the QE 

maximum-energy-error, then terminated, for 

simulated times greater than ~500.0 

simulator time units (~300 Myr) in the 

above configurations. 
 

An example of  a full setup file is shown in 

Figure 1. 

 
 

1 10.0 0 

800 1 5 45 95 1 

0.02 0.03 0.3  2.0 10.0 500.0 2.0D-04 1.0 0.5 

0 0 1 0 1 0 6 3 0 0 

0 1 0 1 1 1 0 1 3 4 

1 0 2 0 0 2 0 0 0 1 

0 0 0 0 0 0 0 0 0 1 

0 0 0 0 0 0 0 0 0 0 

1.0E-05 1.0D-03 0.2 1.0 1.0E-06 0.001 

2.3 10.0 0.2 200 0 0.02 0 10.0 

0.5 0 0 0 1.0 

0.0005 -1.0 0.0 100. 0 0 0 

 

Figure 1. An example an nbody6 setup file used in this study  (the setup for 200 primordial 

binaries is shown). 

 

 

See [1], [3], [4], and file define.f  in [2] for a more detailed description of the input file. 

 

The rebuilt nbody6 was executed on a Dell Inspiron 545 with an Intel Core2 Quad CPU Q8200 

clocked at 2.33 GHz, with 8.00 GB RAM, under Windows Vista Home Premium(SP2)/64-bit-

Cygwin ([21]).   

 

nbody6 produces an "escaped star" log, ESC, one per setup, if parameter KZ23 ≥ 1.  The data in 

the ESC files generated by the method described above were imported as space-delimited text to 

an Excel spreadsheet and graphed using Excel graphing functions (see Figure 2 in Section 3.0). 

 

3.0  Results 

 
Figure 2 shows stellar escapes vs. time as a function of number of primordial binaries, generated 

under the conditions described  in Section 2.0.   
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Figure 2.  Stellar escapes vs. time as a function of number of primordial binaries in an 

isotropic, 1000-star, Plummer-distributed globular clusters, generated by the method 

described in Section 2.0.   

 
 

Typical CPU utilization per setup on the 

platform described in Section 2.0 was 25% 

and typical memory utilization was 1.4 GB.  

Each setup  required 5-9 minutes to 

complete on that platform. 

  

 

4.0  Conclusions and discussion  

 
The simulation described in Sections 2.0 and 

3.0 predicts that a small globular cluster 

satisfying the conditions of Section 2.0 (not 

subject to interaction with anything outside 

the cluster) 

 

 (a) experiences star-loss at a rate 

that is roughly constant up to ~300 Myr after 

t0,  

 

 (b) persists approximately as an 

increasing function of the fraction of 

primordial binaries at t0, when such binaries 

account for 0.1-0.5 of the initial cluster 

mass.   

 

 

The mechanism by which primordial 

binaries enhance the persistence of small 

globular clusters is not well understood.  

However, all else being the same, it requires 

twice as much energy to boost a binary 

system with mass 2M  to escape velocity as 

it does to boost a single star of mass M to 

that velocity ([27], esp. Chap. 6). 

 

 

5.0  Acknowledgements 
 

This work benefited from discussions with 

Tony Pawlicki and Dave Davin.  For any 

errors that remain, I am solely responsible. 
   

 

 6.0  References 

42 Int'l Conf. Scientific Computing |  CSC'13  |



 

[1]  Aarseth SJ.  Gravitational N-Body 

Simulations:  Tools and Algorithms.  Cambridge. 

2003.  Note: in this document, the description of 

the nbody software distributed at the site 

identified in [2] have been significantly 

inconsistent since at least December 2011.  [1] 

remains the best single description of the general 

physics implemented in nbody6. 

 

[2]  Aarseth SJ et al.  nbody6.  Circa  April 2012. 

http://www.ast.cam.ac.uk/~sverre/web/pages/nbo

dy.htm.   Note: at least as early as December 

2011, none of the sample input files distributed 

at this site would run with the version of nbody6 

distributed at this site.  Sample input files that 

will run with the versions distributed between 

December 2011 and March 2013 are available 

from me on request. 

 

[3]  Aarseth SJ.  Introduction to Running 

Simulations with NBODY4 and NBODY6.  July 

2006.  

http://www.ast.cam.ac.uk/~sverre/web/pages/nbo

dy.htm.  Note: this document is significantly 

inconsistent with [2]. 

 

[4]  Aarseth SJ.  NBODY6 User Manual.  

December 2009. 

http://www.ast.cam.ac.uk/~sverre/web/pages/nbo

dy.htm.  Note: this document is significantly 

inconsistent with [2].   

 

[5]  American National Standards Institute.  

American National Standard Programming 

Language Fortran.  ANSI X3.9-1978.  1978. 

 

[6]  Ahmad A and Cohen L. A numerical 

integration scheme for the N-body gravitational 

problem.   Journal of Computational  Physics  12 

(1973), 389–402. 

 

[7]  Makino J and Aarseth  SJ.  On a Hermite 

integrator with Ahmad–Cohen scheme for 

gravitational many-body problems.   

Publications of the Astronomical  Society of 

Japan 44 (1992), 141–151. 

[8]  Kustaanheimo  P and Stiefel  E.  

Perturbation theory of Kepler motion based on 

spinor regularization.  Journal für die reine und 

angewandte Mathematik  218 (1965),  204–219. 

[9]  Mikkola S and Aarseth  SJ. An efficient 

integration method for binaries in N-body 

simulations.  New Astronomy 3 (1998), 309–

320. 

 

[10] Mikkola  S and Aarseth SJ.  A chain 

regularization method for the few-body problem.  

Celestial Mechanics and  Dynamical Astronomy 

47 (1990), 375–390. 

 

[11] Mikkola S and  Aarseth SJ. An 

implementation of N-body chain regularization.  

Celestial Mechanics and  Dynamical Astronomy 

57 (1993), 439–459. 

 

[12] Mikkola S and Aarseth SJ. A slow-down 

treatment for close binaries.  Celestial Mechanics 

and  Dynamical Astronomy 64 (1996), 197–208. 

 

[13]  Aarseth SJ and Zare K. A regularization of 

the three-body problem.  Celestial 

Mechanics 10 (1974), 185–205. 

 

[14]  Heggie DC and Ramamani N. Approximate 

self-consistent models for tidally truncated star 

clusters.  Monthly Notices of  the Royal 

Astronomical Society 272 (1995), 317–322. 

 

[15]  Mikkola S.  A practical and regular 

formulation of the N-body equations.  Monthly 

Notices of  the Royal Astronomical Society 215 

(1985), 171–177. 

 

[16]  Mardling RA and Aarseth SJ. Dynamics 

and stability of three-body systems.  In 

The Dynamics of Small Bodies in the Solar 

System, ed. BA Steves and A Roy.  Kluwer.  

1999. 

pp. 385–392. 

 

[17] Mardling RA.  The three-body problem in 

astrophysics.  In SJ Aarseth,  CA Tout, and RA 

Mardling, eds.  The Cambridge N-Body 

Lectures.  Springer.  2008.  pp. 59-96. 

 

[18]  Tout CA, Aarseth SJ, Pols O, and Eggleton 

P.  Rapid binary star evolution for N-body 

simulations and population synthesis.  Monthly 

Notices of  the Royal Astronomical Society 291 

(1997), 732–748. 

 

[19]  Hurley JR, Pols OR,  and Tout CA.  

Comprehensive analytical formulae for 

stellar evolution as a function of mass and 

metallicity.  Monthly Notices of  the Royal 

Astronomical Society 315 (2000), 543–569. 

 

Int'l Conf. Scientific Computing |  CSC'13  | 43



[20]  Plummer HC.  On the problem of 

distribution in globular star clusters.  Monthly 

Notices of  the Royal Astronomical Society 71 

(1911), 460-470. 

 

[21]  Cygwin development team.  Cygwin 

CYGWIN_nT-6.0-WOW64 v1.7.15 (0.260/5/3) 

i686. http://www.cygwin.com/.  2012. 

 

[22]  Makino J.  Current status of the GRAPE 

Project.  Proceedings of the International 

Astronomical Union 3 (1997), 457-466. 

 

[23]  International Standards Organization.  

ISO/IEC 12207:2008.   Systems and Software 

Engineering -- Software Life Cycle Processes.  

http://www.iso.org/iso/iso_catalogue/catalogue_t

c/catalogue_detail.htm?csnumber=43447.  2008. 

 

[24]  Kundu A and  Whitmore BC.  New insights 

from HST studies of globular cluster systems. I. 

Colors, distances, and specific frequencies of 28 

elliptical galaxies.  The Astronomical Journal 

121 (June 2001), 2950–2973. 

 

[25]  Harris WE.  Catalog of Parameters for 

Milky Way Globular Clusters: The Database.  

http://messier.seds.org/xtra/data/mwgc.dat.txt.  

December 2010.   

 

[26]  Aarseth SJ. From NBODY1 to  NBODY6: 

The growth of an industry.  Publications of the 

Astronomical Society of  the Pacific  111 

(November 1999), 1333-1346. 

 

[27]  Battin RH.  An Introduction to the 

Mathematics and Methods of Astrodynamics.  

American Institute of Aeronautics and 

Astronautics.  1987 

44 Int'l Conf. Scientific Computing |  CSC'13  |



 

ANDREI SANTOS 
andreisantoss@hotmail.com 

BERNARDO CORREA 
bernardocrfp@yahoo.com.br 

FELIPE FERREIRA 
faguimaraes@sga.pucminas.br 

FELIPE VITAL 
felipecacique2@hotmail.com 

MICHAEL LOPES 
michael-lopes02@hotmail.com 

RAMON VITOR 
ramon00017@hotmail.com 
ROSINEI FIGUEIREDO 

rosineisfigueiredo@hotmail.com 
FLÁVIA FREITAS 

flaviamagfreitas@gmail.com 
PETR I. EKEL 

  ekel@pucminas.br 

Group for Studies in Images and Signals Processing, 
Graduation Program in Electrical Engineering (PPGEE), 
Pontifical Catholic University of Minas Gerais (PUC MG) 

Belo Horizonte, MG 30535-901, Brazil. 
Contact: FLÁVIA FREITAS, flaviamagfreitas@gmail.com. 

 
 
 
 
 
 
 
 
 
 
 
 
 

Abstract —  
The overriding goal of this work is to present the 
implementation of a tool for spatial analysis of 
georeferenced information as a means of gaining insights 
into animal behavior from scientific visualization.  The 
spatial occupation data of monkeys from the species 
Callicebus nigrifrons, located in “Santuário do Caraça”, in 
the state of Minas Gerais, Brazil, has been collected by 
researches of Graduate Program on Vertebrate’s Zoology 
of Pontifical Catholic University of Minas Gerais (PUC 
Minas). The registers include information regarding 
gender, age, activity being performed in the moment of 
the observation and the height occupied in the trees of the 
forest. The project assumes a multidisciplinary 
characteristic, with several knowledge areas, such as 
Geography, Computer Science and engineering, connected 
together into providing Zoology’s scientists with a new 
comprehension of their problem. 

 
    
Keywords: Scientific Visualization, Layer’s 

Visualization, Spatial Analysis, OpenGL, Graphics 
Computation, Graphics Computation, Multidisciplinarity.  

I. INTRODUCTION 
The Scientific Visualization is an area which evolved 

from Computer Graphics. It studies algorithms and software 
to generate images that assist the user interpretation of data. 
It’s also an area that has been growing in recent times due to 
the increasing computer technology. It’s being used not only 
in Computing, but also in Biology, Geography, Medicine, 
Electrical Engineering, among others, to meet the need to 
visualize data sets of high level of complexity and size. 

The graphic library chosen to be used for interaction 
between tool and user was the OpenGL, selected for being 
easy to implement and offers a wide variety of resources. Its 
use allowed the application of filters chosen accordingly to 
the researchers’ needs, which were implemented using the 
concept of geoprocessing layers. From this analysis, it was 
realized the importance of the information treatment for a 
better interpretation of the monkeys’ spatial occupation raw 
data collected through the survey conducted by zoology’s 
researchers. 

Scientific Visualization of Occupation Data for 
Spatial Analysis of Animal Behavior Using 

OpenGL 
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II. OPENGL 
The development of high performance graphics 

applications used to be exclusively of research institutions or 
companies that owned specialized graphics hardware and 
skilled programmers. A few years ago, this situation has 
changed with the appearance of graphic cards for personal 
computers and the development of graphics libraries which 
did not require extensive programming knowledge or 
hardware. One of such libraries widely used is OpenGL [1]. 

OpenGL can be defined as an open and multiplatform 
specification of graphics routines and modeling libraries, used 
for the development of computer graphics applications, such 
as games and visualization systems. It allows developing 
interactive applications and generation of 3D images with a 
high level of realism. Its biggest advantage is the speed, since 
it incorporates several optimized algorithms, including the 
graphical primitives draw, texture mapping and other special 
effects [1]. 

Its operation is similar to a library of C programming 
language. However, when is said that a program is OpenGL 
based, means that it was written in some programming 
language and uses one or more OpenGL library.  

 
The main OpenGL tools used in this project are: 
 Geometrical primitives (points, lines and cubes); 
 Geometrical transformations (rotation, translation and 

scale); 
 Texture mapping; 
 Rendering; 

III. COMPUTER GRAPHICS 
Computer Graphics refers to the generation of images 

which allows the visualization of real and imaginary objects 
represented in a computer model. It involves the creation, 
representation, processing, manipulation or evaluation of 
graphical computer objects, as well as the association of 
graphical objects with non-graphical data available for access 
[3]. It’s a method applied in many areas, from computers 
(through the development of graphical interfaces), operational 
systems and websites, to the development of games and 
animations. 

In the context of data visualization, the Computer 
Graphics’ importance is in developing a human-machine 
interaction, in order to facilitate data interpretation [4]. 

Under the area of Computer Graphics, the techniques that 
allows the generation of images can be divided as: 

 Process object modeling. 
 The representation, in different forms, of collected 

data. 
 Generation of images with variable degree of realism. 

In this research, the following Computer Graphics software 
were used: Adobe Photoshop, CorelDraw and Blender. 

IV. THE VISUALIZATION TOOL 
This tool, developed by undergraduation and graduation 

engineering students, was the result of a research project that 

consisted initially in the analysis of a great amount of data 
about the spatial occupation of monkeys from the species 
Callicebus nigrifrons. The research was focused on the search 
for ways of visualization that would allow the study of animal 
behavior by Zoology researchers, interested in the observation 
of several animal groups and in the pattern identification of 
the male and female behavior. 

The programming environment and language used for the 
development of the visualization tool was the Dev C++ and 
the C/C++ programming language. The research, which 
culminated in the tool presentation, was developed by 
Engineering and Information Systems graduating students. Its 
process was divided in 2 steps. 

 
1st step: 
 Identify, along with the Zoology researchers, the goals to 

be achieved by their studies, using the visualization 
tool; 

 Identify the spatial occupation raw data available; 
 Study the general concepts of Computer Graphics and its 

applications in the proposed problem; 
 Study the OpenGl library and how it could be applied in 

the image’s generation; 
 Deepen the knowledge in the C/C++ programming 

language, chosen to be used in the implementation of 
this visualization tool; 

 Pursue the spatial analysis concept used by 
Geoprocessing, which consists in the visualization by 
layers of a raw georeferenced data, searching for 
patterns identification; 

  Implement filters that allows the user to analyze the 
spatial occupation raw data, by the layering 
visualization 

 
2nd step:  
 Study the ArcView software (part of ArcGis software, 

which is a Geographic Information System for 
working with maps and geographic information), 
whose Analyst 3D tool was used to build the profile of 
the region’s topography, from a topography map; 

 Choose 3D models to be used to visualize the spatial 
occupation data, collected by graduation program in 
Vertebrate’s Zoology researchers of PUC-MG, with the 
help of OpenGL libraries. 

 Apply textures that enrich the viewing, and differentiate 
the animals by gender; 

 Model the studied region’s terrain, seeking to carry the 
Zoology researcher to an environment closest from the 
real one; 

Next we will be describing the tool developing process 
mentioned in the steps 1 and 2. 

IV.1 – THE TOOL’S PRELIMINARY VERSION FOR THE 
ANALYSIS OF THE ANIMAL SPATIAL OCCUPATION DATA  

The research first step culminated with a preliminary 
version of the software, which made use of simple 
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geometrical primitives (points) to map the spatial coordinates 
of the data. Besides the “x” and “y” coordinates, the absolute 
height (measured in relation to the ground) is defined by the 
“z” axis. At this version, spatial analysis concepts were 
applied in order to identify behavior patterns. 

The tool’s initial implementation was based on the reading 
of the raw data (not yet processed) retrieved from a “.txt” file. 
From this point forward, the organization of the data was 
made (name, gender, height in relation to the ground, 
geographic’s coordinates and living group) in specific 
vectors. 

Initially, the monkey’s location was represented by points 
inserted inside a unitary edged cube, which represented the 
animal’s habitat. Following that, assuming the needs of the 
zoology researchers to study the animal’s behavior, the focus 
became the implementation of selectable layers to filter the 
displayed data. 

Using Computer Graphics resources, we’ve implemented 
the first filter, which separated the monkeys between gender 
(male and female). It was attributed to the males the blue 
color and the females the red color as seen in Figure 1. 
  

 

 
Figure 1 – Points representing the animals inside the cube. 

 
To map the primitives (points) in the cube, the point of 

smallest coordinate value was determined among the raw 
data. After that, all the points were translated in the x, y and 
z axis, using the smallest coordinate value as reference in 
each axis. This way, the minimal value becames part of the 
cube’s face. Afterwards, a correction was made by dividing 
the real coordinate of the points by the difference between the 
maximum and minimal amplitude of the spatial axis in 
question. This way, the (x,y,z) projection of occupation 
vectors becomes included between 0 and 1 and, consequently 
inside the cube. 

To better navigate inside the virtual space of the cube, the 
tool also implemented operations that allows the user to 
define his degree of proximity to the date in question. Zoom, 
translations (both using the keyboard) and rotation (using the 
mouse). 

Subsequently, the large data manipulation created the need 
to implement new filters on data visualization, organizing the 
content into layers of information [5]. 
 The filters layers provided by the tool, allow to distinguish 
the monkeys in groups, heights, name and gender, which 
facilitates the spatial analysis to search for patterns of 
behavior. As the functions of handling menus with OpenGL 
are not intuitive, a side menu was created using functions 
related to the mouse positioning [Fig.2], that allows 
navigation between layers more practical. 

 

 
Figure 2 – Layers’ menu. 

IV.2 – TOOL VERSION WITH IMPROVED VIRTUAL REALITY 
FOR SPATIAL ANALYSIS OF ANIMAL OCCUPATION DATA 

 The Virtual Reality can be defined as an interface 
between user and machine, simulating a real environment 
and allowing the interaction with it [6]. 

The second step of the visualization tool development, still 
undergoing refinement, predicts the implementation of 
improved Virtual Reality. In this context, the implementation 
focus became the spatial occupation data refinement, through 
textures and 3D models. In addition, we performed a graphic 
mapping of the terrain where the data was collected, using the 
Analyst 3D tool from ArcGis software. This step was marked 
by its multidisciplinary characteristic, addressing 
Geoprocessing and graphics design knowledge. 

The texture mapping in OpenGL, consists in loading the 
texture, defining the vertices in which it will be used and 
finally applying it. 

The 3D modeling is a Computer Graphics’ area that acts 
on the creation of three dimensional entities, which can be 
statics (rendering) or moving images (animation), with or 
without interactivity. At this tool developing state, the 
modeling used has a static characteristic and without 
interactivity, because of its simplicity in visual data 
representation. Later studies and implementations will allow 
the dynamics modeling usage with interactivity, seeking 
seasonal behavior patterns in an improved Virtual Reality 
environment closest to the in loco animal visualization. 

To the modeling, we opted for Blender software, which 
offers monkeys 3D models. With the model in the 3DS file 
format, a function was used to load it in the OpenGL 
environment. With the model inserted, was possible to apply 

Int'l Conf. Scientific Computing |  CSC'13  | 47



 

textures and geometrical transformations, in order to suit it in 
the virtual space formerly occupied by simpler primitives, like 
points [Fig.3]. 
 

 
Figure 3 – 3D models and applied textures. 

 
 For the terrain graphic’s mapping was first used  the 
ArcView software to make the geoprocessing of the 
topographic regions’ data. By the vectorization of contour 
lines, the program creates a Hypsometric map (representation 
of relieves through colors), which subdivides the relieves in 
greyscales where the limits are: white, representing the 
highest point of relief, and black, the lowest [Fig.4]. 
 

 
Figure 4 – Heightmap of the worked region. 

 
Afterwards, we used a C/C++ language algorithm (Height 

Mapping) that performs the reading of a heightmap in “.raw“ 
file format, associating each value of the 256 shades of gray 
from the file to a corresponding height. The map is then 
scaled to the dimensions compatible with the cube [Fig. 5]. 
 

 
Figure 5 – Terrain rendering. 

 
With the terrain inserted into the cube, the 3D monkey models 

were loaded in it. The Figure 6 illustrates a scene in which all the 
monkeys are displayed in different time periods. 

 
 

 
Figura 6 – Terrain rendering with the 3D models. 

 
The current work to improve the tool consists in 

introducing a dynamic model that allows seasonal 
visualization of the gross data (including temporal filters), 
while increasing the Virtual Reality sensation. Furthermore, 
we will apply texture over the relief, insert 3D models for the 
trees and also include new models to represent the monkeys’ 
activities, such as: feeding, foraging, getting around, 
sunbathing, and others.  

V. CONCLUSION 
To achieve the proposed objectives, it was necessary the use 

of computational resources such as 3D modeling, 
geoprocessing, graphical computing and high level 
programming. Thus was aggregated knowledge from several 
areas, transforming it into a multidisciplinary work. 

As Scientific Visualization serves to assist in the 
interpretation of large amounts of data, it was necessary to 
generate images’ layers. Thus, we created an interface 
between data and user, allowing the observation and 
understanding of factors that might otherwise pass unnoticed 
by the raw analysis of the data. This fact supports the work of 
the masters in Vertebrates’ Zoology and other researchers in 
related areas. 

The next research goal is to generate images related to 
spatial occupation density, using parallelism as a way to 
increase computing performance. 
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Abstract - Peculiarities of the spatial power spectrum (SPS)
of scattered radiation in magnetized turbulent anisotropic
plasma are investigated by smooth perturbation method
taking into account diffraction effects. Second order
statistical moments: broadening, wave structure functions,
angle-of-arrivals, scintillation index are calculated
numerically for both anisotropic and power-law correlation
functions of electron density fluctuations using experimental
data. New features of the evaluation of a double-humped
shape of the SPS for different parameter of anisotropy and
angle of inclination of prolate irregularities with respect to
the external magnetic field taking into account geometry of
the task are revealed for the first time. The gap increases in
proportion to the anisotropy factor. The power spectra and
scintillation level of scattered ordinary and extraordinary
waves have been calculated taking into account movement of
ionospheric irregularities.

Keywords: spatial power spectrum, double-humped effect,
scintillation, magnetized plasma.

1 Introduction
Statistical characteristics of scattered

electromagnetic waves in randomly statistically isotropic
media have been intensively studied [1,2]. However in
many cases irregularities are anisotropic and are oriented
along a certain direction. In the upper atmosphere
ionization becomes significantly anisotropic because
electrons can move easily along the magnetic field lines
than across them. There is therefore a tendency for all
irregularities to become aligned along geomagnetic field
[3]. Anisotropic irregularities in the ionosphere lead to
the damping and amplification of the amplitude of radio
waves, fluctuations of the phase and variations of the
angle-of-arrival; ionospheric scintillation is a result of
complex action of all these effects. For relatively small
irregularities, diffraction effects are important. The
features of the SPS of scattered radiation in magnetized
anisotropic plasma in the complex geometrical optics
approximation using the perturbation method have been
investigated in [4-7]. The “Double-humped effect” in
turbulent anisotropic magnetized plasma has been

discovered recently using the smooth perturbation method
taking into account diffraction effects [8]; some
peculiarities of statistical characteristics of scattered
radiation have been reported in [9,10].

    This paper is devoted to the investigation of second
order statistical moments of the SPS of scattered
electromagnetic waves in turbulent collisionless
magnetized plasma with electron density fluctuations.
New peculiarities of the “Double-humped effect” are
revealed analytically in the SPS of a multiple scattered
radiation at oblique illumination of magnetized plasma
with prolate irregularities by mono-directed incident
radiation using the smooth perturbation method taking
into account diffraction effects. Numerical calculations
are carried out for both anisotropic Gaussian and power-
law correlation functions of electron density fluctuations
applying experimental data. It was shown that the SPS
has a double-peaked shape for the power-law correlation
function, the gap increases in proportion to the
anisotropy factor, location of its maximum weakly varies
and width substantially broadens with increasing distance
travelling by electromagnetic waves in randomly-
inhomogeneous magnetized plasma.

2 Formulation of the problem

   Consider a plane wave propagating in the z  direction
and the unit vector τ  of an external magnetic field lies in
the YZ  coordinate plane ( z0k P , YZÎ0H - principle
plane), 0 2 /k p l=  , l  is the radio wavelength in free
space. Absorption in the layer is negligible for high
frequency incident wave and components of second-rank
tensor ije  of the collisionless magnetized plasma are
[11]:

11 v(1 )xx ue -= - - , 2 11 v(1 sin ) (1 )yy u ue a -= - - - ,
2 11 v(1 cos ) (1 )zz u ue a -= - - - ,

1v cos (1 )xy yx u ue e a -= - = -% % ,
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1v sin (1 )xz zx u ue e a -= - = - -% % ;

where a  is the angle between 0k  and 0H  vectors;
2 1/2( ) [4 ( ) / ]p N e mw p=r r  is the plasma frequency,

2
0( ) [ ( ) / ]u e H mcw=r r and 2 2v( ) ( ) /pw w=r r  are  the

magneto-ionic parameters, 0( ) ( ) /H e H mcW =r r  is  the
electron gyrofrequency. Dielectric permittivity of
turbulent magnetized plasma is (0) (1)( ) ( )ij ij ije e e= +r r ,

(1)| ( ) | 1ije <<r . The first term is the regular (unperturbed)
component of the dielectric permittivity connecting with
the ionization distribution in the upper atmosphere at
different altitudes above the Earth surface; the second
term is a random function of the spatial coordinates
caused by electron density fluctuations in the ionosphere;

0 1v( ) v [1 ( )]n= +r r .
The electric field E  satisfying wave equation

2
2
0 ( ) ( ) 0ij ij

i j
k

x x
d e

æ ö¶
- D - =ç ÷ç ÷¶ ¶è ø

jr E r  ,       (1)

introduce as 0 0 1 2( ) exp( ...)j jE E j j j= + + +r , 0j =

0i k y i k z^= +  ( 0k k^ << ); complex phase fluctuations
are of the order (1)

1 ~ ijj e , (1) 2
2 ~ ijj e . Wave field

Parameter 0/k km ^=  describing diffraction effects is
calculated in zero-order approximation [8]. The irregular
plasma structure in the scattering medium imposes a
random phase on the transmitted radio wave.

   Phase fluctuation in the second order approximation
satisfies differential equation

2 2
2 2 2 2

0 0(2 )j j ji i k k k
z x z y x y
j j j j

^
¶ ¶ ¶ ¶

+ R + + G - R
¶ ¶ ¶ ¶ ¶ ¶

2 2
2 2 2

2 2j jk i
z x y
j j j

^
æ ö¶ ¶ ¶

-R - G + =ç ÷ç ÷¶ ¶ ¶è ø

22
1 1

ji
x y
j jé ùæ ö¶ ¶æ öê ú= G + ç ÷ç ÷¶ ¶ê úè ø è øë û

 ,                                   (2)

where polarization coefficients are [11]:

0 0
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0 0 0 0

2 (1 v )cos

sin sin 4 (1 v ) cos
j

u

u u u
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a a a

-
R =

± + -
,

0 0 0 0
2

0 0 0 0

v sin v sin cos
1 v v cos

j
j

u u
u u

a a a
a

+ R
G = -

- - +
 .                 (3)

The upper sign (index 1j = ) corresponds to the
extraordinary wave and the lower sign (index 2j = )
corresponds to the ordinary wave. Ordinary and
extraordinary waves in magnetized plasma generally are
elliptically polarized.

    The knowledge of the solution of two-dimensional
spectral component of the phase fluctuation satisfying
stochastic differential equation (for j z=  component)
allows us to calculate variance of the phase fluctuations
for arbitrary correlation function of electron density
fluctuations:

2 4 2
1 0 5

1

1( ) 2 x y xk L dk dk k
G

j p
¥ ¥

-¥ -¥

é< > = W - +ëò òr

2 2 2 2 3

1

( ) 2 , ,j y j x y n x y
iG Gk k i k k V k k

G^
æ ö-ù+ R - + R ç ÷û è ø

,   (4)

where:
2

2 20 0
5 02

0

v (sin 2 sin cos
(1 ) j

u u
u

a a aW = + R -
-

2 3
0 02 sin cos 2 sin cosj j ju ua a a a- G - R G +

2 2 2 2 4
0 0sin cos cos )j ju ua a a+ R + G , xk , yk  are  the

spatial wavenumber components in directions X  and Y ,
respectively; L  is the physical path through the
inhomogeneous plasma, iG  are complicated functions of
magnetized plasma parameters and

  The knowledge of the correlation function of the
phase taking into account that the observation points are
spaced apart at a very small distance { , }x yr r=ρ
perpendicular to the principle plane, allows us to
calculate the width of the spatial power spectrum in the
XZ  and YZ  planes  respectively:

22
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0 0

x Wk
k
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x
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0 0

yk W
k
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x h
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< D > ¶
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¶

%

(5)

wave structure functions of the amplitude, phase and
mutual correlation functions  [1,2]:

( )( )1 1 1 1 1( , ) ( ) ( ) ( ) ( )D j j j j* *= < - - >1 2 1 2 1 2r r r r r r ,

( )2
2 1 1( , ) ( ) ( )D j j= < - >1 2 1 2r r r r ,

1 1 2
1( , ) ( Re )
2

D D Dc = +2r r , 1 1 2
1( , ) ( Re )
2SD D D= -2r r ,

2
1 Im
2SD Dc =  .                           (6)

where: 0 xkx r= , 0 ykh r= .
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  Transverse correlation function of a scattered field
( ) ( ) ( )EEW E E*

*=< + >ρ r r ρ  is [8]:

( )2 2 2
0 1 1

1( , ) exp Re ( ) ( )
2EEW k E j j*

*
^

ì é= < > + < + >í êëî
ρ r r ρ

}1 1 2( ) ( ) 2 exp( )yi kj j j r*
^ù+ < + > + < > -ûr r ρ ,       (7)

where 2
0E  is the intensity of incident radiation.

    SPS of scattered field in case of incident plane
wave ( , )W k k^  is easily calculated by Fourier
transformation from the transversal correlation function
of scattered field [2]:

( , ) ( , )exp( )y y yEE
W k k d W k i kr r r*

¥

^ ^
-¥

= ò .     (8)

When the angular spectrum of an incident wave has a
finite width and its maximum coincide with z axis, SPS
of scattered radiation is given:

2 2( ) ( , )exp( )I k dk W k k k b
¥

^ ^ ^
-¥

= -ò  ,         (9)

where b  characterizes the dispersal of an incident
radiation (disorder of an incident radiation), k  is  a
transverse component of the wavevector of scattered field
[1,2].

      Intensity of scintillation is determined by index 4S
characterizing power of a receiving signal. The spatial
relationship between the power spectrum of the two-
dimensional fluctuating received power ( , , )S x yP k k L  and
the observed power spectrum of the phase fluctuation for
a weak scattering medium is given by [12]

2 2
2

2( , , ) 4 ( , , ) sin x y
S x y x y

f

k k
P k k L W k k L

kj

æ ö+
= ç ÷ç ÷

è ø
% % ,     (10)

where 1/2(4 / )fk Lp l=  is the Fresnel wavenumber. The
sinusoidal term in (10) is responsible for oscillations in
the scintillation spectrum. For the scintillation level

4S (zeroth moment), we have:

2
4 ( , , )x y S x yS dk dk P k k L

¥ ¥

-¥ -¥

= ò ò % .            (11)

A scintillation spectrum with Fresnel oscillations is
interpreted for both Gaussian and power-law
wavenumber models. Equations (10) and (11) describe
two dimensional diffraction patterns at the ground and
also illustrate the strong attenuation of the interference
pattern.

If rigid irregularities are moving past the ray path along
the Y  direction with apparent velocity yV , the resultant
temporal spectrum is given by a strip scan integration
along the X  axis,

0

2 2( , ) , ,x x y
y y

P L dk W k k L
V Vj j
p pnn

¥ æ ö
= =ç ÷ç ÷

è ø
ò %  ,

2
2( , ) 4 ( , ) sinS

f
P L P Lj

nn n
n

æ ö
= ç ÷ç ÷

è ø
 .           (12)

The Fresnel frequency 1/2/ ( )f yV zn p l=  is directly
proportional to the drift velocity yV  transverse to the
radio path and inversely proportional to the Fresnel
radius 1/2( )zl , z  is the mean distance between the
observer and the irregularities. The intensity fluctuations
are severely attenuated for irregularities larger than this
radius or frequencies less than the Fresnel frequency. The
oscillation minimums appear with ratios 1: 2 ,  1: 3 ,

1: 4 , … Observable power spectra ( , )SP Ln  allows us
to  calculate  the  spectral  width  (1st and square root 2nd

moments) which is a measure of the scintillation rate.

3 Numerical calculations

Numerical calculations are carried out for 40 MHz
( 0 840k = 1km - ) incident electromagnetic wave; Fresnel
radius at the altitude 300 km is equal to 1.5 km. Plasma
parameters are: 0 0.0012u = , 0v 0.0133= .  We use both
Gaussian and power-law spectra. Anisotropic Gaussian
correlation function in the principle YZ plane is [5]

2
2

3/2( , , )
8n x y z n
l l

V k k k s
p
^= ×P%

2 2 2 22 2
2

1 2 3exp
4 4 4

y zx
y z

k l k lk l p p p k k l^
æ ö

× - - - -ç ÷ç ÷
è ø

P P

P
,    (13)

where: [2 2 2 1 2 2
1 0 0(sin cos ) 1 (1 )p g c g c-= + + - ×

2 2 2
0 0sin cos /g g c ù× û , 2 2 2 2

2 0 0(sin cos ) /p g c g c= + ,

2 2
3 0 0(1 ) sin cos / 2p c g g c= - , 2

ns  is variance of electron
density fluctuations. This function contains anisotropy
factor of irregularities /l lc ^=

P
 (ratio of longitudinal

and transverse linear scales of plasma irregularities) and
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inclination angle 0g  of prolate irregularities with respect
to the external magnetic field.

    Measurements of satellite’s signal parameters
passing through ionospheric layer and measurements
aboard of satellite show that in F-region of the
ionosphere irregularities has the power-law spectrum
with different spatial scales. We utilize 3D anisotropic
power-law spectrum of electron density irregularities.
The corresponding spectral function spatial power-law
spectrum for 3p >  has the following form [5]

2

5/2
5 ( 3)( , , ) sin

2 2 2
N
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p p pV k k k s p

p
- -æ ö æ ö é ù= G G ×ç ÷ ç ÷ ê úè ø è ø ë û

%

3

/22 2 2 2 2 21 ( ) )
p

x y z

l

l k k l kc ^é ù+ + +ë û

P

P

 ,                            (14)

The value of p depends on the specific conditions of
development of the turbulence, in particular the
instability process involved, the latitude, the altitude, and
so on. As observed by measurements with satellite ETS-
2, the spectral index is usually between 2 and 4 [13].

    Correlation function of the phase fluctuations caused
by electron density fluctuations for anisotropic Gaussian
correlation function (13) has the following form
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where:
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      Knowledge of these functions allows us to calculate
wave structure function and angle-of-arrival in the XZ
plane using (6):
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Figure 1 shows the broadening of the SPS versus
anisotropy factor c  (left figure) for prolate electron
density irregularities; characteristic longitudinal linear
scale 200l =

P
m, electromagnetic wave propagates with

respect to the external magnetic field at the angle
020a = . Numerical calculations show that maxima of

the  SPS  are  at 5c =  and 16c =  in the XZ plane for
0

0 0g =  and 0
0 30g = , respectively. Increasing angle

040a =  maximum of the SPS displaced to the right
18c »  (for 0

0 30g = ) and not displaced for 0
0 0g = . The

broadening of the SPS of scattered ordinary and
extraordinary waves approximately is the same for

100L = km. External magnetic field has a substantial
influence on the broadening of the SPS and narrows in
the principle plane, which is in agreement with [8].
Deformation of the SPS depends on the angle a  and the
distance travelling by electromagnetic wave in turbulent
magnetized plasma; except the case 0

0 0g = (prolate
irregularities are stretched along the external magnetic
field).

   Plots of the phase wave structure function sD  of
scattered ordinary wave as a function of h  for

0 0
0 0 15g = ¸  are presented on the right figure in the

direction perpendicular to the principle plane. Numerical
calculations show that maxima of the sD  function is at

31h =  if 0
0 0g = ; and at 59h =  if 0

0 5g = ; phase wave
structure function tends to saturation at 450h = .
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Analysis show that the angle-of-arrival in the XZ plane is
in the interval 0.5 2¢¢ ¢¸ .

    Scintillation index 4S   for power-law correlation
function in the YZ plane is given by
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2 2 2
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where: 5 ( 3)sin
2 2 2
p p pQ p- -æ ö æ ö é ù= G Gç ÷ ç ÷ ê úè ø è ø ë û

% . Square of

the scintillation index is proportional to the thickness of a
layer and the root-mean-square deviation of small-scale
electron density irregularities 2

ns  which are responsible
for signal fading.
       From equations (2), (7) and (14) for the SPS of
power-law correlation functions of electron density
fluctuations in turbulent non-magnetized plasma we
obtain:
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function, ( )K xn  is the McDonald function.
    Figure 2 illustrates the evaluation of a gap in the

SPS of scattered ordinary wave in turbulent anisotropic
collisionless non-magnetized plasma with prolate
irregularities of electron density fluctuations having
characteristic longitudinal linear scale 10l =

P
km;

spectral index is equal to 3.2p = . Numerical
calculations show that electromagnetic wave having
parameters 0.05m = , 020a = , 10b =  travelling
distance 2000 km in the ionosphere broadens on 56%
increasing anisotropy factor of prolate irregularities from

150c =  up to 350. When the scattering is weak,
oscillations are observed in the power spectra. These
oscillations are attributed to a Fresnel filtering effect.
These oscillations are used to calculate the velocity,
estimate the irregularity scale size, anisotropy factor and
angle of inclination of prolate irregularities with respect
to the external magnetic field. The rate of oscillations is
dependent on the irregularity velocity. The power spectra

Figure 1. Broadening of the SPS of scattered radiation
in the XZ plane as a function of the parameter c  at

020a = and different angles of inclination of prolate
irregularities with respect to the external magnetic
field 0 0

0 0 30g = ¸ (top figure). Phase structure
function as a function of the  distance between
observation points h  at 0.114k^ = , 10c = , 020a =
for ( , )SP Ln  (bottom figure).
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( , )SP Ln  for the ordinary and extraordinary waves have
different minima and allow us to calculate corresponding

fk  and fn .

4  Conclusion

     Second order statistical moments of scattered
radiation: correlation function of the phase fluctuation,
broadening of the SPS, angle-of-arrivals and the
scintillation index caused by electron density variations

are obtained for arbitrary correlation function of electron
density fluctuations. Numerical calculations are carried
out for both anisotropic Gaussian and power-law
correlation functions. New peculiarities of the “Double-
humped effect” have been revealed first time analytically
in the SPS of multiple scattered high frequency
electromagnetic waves at oblique illumination of
magnetized plasma with prolate inhomogeneities by
mono-directed incident radiation using the smooth
perturbation method. It was established that the SPS has
a double-peaked shape, the location of its maximum
weakly varies and width substantially broadens with
increasing distance travelling by electromagnetic waves
in turbulent anisotropic magnetized plasma. Anisotropy
factor and the angle of inclination of prolate irregularities
have a substantial influence on the gap of the SPS. The
power spectra for the ordinary and extraordinary waves
have different minima allowing determining the Fresnel
frequency. The power spectral analysis of scintillation
observations offers a new and important method of
analyzing the small-scale structure in the ionosphere.

      The obtained results will have applications in
communication, acoustics, at observations of
electromagnetic waves propagation in the upper
atmosphere and remote sensing.
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Abstract - This paper adopts stochastic FEM to study the 
statistical dynamic behaviors of nonlinear vibration of the 
fluid-conveying double-walled carbon nanotubes (DWCNTs) 
under a moving load by considering the effects of the 
geometric nonlinearity and the nonlinearity of van der Waals 
(vdW) force. The Young’s modulus of elasticity of the 
DWCNTs is considered as stochastic with respect to the 
position to actually characterize the random material 
properties of the DWCNTs. Besides, the small scale effects of 
the nonlinear vibration of the DWCNTs are studied by using 
the theory of nonlocal elasticity. Based on the Hamilton’s 
principle, the nonlinear governing equations of the fluid-
conveying double-walled carbon nanotubes under a moving 
load are formulated. The stochastic finite element method 
along with the perturbation technique is adopted to study the 
statistical dynamic response of the DWCNTs. Some statistical 
dynamic response of the DWCNTs such as the mean values 
and standard deviations of the non-dimensional dynamic 
deflections are computed and checked by the Monte Carlo 
Simulation, meanwhile the effects of the nonlocal parameter 
and aspect ratio on the statistical dynamic response of the 
DWCNTs are investigated. It can be concluded that the 
nonlocal solutions of the dynamic deflections get larger with 
the increase of the nonlocal parameters due to the small scale 
effect, and as the aspect ratio increases, the small scale effect 
has less effect on the maxima non-dimensional dynamic 
deflections of the DWCNTs.  

Keywords: Nonlinear vibration; Double-walled carbon 
nanotubes; Stochastic FEM; Perturbation 
technique; Small scale effect. 

 

1 Introduction 

  Since the landmark paper published by Iijima [1], 
carbon nanotubes (CNTs) have attracted worldwide attention 
due to their potential use in the fields of chemistry, physics, 
nano-engineering, electrical engineering, materials science, 
reinforced composite structures and construction engineering. 
Carbon nanotubes (CNTs) are used for a variety of 
technological and biomedical applications including 
nanocontainers for gas storage and nanopipes conveying 

fluids [2-8]. Some important applications of carbon nanotubes 
(CNTs) are such as nanotubes conveying fluids [3,7-8], 
different types of fluid flows like water [9], dynamic flow of 
methane, ethane and ethylene molecules [10] and the diffusive 
transport of light gases [11] had been reported, and the effects 
of these fluids on the mechanical properties of CNTs had been 
investigated. Natsuki et al. [12] adopted a simplified Flügge 
shell model to investigate the wave propagation of single- and 
double-walled CNTs conveying fluid. The single-elastic beam 
model [13-14] and the multiple-elastic beam model [15-19] 
were also broadly adopted to study the dynamic behaviors of 
fluid-conveying single-walled carbon nanotubes (SWCNTs) 
and multi-walled carbon nanotubes (MWCNTs). The 
vibration frequencies of the linear system and the system’s 
stability related to the internal moving fluid were investigated. 
Moreover, the nonlocal elasticity theory was incorporated into 
the elastic beam model to study the small scale effect on the 
dynamics of SWCNT conveying fluid [20]. Chang and Liu 
[21-22] studied small scale effects on the flow-induced 
instability of double-walled carbon nanotubes (DWCNTs) by 
using the nonlocal elasticity theory. More recently, Chang 
[23-24] investigated the thermal-mechanical vibration and 
instability of fluid-conveying single-walled carbon nanotubes 
(SWCNTs) based on nonlocal elasticity theory. Generally 
speaking, the beam models mentioned above are linear; 
however, the vdW forces in the interlay space of MWCNTs 
are essentially nonlinear. Furthermore, the slender ratios are 
normally large if the beam models are adopted, that is, the 
large deformation will occur. Therefore, it is quite essential to 
consider two types of nonlinear factors, namely, the geometric 
nonlinearity and the nonlinearity of vdW force in 
investigating the dynamic behaviors of fluid-conveying 
MWCNTs. Kuang et al. [25] investigated the dynamic 
behaviors of double-walled carbon nanotubes (DWCNTs) 
conveying fluid by considering two types of nonlinearities 
mentioned above. Due to the rapid process of nanotechnology, 
the motion of neutral atoms and nanoparticles in nanotubes 
has been of remarkable interest [26]. Carbon nanotubes are 
utilized as molecular channels for the transportation of 
nanoparticles, such as water and protons [27]. In the process 
of these applications, carbon nanotubes might be subjected to 
moving load, and this causes the transverse vibration of 
carbon nanotubes. Therefore, it is quite necessary to 
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investigate the dynamic behavior of carbon nanotubes under 
moving loads. So far, most researchers have studied static, 
buckling or free vibration analysis of nanotubes or nanobeams 
based on the local or nonlocal elasticity theory, forced 
vibration of DWCNTs under moving loads is rarely 
investigated. Until recently, Simsek [28] performed the 
vibration analysis of a SWCNT under action of a moving 
harmonic load based on nonlocal elasticity theory. Kiani and 
Wang [29] adopted nonlocal elasticity theory to investigate 
the interaction of a single-walled carbon nanotube with a 
moving nanoparticle.  

Salvetat et al. [30] measured the flexural Young’s 
modulus and shear modulus using AFM test on clamped–
clamped nanoropes, getting values with 50% of error. 
Information related to statistical distributions of experimental 
data is also rare, and the important study from Krishnan et al. 
[31] provides one of the few examples available of histogram 
distribution of the flexural Young’s modulus derived from 27 
CNTs. The Young’s modulus was estimated observing free-
standing vibrations at room temperature using transmission 
electro-microscope (TEM), with a mean value of 1.3 TPa -
0.4 TPa/+0.6 TPa. Pronouncedly, in [32], stochastically 
averaged probability amplitude for the vibration modes is 
computed to obtain the root-mean-square vibration profile 
along the length of the tubes. Uncertainty is also associated to 
the equivalent atomistic-continuum models adopted 
extensively in particular by the engineering and materials 
science communities. Hence, to be realistic, the Young’s 
modulus of elasticity of carbon nanotube (CNTs) should be 
considered as stochastic with respect to the position to 
actually describe the random property of the CNTs under 
certain conditions. In the present study, we investigate the 
statistical dynamic behaviors of nonlinear vibration of the 
fluid-conveying double-walled carbon nanotubes (DWCNTs) 
under a moving load by considering the effects of the 
geometric nonlinearity and the nonlinearity of van der Waals 
(vdW) force. The Young’s modulus of elasticity of the 
DWCNTs is considered as stochastic with respect to the 
position to actually characterize the random material 
properties of the DWCNTs. In addition, the small scale 
effects on the nonlinear vibration of the DWCNTs are studied 
by using the theory of nonlocal elasticity. Based on the 
Hamilton’s principle, the nonlinear governing equations of 
the fluid-conveying double-walled carbon nanotubes under a 
moving load are formulated. The stochastic finite element 
method along with the perturbation technique is adopted to 
study the statistical response of the DWCNTs; in particular, 
the Newton-Raphson iteration procedure in conjunction with 
Newmark scheme is utilized to solve the nonlinearity of the 
dynamic governing equation of the DWCNTs. The effects of 
the nonlocal parameter and aspect ratio on the statistical 
dynamic response of the DWCNTs are investigated. 

2 Nonlinear beam model for fluid-
conveying DWCNTs under a moving load 
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Fig. 1.  Fluid-conveying DWCNTs under a 
moving load 

In Fig. 1, the double-walled carbon nanotubes 
(DWCNTs) is modeled as a double-tube pipe which is 

composed of the inner tube of radius 1R  and the outer tube of 

radius 2R . The thickness of each tube is h , the length is L , 

and Young’s modulus of elasticity is E . It is noted that the 
Young’s modulus of elasticity E  is assumed as stochastic 
with respect to the position to actually describe the random 
material property of the DWCNTs.  The internal fluid is 
assumed to flow steadily through the inner tube with a 
constant velocity U . Besides, the boundary conditions of the 
DWCNTs are assumed as simply-supported at both ends. 
Based on the theory of Euler–Bernoulli beam and a nonlinear 
strain–displacement relationship of Von Karman type, the 
displacement field and strain–displacement relation can be 
written as follows: 
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where x is the axial coordinate, t is time, iu  and iw  denote 

the total displacements of the ith tube along the x coordinate 
directions, ui and wi define the axial and transverse 

displacements of the ith tube on the neutral axis, i the 

corresponding total strain, and the subscript i = 1 and i = 2. 
Notice that tube 1 is the inner tube while tube 2 is the outer 
tube. 
Based on Eq. (1), the potential energy V stored in a 
DWCNTs and the virtual kinetic energy T in the DWCNTs as 
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well as the fluid inside the DWCNTs can be individually 
determined. 
Based on Hamilton’s principle, the variational form of the 
equations of motion for the DWCNTs can be given by 
 

 1

0

0
t

t
V T dt                                                    (2) 

 
where   is the virtual work due to the vdW interaction and 
the interaction between tube 1 and the flowing fluid. 

Based on Eq. (2) and the formulations derived by Chang [22, 
24], the coupled nonlinear governing equations for the 
vibration of DWCNTs conveying fluid based on nonlocal 
elasticity theory are given as follows: 
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It is noted that the scale 0e a  in the Eq. (3-4) will lead to 

small scale effect on the response of structures in nano-size. 
In Eqs. (3-4), it is assumed that the small scale effects on the 
nonlinear terms due to geometrical nonlinearity are neglected 
since they are normally small compared with those on the 
linear terms. 

 
 

3 Solution by finite element method 

 In the present study, the finite element method is 
adopted to determine the solutions to Eqs. (3-4). Using the 
finite element formulation, we can obtain the governing 
matrix equation of the structure after assembly as follows: 

       M W C W R W P                               (5)                  

where  M  is the global consistent mass matrix of the 

structure,  C  is the global damping matrix of the structure, 

W  is the global velocity vector of the structure, W  is the 

global acceleration vector of the structure, W  is the global 

displacement vector of the structure, P  is the global external 

force vector of the structure and  R W  is the global vector 

of restoring forces of the structure that depends on the 
displacement field. Based on equation (5), the governing 
equation of the structure at time tt   is given by  

      (6)t t t t t t t t
T

        M W C W K W Ρ R W 

                        

The above equation can be solved by any direct time 
integration method even it is nonlinear. In order to improve 
the solution accuracy, it is necessary to carry out the 
equilibrium iteration in each time step. In this study, the 
Newton-Raphson method in conjunction with Newmark 
scheme is adopted to perform the numerical analysis. 

 

4 Perturbation technique 
 

In this study, only the Young’s modulus of elasticity E is 
assumed to be stochastic in position, the geometric shapes and 
sizes of the structure and the moving load and the fluid load 
are assumed to be deterministic. Applying the perturbation 
technique, the randomly fluctuating Young’s modulus of 
elasticity E can be assumed as: 
 

( ) ( ) ( )0 0 0
( ) 1 ( ) ( )E x E x E E xa aé ù= + = +ê úë û                    (7) 

 

where  0E  is the mean value of the Young’s modulus of 
elasticity, ( )xa  is random variable with zero mean, and 

( )0 ( )E xa  is homogeneous stochastic field representing the 

fluctuation of the Young’s modulus of elasticity around its 
mean value. Assuming the random variable   is uniform 
within the element, then the stochastic nodal displacement 
vector can be expanded about   by using Taylor series as: 
 

     0 1 2

1 1 1

1
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    W W W W 

                    

     0 1 2
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1
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2

NE NE NE

i i ij i j
i i j

  
  

        W W W W 

                         
where the superscript (0) represents the mean value term, both 
i and j denote the element numbers, NE is the total number of 
the element and   means the merging with respect to 
element. Similarly, the restoring force vectors and the tangent 
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stiffness matrix can be written in similar fashion. Then 
applying the perturbation technique to equation (6), the higher 
order terms are truncated, and comparing equal order terms 
for the random variable  , the zero, first, and second order 
equations for the problem are obtained, respectively. The 
solutions of these equations are achieved successively by 
using the procedures described in the previous section. The 
statistical dynamic responses of DWCNTs can be obtained 
after calculating the zero, first and second order equations. 
For example, at any fixed time, both expected value of 
deflection and autocorrelation of the deflection between two 
different points p and q  can be obtained based on the first 

order approximation by neglecting the third term in equation 
(8) as follows: 
 

   0E W W                                                           (10) 

 
 

       
 1 (1)

1 1

,

(11)

T

p q

NE NE

pi qj i j
i j

x x E E E

E  
 

     

   

WR W W W W

W W

 

( ) ( )R R
i j i j

E x x xa aa aé ù = - = Dê úë û             (12) 

 

where  E  is the expectation and the ( )R xa D  is the 

autocorrelation function of random variable   assuming that 
the Gaussian stochastic process of the Young’s modulus of 
elasticity E  is homogeneous with respect to the position, 

p
x and q

x  are the coordinate at the center of the element 

p and q . Based on equation (11), the stochastic process of 

deflection is assumed to be homogeneous with respect to 

position as well,  ,W i jR x x  can be replaced by  WR x . 

Therefore, the autocorrelation  WR x  can be computed 

readily provided that the spectra density of the Young’s 
modulus of elasticity is given. 
 
 

5 Numerical examples and discussion  
 

In the numerical computations, the simply supported 
boundary condition is considered for the DWCNTs conveying 
fluid. The inner and the outer tubes are assumed to have the 
same Young’s modulus, the same thickness and the same 
mass density. The numerical values of the parameters are 
adopted as follows: Mean value of Young’s modulus E=1 Tpa, 
tube thickness h=0.34 nm, mass density 

3/2300 mKg , the mass density of water flow is 
3/1000 mKgf  , the inner radius nmR 7.01   and the outer 

radius nmR 04.12  , the standard deviation of random variable 

  is assumed as 0.1.as = The length of the DWCNTs is 

considered as a variable for the different values of the aspect 
ratio /L d . In the present study, the nonlocal parameter is 

chosen as 
0

0 2.0e a nm£ £  to investigate the small scale 

effects on the dynamic responses. For a constant velocity of 
the moving load, the non-dimensional dynamic deflection is 
normalized as the ratio between the dynamic deflection and 

the static deflection, which is 3 (0)

0
/ 48D F L E I= , of a beam 

under a point load 
0
F  at the middle point of the beam. In the 

following numerical computations, the internal fluid velocity 
of the DWCNTs is assumed as 400 / secU m , the non-

dimensional velocity 0.2V   is assumed for the moving load 
and the aspect ratio / 10L d  is considered, unless they are 
specified otherwise. In Figs. 2-3, the mean values and 
standard deviations of the non-dimensional dynamic 
deflections of the DWCNTs are depicted. Fig. 2 presents the 
mean value of the non-dimensional dynamic deflections 

2
( / 2, ) /w L t D  versus the non-dimensional time T for 

various values of the nonlocal parameter 0
e a . As it can be 

seen from Fig. 2, the numerical results based on the present 
study are checked by Monte Carlo Simulation, they are in 
excellent agreements. Fig. 3 presents the standard deviation of 
the non-dimensional dynamic deflections 

2
( / 2, ) /w L t D  with 

respect to the normalized dimensional time T for various 

values of the nonlocal parameter 0
e a . Once again, the 

numerical results based on the present study are in good 
agreements with those estimated by Monte Carlo Simulation 
except that the results from Monte Carlo Simulation are 
slightly larger than those from the present study. Fig. 4 
presents the mean values of the maximum non-dimensional 

dynamic deflections
2
( , ) /w x t D versus the aspect ratio 

/L d for various values of the nonlocal parameter 0e a  at the 

constant moving load velocity 0.2V  . As it can be detected 
from the figure, the maxima non-dimensional dynamic 
deflections computed by using the nonlocal model are larger 
than those of the local (classical) model thanks to the small 
scale effect. Based on the results in Fig. 5, the maxima non-
dimensional deflections get larger as the nonlocal parameter 
increases, and the effect of the nonlocal parameter depends on 
the aspect ratio.  
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Fig. 2.  Mean value of 

2
( / 2, ) /w L t D versus dimensionless 

time T. PS=Present study, MCS=Monte Carlo 
Simulation. 
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Fig. 3. Standard deviation of 2
( / 2, ) /w L t D  versus 

dimensionless time T. PS=Present study, 
MCS=Monte Carlo Simulation. 
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Fig. 4. Mean values of maxima non-dimensional deflections  

versus the aspect ratio /L d for 0.2V  . 
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Fig. 5. Mean values of maxima non-dimensional deflections  
versus the nonlocal parameter 0e a for 0.2V  . 

 

 

6 Conclusions  

This paper investigates the statistical dynamic behaviors 
of nonlinear vibration of the fluid-conveying double-walled 
carbon nanotubes (DWCNTs) under a moving load by 
considering the effects of the geometric nonlinearity and the 
nonlinearity of van der Waals (vdW) force. The Young’s 
modulus of elasticity of the DWCNTs is considered as 
stochastic with respect to the position to actually characterize 
the random material properties of the DWCNTs. In addition, 
the small scale effects of the nonlinear vibration of the 
DWCNTs are studied by using the theory of nonlocal 
elasticity. Based on the Hamilton’s principle, the nonlinear 
governing equations of the fluid-conveying double-walled 
carbon nanotubes under a moving load are formulated. The 

64 Int'l Conf. Scientific Computing |  CSC'13  |



stochastic finite element method along with the perturbation 
technique is adopted to study the statistical response of the 
DWCNTs; in particular, the Newton-Raphson iteration 
procedure in conjunction with Newmark scheme is utilized to 
solve the nonlinearity of the dynamic governing equation of 
the DWCNTs. Some statistical results obtained by the 
perturbation technique and those from the Monte Carlo 
simulation approach show good agreements. Some statistical 
dynamic response of the DWCNTs such as the mean values 
and standard deviations of the non-dimensional dynamic 
deflections are calculated, meanwhile the effects of the 
nonlocal parameter and aspect ratio on the statistical dynamic 
response of the DWCNTs are investigated. It can be 
concluded that the nonlocal solutions of the dynamic 
deflections get larger with the increase of the nonlocal 
parameters due to the small scale effect. It is noted that the 
computed stochastic dynamic response plays an important 
role in evaluating the structural reliability of the DWCNTs. 
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Abstract—The present paper sheds some light on investigating 

the effect of pulsatility on flow through a tapered artery. Blood 

has been represented by a non- Newtonian fluid obeying 

Herschel-Bulkley equation. Using the Reynolds number as the 

perturbation parameter, a perturbation technique is adopted to 

solve the resulting quasi-steady non-linear coupled implicit 

system of differential equations. Analytical expressions for 

velocity, volumetric flow rate, wall shear stress and the mean 

flow resistance have been obtained. It is observed that the wall 

shear stress and flow resistance increase for increasing value of 

taper angle and the axial distance. It is pertinent to point out that 

the phase lag between the pressure gradient and wall shear stress 

or flow rate is found to be 2.03 degrees and this phase lag 

becomes independent of the axial distance and taper angle. The 

present approach has; in general, validity in comparison with 

many mathematical models developed by others and may be 

applied to any mathematical model by taking into account of any 

type of rheological property of blood. Finally, some 

biorheological applications of the present model have briefly been 

discussed. 

Keywords—non-newtonian fluid; pulsatile flow, tapered artery; 

walls shear stress; resistance to flow 

I.  INTRODUCTION 

It is well known that the investigation on blood flow in 
tapered arteries and tubes with non-uniform cross-sections 
could play an important role in the fundamental understanding, 
diagnosis and treatment of many cardiovascular diseases tubes 
([1],[2],[3]). Looking at the immense importance in the 
fundamental understanding of blood flow, the objective of the 
present analysis is motivated to provide a generalized model of 
blood and obtain some information about the flow. Many 
investigators([4-8] have studied the flow of blood through 
tapered arteries by treating blood as a Newtonian fluid, 
Bingham plastic fluid, power-law fluid and Casson fluid and 
obtained the relationship between the flow rate and pressure 
drop. Scott Blair et al.  [9] have suggested that blood obeys 
Casson’s model only for moderate shear rate flows, and that 
there is no difference between Casson’s and Herschel-Bulkley 
plots over the range where Casson’s plot is valid (for blood). 
Furthermore, Sacks et al. [10] have experimentally pointed out 

that blood shows the behavior characteristic of a combination 
Bingham plastic and Pseudoplastic fluid-Herschel- Bulkley 
fluid with the fluid behavior index greater than unity. In view 
of the experimental observation [10] and suggestion made in 
[9], it is pertinent to consider the behavior of blood as a 
Herschel- Bulkley fluid. Based on the foregoing views, it is 
worthwhile to describe a model taking the factors of pulsatility, 
non-uniform cross-section of a tube and non-Newtonian 
character into the present analysis and study the flow 
characteristics. 

II. FORMULATION OF THE PROBLEM 

 

Consider a laminar, pulsatile and fully developed flow of 
blood (Herschel-Bulkley fluid) in the   direction through a 
slightly tapered tube as shown in Fig.1.  

 

Fig.1. Geometry of Tapered Tube 

The wall profile of the flow geometry may mathematically 
be described as 

tan)( **

0

** zRzR      

where )( ** zR  is the radius of tube in the tapered section,   

*

0R  is the radius of the tube in the normal region, 
*z is the 

axial direction and   is the angle of taper. Further, 
*

1L  

represents the axial distance of the cross section between  
*z =0 and the cone apex and 

*

2L  indicates the axial distance of 
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any cross section at 
*z from the apex. We shall take cylindrical 

coordinate system (
*** ,, zr  ) whose origin is located on the 

tube axis. (* over a letter denotes the dimensional form of the 
corresponding quantity). 

Let us introduce the following non-dimensional variables: 
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where 
*T is the characteristic time, 

*  the Newtonian 

viscosity, 
*

0U  the characteristic velocity which is expressed 

by the relation 
*

0R =
*

0U  
*T , 

*u the axial component of the 

velocity, 
*t  the time, 

*r  the radial direction, 
*

y the  yield 

stress,
*  is the shear stress and   is the dimensionless yield 

stress . 

          Based on the discussions made by Oka [7], Oka and 

Murata [8] and Ponalagusamy [11], the radial velocity is 

negligibly small and can be neglected for a low Reynolds 

number flow through a tapered tube with an angle of taper up 

to 2
0
. Keeping these in views and using non-dimensional 

variables, the momentum equations governing the flow are 

given as 
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zq  , 

f(t)=1+A )sin( t ,  

*k  is the consistency index of blood, 

n is the power –law index, 

)( ** zq  is the pressure gradient and  

*

0q  is the constant pressure gradient in the normal tube region.  

Equations (4) and (5) are reduced to that for a Bingham 

fluid when n=1.0, to that for a Power-law fluid when   =0.0, 

and to that for a Newtonian fluid when n=1.0 and   =0.0. 

Here  =
*

0

*

0

*

U

R
 is the Strouhal number where 

* is the 

frequency of the oscillations of the flow. The dimensionless 

parameter is the Reynolds number of the flow. 

Taking 1 , characteristic velocity 
*

0U  is expressed as 

*

2*
0

*
0*

0


Rq
U      (6) 

Consistency then requires that the time scale be chosen as 

*
0

*
0

*
*

Rq
T


     (7) 

The geometry of the tapered tube in dimensionless form is 

given by 

 tan1)( zzR     (8) 

 

The boundary conditions in dimensionless form are: 

(i)   is finite at r= 0 and (ii) u=0 at r= R(z)  (9) 

 

The volumetric flow rate Q(t)is given by:  

Q(t)= 
)(

0

),,(

zR

drtzrru    (10) 

As mentioned elsewhere in[3], we take 

zzR 1)(  and 21 LLz    (11) 

 

III. SOLUTION 

 
The flow variable G is assumed to possess the following 

form  

)(),,(),,(),,( 2

10  OtzrGtzrGtzrG    (12) 

Where ),,( tzrG refers the velocity and shear stress. In 

what follows, for convenience, we write only function notation 
deleting its variable(s). It is of interest to note that the 
Womersley number   is obtained as  

2

1

*

*
*

0
2

1

) ( 












w
R    

where 
*  is the kinematic viscosity.                                             

 

Substituting equations (4-5) into equation (3) and 
integrating twice with the help of the boundary conditions (9), 
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the analytic expression for velocity distribution may be 
obtained as 
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(13) 

 

Using equations (10) and (13), after tedious manipulations, the analytic expression for flow rate is obtained as 
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where )}1(/{2 1  zqfS   

 

The steady flow rate sQ   is expressed as  
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The shear stress on the wall w   is physiologically important quantity and is given by 
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It is of importance to pin point out here that Chaturani and 
Ponnalagarsamy [12] have explained the method of calculating 

the value of steady pressure gradient q (z) for any value of    

using equation (15).   

 

The flow resistance    is defined as 

)(

)(

tQ

ptf 
   (17) 

where p is the pressure drop. 

 

The mean flow resistance over period of the flow cycle is 
defined as 

 






 







2

0

10 )(
)(2

1
dttf

tQ

pp
  (18) 

 

It is understood that for any value of S, one can numerically 

compute the values of the flow resistance   and the mean 

flow resistance  respectively from equations (17) and (18) 

for different values of the parameters involved in the present 
work. It is mathematically and physiologically important to 
obtain an analytic expression for the mean flow resistance. 

 It is seen from equations (14) and (18) that it is not 
possible to obtain the analytic expression for the mean flow 
resistance for any value of S. For small values of S (the fluid 

having low yield stress value ( ); for example, blood [11])), 

the analytic expression for the mean flow resistance from 
equations (14) and (18) may be obtained as 
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where  

 










2

0

1
1

)(
2

1

ntQ

dt
Q  and 





2

0

*

)(2

1

tQ

dt
Q        

 

The values of   Q  and *Q  have to be numerically 

computed after computing the value of  steady pressure 
gradient q(z)  using equation (15) for different values of the 
parameter involved in the present work.  

 

The flow resistance s  for the steady flow of Herschel-

Bulkley fluid through a tapered artery can be obtained from Eq. 
(19) as 
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The steady pressure gradient q (z) and wall shear stress w   

respectively may be obtained as  
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IV.  DISCUSSION 

 
A careful observation of the works done by Aroesty and 

Gross [13-14], Sankar and Hemalatha [15-16] and Desh et al. 
[17] reveals that they have applied standard perturbation 
technique and produced an approximate solution in which the 
flow characteristics are expressed as asymptotic representations 
in powers of the Womersley number   [18 ]. Rohlf and Tenti 

[19] have recently argued that the use of the Womersley 
number as a perturbation parameter to obtain approximate 
solutions of the pulsatile flow of non-Newtonian fluid is not 
appropriate and considering the Reynolds number ( ) as a 

perturbation parameter, they have made an attempt to validate 
their results through their perturbation theory in comparison 
with a numerical integration of the full mathematical model.  

It is further noticed that the Womersley number   is not 

dependent on the flow velocity and thus the same value of   

can represent vastly different flow conditions and hence the 
Womersley number  is not a suitable perturbation parameter. 

Sankar and Hemalatha [15-16] and Sankar[20] have analyzed 
the pulsatile flow of Herschel-Bulkley fluid through arteries. It 
pertinent to point out here that the analytic expressions for flow 
variables such as velocity, wall shear stress and flow rate 
obtained by Sankar and Hemalatha [15-16] and Sankar[20] and 
by the present investigation respectively are entirely different. 
The reason is attributed to the fact that they have neglected the 
higher order terms in the binomial expansion of the 
relationship between the velocity gradient and the shear stress 
involved the constitutive equation of Herschel-Bulkley fluid. 
Hence, the results obtained by Sankar and Hemalatha [15-16] 
and Sankar[20] are not representing the actual behavior of 
biorheological flow characteristics.  Also, they have not 
derived the analytic expression for flow resistance. 

It is of interest to note from Fig.2 that the flow rate 
decreases with the increase in the axial distance (Z) and taper 
angle. The percentage of decrease in the flow rate as the value 
of Z increases is found to be higher for higher value of taper 
angle. 

 

Fig.2. Variation of flow rate with axial distance for different 
values of taper angle 

The variation of wall shear stress with the axial distance 
and the taper angle has been studied and illustrated in Fig.3. It 
is clear from Fig.3 that as the taper angle increases, the rate of 
increase in the wall shear stress with respect to an increase in 
the axial distance Z is found to be very much significant. 
Another important result is concerning the variation of mean 

flow resistance ( ) with respect to the taper for different 

values of the axial distance (Z) and it is shown in Fig.4. The 
mean flow resistance increases as the value of the taper angle 
increases. The main effect of pulsatility on the flow is the 
phase lag between pressure gradient and flow rate, and wall 
shear stress. It is noticed from that the phase lag between 
pressure gradient and flow rate(or wall shear stress) has been 
found to be 2.03 degrees and its value is unaltered while the 
increase or decrease in the values of axial distance and taper 
angle. It may be of importance to note that many standard 
results regarding steady and uniform tube flow of Power-law, 
Bingham and Newtonian fluids can be obtained as special 
cases of the present investigation. 

 

 

 

Fig.3. Variation of wall shear stress with axial distance for 

different values of taper angle 
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Fig.4. Variation of mean flow resistance with axial distance 

for different values of taper angle 

V. CONCLUSION  

The present investigation deals with the problem of      
pulsatile flow of blood (Herschel-Bulkley fluid) through an 
artery with mild stenosis. A perturbation technique is adopted 
to study the flow. The analytical expressions for velocity, flow 
rate, wall shear stress and mean flow resistance have been 
obtained. The results have been depicted through graphs. Using 
the finite volume technique, the quasi-steady non-linear 
coupled implicit system of differential equations has 
numerically been solved and the axial velocity is computed. It 
is verified that the error between the axial velocities obtained 
by the present perturbation method and the numerical 

technique becomes less than 1.052% for the values of 
2  

lying between 0.0 and 1.0.Further , the error between them 

becomes more than 9.0% when  
2  takes the value greater 

than 2.10. 

It is pertinent to mention here that when the flow 

characteristics are expressed in terms of  
2  , the present 

perturbation results coincide with the results found in the 
papers [15-16]. Hence our predictions coincide with theirs and 

further comparison is needless as long as 
2 < 1.0. Further, 

their predictions are valid when the Reynolds number is 

small(less than 10) since the Strouhal number   is unity in 
their analyses. But our approach is applicable even to larger 
blood vessel and moderate Reynolds numbers. One of the most 
remarkable merits of the present perturbation scheme is that it 
is very much suitable to any mathematical models of blood 
flow in tubes with uniform and non-uniform cross sections in 
comparison with the models developed by others [12-17, 20]. 

Fry [21] has mentioned that hemodynamic factors 
(examples; wall shear stress, flow resistance) play a key role in 
the development and progression of arterial diseases. Caro et al 
[22] have experimentally demonstrated that during the initial 
stage of arterial diseases, there may be an important 
intercorrelation between atherogenesis and detailed 
characteristics of flow of blood through the damaged or  
diseased or affected artery.  Zamir[23] has pointed out that 
when artery walls are viscoelastic, 10% variations in the artery 
radius over a cardiac cycle have typically been observed and 
the wall shear stress is found to be primarily affected by the 

radial wall motion, as compared to that of rigid artery. Keeping 
in view of importance of hemodynamic, viscoelastic property 
of an artery and rheological factors in understanding of blood 
flow and arteriosclerostic diseases, a modest effort has to be 
made to investigate the flow of blood through a tapered artery 
by taking into account of viscoelastic properties of blood and 
its vessel wall in addition to the non-Newtonian behavior of 
blood and pulsatile flow effects considered in the present 
mathematical analysis, which forms the future research work.   
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Abstract – We discuss the dynamics of the Ising model as a 

computational mesoscopic system. The simplicity of the Ising 

model allows a Hamiltonian dynamics to be developed from 

renormalization group theory considerations for the model 

which is not overly complicated and preserves a close 

connection with thermodynamics. At the same time, the 

additional structure gives the potential for application to 

neural networks, as a new fundamental model for networks. 

This extends the Ising model to a deterministic system, of 

potential interest for computations. 

Keywords: Ising model, Hamiltonian dynamics, mesoscopic 

systems, renormalization group theory.  

 

1 Introduction 

         Interest in developing models for mesoscopic systems 

has increased in recent times, as technological and scientific 

developments have led to small macroscopic-scale processes 

impinging on the microscopic scale, dominated by quantum 

processes.  This interest is seen no more acutely than in 

biophysics and biochemistry, where organic systems can come 

very close to scales at which quantum mechanics must be 

used.  We are introducing the dynamic model discussed in this 

article, in this context, as a model of relevance to mesoscopic 

systems and to small biosystems.  We confine our 

considerations to classical Ising games, but another paper 

(George, 2013), will extend this work to quantum systems. 

        The Ising model has proven to be one of the most useful 

mathematical models for systems.  The principal development 

of the Ising model ended with the work of Onsager and others 

in the 1940s (Onsager, 1944), much before the digital age, 

when it was shown that, as a simple model of a binary alloy or 

a ferromagnet, it displayed a critical phase transition in the 

two-dimensional model.  The statistical model, while 

consisting of ensembles of classical spins, and straightforward 

to describe in “position-space”, is actually fairly complicated 

in “momentum space” (Amit and Martin-Mayor, 2005), and 

so has proven less tractable to analysis than one might guess 

from its simplicity.  Onsager’s demonstration, in fact, is 

normally regarded as the first time a non-trivial mathematical 

model succumbed to exact mathematical techniques.  The 

progress in analyzing the three-dimensional model has 

resulted mainly from numerical work (Rehr et al., 1980; 

George, 1985; Nickel and Rehr, 1990) and the theoretical 

framework of the renormalization group theory (Wilson and 

Kogut, 1974; Amit and Martin-Mayor, 2005).  Surveying the 

early work done on the Ising model does not give a true flavor 

of the many and varied applications of the model, and the 

intense work being done on this model even to the present 

day, and in some areas quite far removed from its origins in 

theoretical physics.  For example, in the area of neural 

networks, the Hopfield model is based on a version of the 

Ising model (Hopfield, 1982).  The extraordinary utility of the 

Ising model forces us to consider that there may remain 

advantages in introducing another dynamic Ising model, 

despite much progress on the model having been made many 

years ago. 

         In biosystems and computer science, the primary 

application for dynamic Ising models has been to neural 

networks.  The Hopfield model as well as the Boltzmann 

machine (Hinton and Sejnowski, 1986) are both examples of 

Ising models with long-range interactions, that have been 

coupled to a learning network, to produce dynamic models.  

This demonstrates the versatility of the Ising model in 

applications, and also indicates a certain potential for 

addressing the complexity inherent in many biosystems.  The 

new model we propose is based on renormalization group 

theory, and offers certain advantages, with a simplicity that 

may make it computationally appealing. 

         The Ising model is usually studied as a statistical 

system, under equilibrium conditions.  One does not usually 

think of the Ising model in dynamic terms or in the context of 

non-equilibrium processes, but it is defined on the basis of a 

Hamiltonian.  Besides the applications that we have 

mentioned to neural nets, a number of efforts have been made 

to introduce dynamics in the Ising model.  A problem with 

such a project is that, relative to thermodynamics, one may be 

taking the description of the model too far from its 

equilibrium applications in critical phenomena, the area that 

has resulted in the bulk of knowledge about the Ising model, 

and the apparatus of equilibrium statistical mechanics (the 

theory that is ordinarily applied to the Ising model).  The 

other dynamic Ising models we discuss below (the Glauber 

model and the Monte Carlo simulations of the Ising model) 

are very closely tied to equilibrium statistical mechanics 

(Huang, 1987; Reichl, 1998).  We shall also see that the new 

model we propose provides a natural extension of the model’s 
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equilibrium behavior.  Incursion into non-equilibrium 

thermodynamics is valuable for modern applications to 

biosystems and neural networks. 

        The principal approach to non-equilibrium studies of the 

Ising model has been through game theory.  Game theory 

allows one to switch from one trajectory to another, so that the 

Hamiltonian of the system is time-varying.  In previous work 

(George, 2008; George and Ramirez, 2008), we have seen 

that, relative to Ising games, one would like to develop a 

dynamics that has some sort of internal structure at the 

vertices of the model (where the spins are located).  This was 

later noted as well in work on mesoscopic systems (George, 

2011).  In addition, one would like to alter the “local” 

nonlinearity at these vertices, so that the alterations in spin, 

for a classical dynamics, occurs smoothly rather than 

discontinuously.  Such a smooth variation, e.g. with the 

logistic function, is frequently used for neural nets (Haykin, 

2009).  In order to preserve a connection with equilibrium 

thermodynamics, this nonlinear temporal behavior must, in 

some sense, be kept “small”.  This is done, for example, with 

a Boltzmann machine by imposing a stochastic dynamics 

(Hinton and Sejnowski, 1986).  We establish a nonlinear 

behavior using a linear-like framework, by application of 

concepts from renormalization group theory in our new 

model. 

         The dynamic Ising model, in the picture we are trying to 

develop, is a simple, nonlinear, and “parallel” mesoscopic, 

computational system.  This contrasts with the brain, which 

although very analogous to the dynamic Ising model, in 

operating nonlinearly and as a parallel system, is highly 

complex.  A neural net that simulates the brain would 

undoubtedly have long-range interactions, while we wish to 

restrict the model to short-ranges, i.e. low-dimensionality.  

(The association between system dimension and range of 

interaction is roughly as follows:  Let us suppose the model 

has interaction range R and density of sites p.  Then each site 

interacts with (R/p)
d
 = kN.  Here, N is the number of sites 

interacting within the interaction range and k is some 

proportionality constant. It is the case, then, that d varies 

roughly as the logarithm of N and would be small, if the 

interaction is short-range and larger for long-range 

interactions.)  It is important to point out that with internal 

structure, short-range interactions rapidly build to systems of 

unprecedented complexity, anyway, as if the dimension of the 

system were high.   

          We tend to focus on the tremendous information-

processing capabilities of biological nervous systems.  A 

dynamic Ising model, albeit very simple, can, too, acquire 

knowledge from its environment, and store, as well as process 

information.  The stochastic learning machines, such as the 

Boltzmann model, demonstrate this.  The mode of information 

storage for our model relies on the special features of a 

renormalization group approach, whereby renormalized 

parameters can “fix” aspects of the system, while letting other 

aspects evolve freely.  This approach is an extension of 

simulated annealing (Kirkpatrick et al., 1983). 

         The basis for a Hamiltonian dynamics for our system 

arises from an internal structure of currents along edges.  The 

connection with the dynamics of energy flow via currents 

supplies our model, overall, with the dynamics, but this is not 

based on stochastic processes.  This makes our dynamic Ising 

model somewhat more complicated than the simple Ising 

model, and the processes involved more complex than those 

of Monte Carlo simulations of the Ising model.  The physics 

involved is still that of classical spins, and the classical 

dynamics does not connect to quantum mechanics.  Due to 

internal structure, the system is inherently mesoscopic, despite 

lacking a connection to quantum mechanics.  The system is 

fragmented into a large-scale spin regime, a small-scale 

computational network of currents, and a very-large scale 

environment from which a system of a games is elaborated in 

the Ising model and the network.  This means there are three 

different scaling regimes.  Thus, this is a slightly more 

complex environment than usually considered with the 

renormalization group theory, where the divergence of a 

single length permits focusing on just one scaling regime.  

The defining characteristic of mesoscopic systems is not so 

much that they impinge on the quantum regime as that one 

must consider several scaling regimes, and boundary 

limitations or overlap become important. 

         In the next section, we define the classical Ising model.  

Following this, we discuss our dynamic Ising model 

associated with Hamiltonian mechanics, but derived from 

additional structure beyond spins.  Then we give some 

concluding remarks and a perspective on this system as a 

biosystem and a mesoscopic system more generally. 

2 Classical Ising Model 

         Now, let us formulate the standard (spin-1/2) Ising 

model (lacking explicit dynamics).  The Ising model has a 

defining Hamiltonian given by the following expression 

                                                (1) 

Here, we assume that we are concerned with vertices, labeled 

n and m on a graph (typically some regular lattice).  The 

quantity J represents a coupling constant, and  is the 

spin value for vertex n.  The symbol <n,m> means that we are 

to sum over all nearest neighbor sites n and m.  The specific 

spin configuration is denoted {sn}.  For a lattice of N sites, 

there will be 2
N
 spin configurations. 

         The thermodynamics of the model is studied by 

constructing the probability generating function or partition 

Int'l Conf. Scientific Computing |  CSC'13  | 75



function, 

                                                            (2) 

This sum is to be taken over all possible spin configurations, 

in a network of N spins.  The quantity  is intended to 

represent inverse temperature, 

                                                             (3) 

 

Here, T is absolute temperature and kB is the Boltzmann 

constant. 

 

          The best-known dynamics for the Ising model was that 

defined by the Glauber model (Glauber, 1963).  This 

dynamics consists of discrete-time, Markov chains.  Because 

this is defined in terms of relatively simple conditional 

probabilities, this model is very suitable for Monte Carlo 

simulations (Metropolis et al., 1953). 

 

          We are going to formulate a dynamic Ising model by 

relating the Hamiltonian to a simple electrical network.  Each 

vertex, n, of the graph will be associated with a spin, sn, and a 

potential, vn.  The potential is associated with an internal 

structure, and we assume that the electrical network to which it 

relates is just an ordinary network with electronic and 

microelectronic devices along the edges, which constitute the 

conducting pathways.  In the extended paper (George, 2013), 

we confine this to a linear, time-independent network, as an 

idealization,when the spin interactions are removed.  This is 

not critical for the network as a mesoscopic scaling regime, 

since time-dependence and nonlinearities appear in 

conjunction with boundary overlap with other scaling regimes. 

 

         These circuit elements, between vertices n and m, along 

an edge, are functions of s’m and s’n, where s’k denotes the sum 

of products sksj, j being a nearest-neighbor site to k.  This 

subjects the energy flow along the edges to the states of the 

spins in the neighborhood of the edges.  We assume that the 

graph is a directed graph and constitutes a regular lattice.  We 

also assume that the inputs and outputs to the electrical 

network are at the boundaries of the lattice.  The underlying 

processes in the network are tied to interactions with the spins.  

We assume that this processing, at fixed spin configuration 

and in the absence of game moves, is linear.  As the spin 

configurations change, the system shifts from one linear 

process to another.  We incorporate the interactions between 

these two scaling regimes in a renormalizable Hamiltonian.  

We are using the game environment, discussed in the extended 

paper (George, 2013), to represent the broader evolution of 

the system, both at the microscopic level (quantum Ising 

games) and the macroscopic level (classical Ising games).  

This broader game evolution is not accommodated in the 

renormalizable dynamical model.  A game theory approach 

has the advantage that the necessity of a unified theory for all 

regimes (which may not be feasible) is avoided, while 

permitting some treatment of the external environment in the 

theory of the mesoscopic system.  Using games at the 

periphery is an approach we have previously presented 

(George, 2011) in which to consider mesoscopic systems.  

This extension of the renormalization group theory to a two-

scale regime can be fairly readily assimilated in this simple 

model, in terms of renormalized trajectories of a Hamiltonian 

system.  This is akin to real-space renormalization (Kadanoff, 

2000). 

 

         Each spin is given by 

 

                                                         (5) 

 

Here, h is a Heaviside-like function which takes the value -1 

when vn is negative and 1 when this value is positive.  This is 

ideal, and must alter under renormalization.  Thus, the spin 

and potential values are inter-dependent.  The total energy 

associated with the lattice of spins is given by the Ising 

Hamiltonian, Eqn. 1.  Because the spin configuration affects 

the electrical network, and, from (5), the electrical network 

affects the spins, the resulting system becomes a nonlinear 

system that switches from one linear process to another as the 

spin configurations change.  Due to the simplicity of the Ising 

model, the mixing of these two regimes, which for many 

systems would be extremely complicated with respect to 

limitations in scaling, can be expressed fairly simply, using 

renormalization group theory concepts, as a dynamic Ising 

model which is a Hamiltonian system.  We neglect 

complications in the renormalization procedure, and the 

resulting approximations rely on empirical fits to data that will  

either be satisfactory or not, depending on the nature of the 

fitting procedure.  Since many procedures can be formulated, 

a learning approach can be constructed that turns this dynamic 

Ising model into a type of neural net. 

 

          The next point to consider is that the spins are given 

functions of potentials, and the currents are determined from 

network equations, with constants related to spins.  Therefore, 

spins and currents are both presumably determined from these 

network flows.  This in fact, must be the case because to 

recover the Ising model when the currents are zero, the value 

of J must be zero.  Therefore, to allow for J to have a fixed 

value, we must introduce scale factors, knm, and a 

Hamiltonian : 

 

  (6) 

 

          Although this is a dynamical system, we are using a 

renormalization group theory approach.  The k’s and ’s are 

to be thought of as the results of renormalization from scale 

changes that involve the two regimes, i.e. the basic Ising 

model is approximated as a harmonic oscillator system, with 

respect to dynamics, incorporating another scaling regime (the 
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electrical network).  The two regimes are thought of initially 

as having very large volume to interface ratios, in relationship 

to one another.  There are two types of parameters that scale, 

k’s and ’s.  As the system is independently rescaled, these 

parameters become renormalized to yield a system (when we 

ignore complications) with a Hamiltonian that still resembles 

an oscillator system.  Then, J can have its constant coupling 

value associated with the Ising model, and the k’s are zero 

when the currents are zero.  In this way, the Hamiltonian arises 

out of the internal structure of currents and potentials from the 

network equations.  (Along a trajectory, the scaling values k 

and the mass values  will normally be correlated in order to 

maintain a constant H.)  The dual rescaling, related to this 

simple dynamics, neglects many complications, and, in 

particular, some of the complications that arise as the 

boundary or interface becomes significant.  Therefore, we 

must think of the k’s and ’s as empirically determined.  This 

is discussed in a longer version of this paper (George, 2013). 

 

         Our model is suited to Ising games (George, 2008 ; 

George and Ramirez, 2008) and to neural nets.  We have made 

an effort to create a dynamics where the system displays an 

internal structure.  This structure allows us to think in terms of 

mesoscopic systems, with a number of scaling regimes.  We 

associated the dynamical Ising model with weights for edges 

in the network, and scaling factors that signified sampling 

rates (these are the k’s).  The two types of parameters (k’s and 

’s)  are suited to an empirical approach to the 

renormalization group theory, in this more complex situation.  

We note that as these sampling rates tend toward zero, the 

usual Ising model is recovered.  By virtue of the sampling, we 

can treat the system as discrete.  At a given time t, there is 

both a spin configuration {sn} and a current configuration 

{inm}.  However, the Hamiltonian model implies that we can 

determine the thermodynamics of the system from the spin 

configuration, alone.  An initial ensemble of systems evolves 

as a time series, and the partition function is a function of 

time.  In a game environment, the system can be artificially 

switched from one trajectory to another.  Therefore, the 

partition function for an ensemble changes from move to move 

of the game.  This third type of scaling regime, from a large-

scale environment, was not accommodated by our 

renormalization group theory approach.  This means that, in 

the long-run, the game moves lead to shifts from trajectory to 

trajectory of the Hamiltonian model, and that the system 

cannot be dealt with theoretically in an equilibrium context. 

 

3 Thermodynamics 

         The thermodynamics of the dynamic Ising model, as we 

have presented it, arises out of the evolution of the initial 

ensemble of models.  The partition function, Z(N), is, 

typically, not describing an equilibrium system.  The 

temperature parameter  becomes absorbed in the sampling 

rate k, as the combination knm, for each edge. 

 

          This means that in the thermodynamics of this model, 

temperature and sampling rate become intertwined.  The 

combination leads to a spread of temperature effects, differing 

for each edge, and these edge effects change with time as the 

k’s change.  Thus, although the renormalization group theory 

helps us to partially formulate the theory of this mesoscopic 

system in an equilibrium context, the effective temperature, as 

measured by k values, in different parts of the lattice, will not 

be the same. 

 

          There is a potential for a variety of local thermal 

conditions to prevail throughout such a model.  In an 

ensemble, this means that some areas of the model’s graph, at 

a specific time, are equilibrating slowly, while others can do 

so rapidly.  If a game is progressing in each member of the 

ensemble, decisions made in moves in certain regions of the 

lattice will be randomized much more rapidly than in other 

regions, as a result of differing k values.  The game moves can 

occur at the level of the underlying electrical network, altering 

parameters such as capacitances and resistances.  Interactions 

with spins then result in switching from one linear network to 

another.  Where the moves are not rapidly randomized, 

significant differences will persist in the network, as if frozen 

into the network system.  In other regions, randomization will 

lead to local equilibrium.  By carefully setting k values, one 

can impose specific conditions in various regions.  Thus, not 

only can network parameters be seen as subject to game 

moves, but also k values.  If the networks are being used as 

neural nets, this leads to high variability from model to model 

in the ensemble, where changes are frozen, and to little change 

in ensemble characterisitcs in other regions.  This diverse 

thermal behavior can be seen as a type of simulated annealing.  

However, it arises from a game milieu, with players intruding 

in the spontaneous dynamics of each system.  By this 

strategem, the game players can seek to evolve the ensemble 

so that some members of the ensemble achieve the goal state 

of the game.  This approach, especially in a training phase of a 

neural net, could be advantageous. 

 

4 Concluding Remarks 

          We have supplied a dynamics for the Ising model, based 

on Hamiltonian mechanics, but we have also related it to the 

stochastic aspects of the Ising model and to thermodynamics.  

A major consideration, with respect to this, consisted in 

outlining the model, discussing salient features we wish to 

address, and potential applications, especially to Ising games 

and neural nets.  Other dynamics, for example the Glauber 

model and Monte Carlo simulations of the Ising model, are 

probabilistic.  The progenitors of the model we consider here 

are not only these two models (referring to Monte Carlo 

simulations loosely as stochastic models), but the Boltzmann 

machine and the Hopfield model in neural nets.  This is a new 

type of model that extends the previous stochastic models to 

mesoscopic systems. 
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          Spin differences turn out to correspond to canonical 

coordinates, and currents are the canonical momenta.  These 

choices are explained in depth in another paper (George, 

2013).  The spin influences current by virtue of allowing 

parameters defining the electrical network to be affected by 

spin values, and the current affects spin values by defining the 

spin value at a vertex by virtue of the potential values at the 

vertex.  These relationships result in setting the scaling 

parameters in the Hamiltonian, and allow us to apply an 

empirical version of the renormalization group theory to this 

system. 

 

          We have succeeded in introducing a new dynamic Ising 

model.  An extended discussion will be published elsewhere 

(George, 2013), elaborating considerably on what has been 

discussed here.  This model may be of interest because it is 

not a probabilistic model, like the others we have examined, 

but is still closely reflective of the thermodynamics of the 

Ising model, and extends previous work.  This extension to 

mesoscopic systems, also represents a new type of extension 

of the renormalization group theory to non-equilibrium 

systems.  It may prove to be tractable in numerical 

applications, due to the fact that, although slightly more 

complex than the original Ising model, it is, to a large extent a 

linear model. 

 

5 References 

[1]  Amit, D. J. and Martin-Mayor, V. (2005).  Field Theory, 

the Renormalization Group and Critical Phenomena (third 

edition).  World Scientific. 

 

[2]  George, M. J. (1985).  Series Analysis in Statistical 

Mechanics.  Ph.D. thesis.  University of Washington. 

 

[3]  George, M. J. (2008).  Classical and quantum Ising 

games.  International Journal of Pure and Applied 

Mathematics, 42, pp. 529 – 534. 

 

[4]  George, M. J. (2011).  Computation as a mesoscopic 

phenomenon.  Proceedings of the 2011 International 

Conference on Scientific Computing, pp. 43 – 47. 

 

[5]  George, M. J. (2013).  Dynamic Ising Model.  To be 

submitted for publication. 

 

[6]  George, M. J. and Ramirez, A. (2008).  Ising games.  

Proceedings of the 2008 International Conference on 

Scientific Computing. 

 

[7]  Glauber, R. J. (1963).  Time-dependent statistics of the 

Ising model.  Journal of Mathematical Physics, 4, pp. 294 – 

307. 

 

[8]  Haykin, S. (2009).  Neural Networks and Learning 

Machines (third edition).  Prentice Hall. 

 

[9]  Hinton, G. E. and Sejnowski, T. J. (1986).  D. E. 

Rumelhart, J. L. McClelland, and the PDP Research Group, 

ed.  Learning and relearning in Boltzmann machines.  Parallel 

Distributed Processing :  Explorations in the Microstructure 

of Cognition .  Volume 1 :  Foundations.  Cambridge :  MIT 

Press, pp. 282 – 317. 

 

[10]  Hopfield, J. J. (1982).  Neural networks and physical 

systems with emergent collective computational abilities.  

Proceedings of the National Academy of Sciences of the 

United States of America, 79, pp. 2554 – 2558. 

 

[11]  Huang, K. (1987).  Statistical Mechanics (second 

edition).  Wiley. 

 

[12]  Kirkpatrick, S. ; Gelatt, C. D. ; and Vecchi, M. P. 

(1983).  Optimization by simulated annealing.  Science, 220, 

pp. 671 – 680. 

 

[13]  Metropolis, N. ; Rosenbluth, A. W. ; Rosenbluth, M. N. ; 

Teller, A. H. ; and Teller, E. (1953).  Equations of state 

calculations by fast computing machine.  Journal of Chemical 

Physics, 21, pp. 1087 – 1092. 

 

[14]  Nickel, B. G. and Rehr, J. J. (1990).  High-temperature 

series for scalar-field lattice models :  generation and analysis.  

Journal of Statistical Physics, 61, pp. 1 – 50. 

 

[15]  Onsager, L. (1944).  Crystal Statistics.  I.  A two-

dimensional model with an order-disorder transition.  Physical 

Review, 65, pp. 117 – 149. 

 

[16]  Rehr, J. J. ; Joyce, G. S. ; and Guttmann, A. J. (1980).  A 

recurrence technique for confluent singularity analysis of 

power series.  Journal of Physics A, 13, pp. 1587 – 1602. 

 

[17]  Reichl, L. E. (1998).  A Modern Course in Statistical 

Physics (second edition).  Wiley Interscience. 

 

[18]  Wilson, K. G. and Kogut, J. (1974).  The 

renormalization group and the  expansion.  Physics Reports, 

12, pp. 75 – 200.  

78 Int'l Conf. Scientific Computing |  CSC'13  |



FLOW OF A MICROPOLAR FLUID THROUGH A  

STENOSED ARTERY WITH 

RADIALLY   VARIABLE VISCOSITY 

 

A.K. Banerjee, R. Ponalagusamy and R. Tamil Selvi 

Department of Mathematics, National Institute of Technology 

Tiruchirappalli – 620 015, INDIA 

 

Abstract 

A study of the steady flow of blood through a 

horizontally symmetric artery with mild stenosis is 

presented by considering blood as a micropolar fluid. 

The viscosity of blood is considered as radial 

coordinate dependent. The non-linear pressure 

equations governing the flow are solved numerically 

using finite difference technique.  The effects of 

micropolar fluid parameters and hematocrit on axial 

velocity, microrotation velocity, wall shear stress, 

wall couple stress and the volumetric flow rate in the 

stenotic region and at the maximum height of the 

stenosis (stenosis throat) have been discussed. The 

results have been compared with the corresponding 

flow for a Newtonian fluid. 

Introduction 

          The flow of fluids in pipes or channels is 

important in many biological and biomedical 

systems, particularly in the human cardiovascular 

systems. Researches related to many biological 

phenomena were undertaken from a fluid dynamical 

point of view. Some of them include the blood flow 

in an artery with stenosis (i.e. abnormal and unnatural 

growth in the lumen of the artery). The presence of 

constriction (stenosis) in the lumen of an artery 

disturbs the normal blood flow and causes arterial 

diseases. Several attempts [1-5] have been made to 

understand the flow characteristics of blood through 

arteries by assuming blood as Newtonian. The 

assumption of Newtonian behavior of blood is 

acceptable for high shear rate flow that is the case of 

flow through larger arteries. It has been pointed out 

that under diseased conditions, blood exhibits non-

Newtonian fluid properties. 

 Young [4], Macdonald [5], Deshpande et al [6], 

Sankar and Hemalatha [7] etc. have analyzed the flow 

 

of blood through an arterial stenosis. Lee and Fung 

[8] have obtained the numerical results for the 

streamlines and distribution of velocity, pressure, 

vorticity and shear stress for different Reynolds 

number in blood flow through locally constricted 

tubes. In the above models, the flow of blood is 

represented as one-layered. 

         Bugliarello and Hayden [9] and Bugliarello and 

Sevilla [10] have experimentally observed that when 

blood flows through narrow tubes, there exists a cell-

free plasma layer near the wall. In view of their 

experiments, instead of a one-layered model, a two-

layered model was considered by Shukla  et al [11-

12] in which the peripheral plasma layer and the core 

are both Newtonian in character. 

         Ponalagusamy [13], Ikbal et al [14], Chaturani 

and Kaloni [15], Chaturani and Ponalagusamy [16] 

etc. have analyzed the flow characteristics of blood 

by considering the blood as a two- layered model. 

The micropolar fluid model for blood flow through 

stenosed artery has been considered by many 

investigators [17-21]. In all these studies mentioned 

above, whether it is one-layered model or two-

layered model, the viscosity of blood is treated as 

constant. 

              The unsteady flow of blood through artery 

with mild stenosis has been studied by 

Venkateswarulu and Rao [22] assuming blood to be 

suspension of red cells in plasma and the fluid to be 

Newtonian with variable viscosity. The effect of 

magnetic field in the transverse direction of blood 

flow in a stenotic artery was investigated by Bali and 

Awasthi [23] considering viscosity of blood to be 

radial coordinate dependent and the fluid to be non-

Newtonian. 

             Blood is a suspension of red cells, white cells 

and platelets in plasma. The main advantage of using 

micropolar fluid to study the blood flow in 
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comparison with other classes of non-Newtonian 

fluids is that it takes care of the rotation of the fluid 

particles by means of an independent kinematic 

vector called microrotation vector. With this view in 

mind, in the present study an one-layer model is 

considered for blood flow through stenosed artery, 

wherein the flowing blood is represented by 

Eringen’s micropolar fluid[24] considering the 

viscosity of blood as radial coordinate dependent and 

the microelements are rigid cells suspended in 

plasma. 

Formulation of the problem 

The stenosed artery is considered as a 

narrow cylindrical tube of length L . The blood is 

represented by an incompressible micropolar fluid of 

density   with radially variable viscosity )(r . 

Let  ),,( zr   be the coordinate of a material point in 

the cylindrical polar coordinate system. The origin is 

located on the vessel (stenosed artery) axis, z -axis is 

taken along the axis of the artery while r and θ are 

along the radial and circumferential directions 

respectively. 
Based on the discussions made by Young 

[1], Ponalagusamy [26] and Philip and Chandra [(27] 

the radial velocity is negligibly small and can be 

neglected for low Reynolds number flow through an 

artery with mild stenosis. Keeping these in view, the 

governing equations of motion and viscosity are 

given by 

0




r

p
                (1)                                                                                                              

0)(
1

)(
2

2






































r

w
rr

rr
rv

rr

k

r

w

r

k

r

w
k

z

p


 (2)                                                                  

and 0)(
1

2 




















   rv

rrrr

w
kvk              (3)                                                                                 

where   
























2

0

10 11)(

m

R

r
hr m . 

Here w is the axial velocity component, v
 
is the 

microrotation component in the zr -plane,  p is the 

pressure, )(r  is the viscosity of blood, 0 is the 

viscosity near the wall, k is the rotational viscosity, 

  is the gyro viscosity, mh is the maximum 

hematocrit at the centre of the tube, 1 is a constant, 

2m is the power law index involved in viscosity 

profile and 0R is the radius of the normal tube. Since 

the flow is axisymmetric, all the variables are 

independent of  .  

The shear stress and the couple stress are respectively 

defined as    kv
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The boundary conditions for the equations (1) to (3) 

are of the form 

w = v = 0 at r  = )(zR  ;       0




r

w
at r  = 0;  

w and v are finite at r = 0.                                     (4)                                               
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Here 0w   is the velocity averaged over the section of 

the tube of radius 0R ,  
k

k
N





is the coupling 

number and  


0

2

02 R
m   is the micropolar fluid 

parameter. The parameters N and 
2m determine the 

concentration and size of the microelements. For a 

Newtonian fluid N = 
2m = 0. 

The boundary conditions (4) in dimensionless form 

become 

w = v = 0 at r  = )(zR ;  
r

w




 = 0 at r  = 0; 

w and v are finite at r  = 0.                                 (8)                                        
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The geometry of the stenosis is shown in Fig.1 and 

can be described as [25, 26]  

 
Fig.1. Geometry of the stenosed artery 
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that 0/ Rs  < < 1.0. When 1m = 2, the geometry of 

the stenosis becomes symmetric at 
2

0L
dz  . 

 

Solution of the problem 
 

Applying finite difference scheme, the equations (6) 

and (7) are solved using the boundary conditions (8). 

To prove convergence of finite difference scheme, 

the computation is carried out for lower values of 

step size. No significant change was observed in the 

value of w and v . 

The volumetric flow rate of the fluid in the stenotic 

region is given by 

)(
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rdrrwQ . 

The skin friction coefficient  w  at the surface of the 

stenosis is given by 
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 where

eR  is  the Reynolds number of the fluid.  

The couple stress coefficient wM at the surface of 

the stenosis is given by 
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Discussion and Conclusions 

Axial velocity, microrotation rate component, 

volumetric flow rate, the wall shear stress and the 

wall couple stress are computed at the stenotic region 

for various values of the micropolar fluid parameters 

N and 
2m , and the maximum hematocrit value mh .  

     

    

The axial velocity profile w  has been plotted for 

different values of N in Fig.2 for a fixed value of 

mh and for different values of mh in Fig.3 for a fixed 

value of N . The effect of mh on the axial velocity 

for Newtonian fluid is shown separately in Fig.4.  
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We observe that an increase in mh or N decreases 

the axial velocity w . The same effect of mh on 

Newtonian fluid velocity field was also observed. 

The microrotation rate component v
 

has been 

plotted in Fig.5 for different values of N   and for a 

fixed value of mh , and vice versa in Fig.6. It is 

observed that v
 
decreases with the increase of   N . 

 

 

 

The wall shear stress w and the wall couple stress 

wM at the stenotic wall are plotted respectively in 

Figs. 7 and 8. It is observed that the wall shear stress 

increases with the increase of mh but decreases with

N , whereas the wall couple stress increases with the 

increase of   mh .  The same type of   behavior of mh

on the wall shear stress for a Newtonian fluid was 

noticed. The variation of flow rate Q  with respect to 

the parameters mh and N is tabulated in Table-1.   It 

is observed that with the increase in values of mh and 

N the flow rate decreases.   
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Table-1. Variation of volumetric flow rate )(Q  at 

the mid-point of the stenotic region 
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Abstract - The efficient management of scientific data has 
been an increasing challenge until now, because of the 
complexity, diversity and size of the data, query sets and user 
groups. Cloud computing gives possibilities for offering 
adaptive large-scale services for the management of scientific 
data that promise to tackle this challenge. The goal is 
therefore to create cloud data management systems that will 
serve scientific data. Such systems need to be able to handle 
unstructured data, i.e. data that are stored originally and 
primarily in files, as is the vast majority of scientific data. We 
describe the design of an ongoing research project that aims 
to coalesce the existing research and business technologies 
into the provision of an all-inclusive solution for the 
management of scientific data in the cloud. The project 
includes a framework and an economy for a cloud data 
management system,  as well as a novel query mechanism that 
implements a novel query language.  

Keywords: Scientific data and queries, heterogenoeus 
scientific data, big data management, cloud data 
management, file management, unstructured data  

 

1 Introduction 
Public archiving of large persistent scientific datasets from 
various disciplines, such as geophysical, environmental, 
biological, astronomical data etc, gains more and more 
credence. Data is massively collected and queried by large 
groups of scientists. Cloud computing, the new trend for 
service infrastructures in the IT domain that allows heavy 
user multi-tenancy as well as efficient data processing, seems 
to be the perfect management infrastructure for such data. 
Already, big scientific institutes, like CERN [1], maintain 
enormous distributed datacenters that serve the research needs 
of thousands of scientists. Such a cloud necessitates various 
technological capabilities. Most importantly, it is required 
that cloud data services run with minimal capital expenditure, 
but, nonetheless, can support efficiently multi-user tenancy.  

The efficient management of scientific data has been an 
increasing challenge until now. Moreover, the need for in-
depth analysis on huge amounts of data has increased the 
demand for additional computational support. Unfortunately, 
current commercial data management tools are incapable to 
support the unprecedented scale, rate, and complexity of 
scientific data collection and processing.  

A cloud of databases that archives data supports cloud 
caching, meaning common unrestricted caching for all cloud 
data. Users are customers of the cloud that consume its 
resources as a utility service. Specifically, the users can query 
the cloud data, paying the price for what they use. User 
payment is employed for coverage of short and long-term 
cost. Short-term cost refers to the respective query execution, 
and long-term cost to the self-preservation of the cloud 
infrastructure and improvement of the cloud services.  

In order to exploit the capabilities offered by the cloud 
paradigm for the benefit of the management of scientific data, 
we need cloud data management systems that are able to 
handle unstructured data, i.e. data that are stored originally 
and primarily in files. The vast majority of scientific data is 
stored in files and is manipulated through a file system, 
meaning that all the processing, from search to computation is 
performed in the content of the files. Existing persistent 
scientific data in files is huge and, therefore, will not be 
moved to databases, even if the latter obtain the desired 
capabilities to satisfy scientific experimentation. Moreover, 
the tradition in applications that manipulate scientific data 
files is long and the overhead of implementing the same 
functionality such that it is plug-able on database systems is 
tremendous. These two facts lead to the necessity of a full-
fledged querying mechanism for files in the cloud, similar to 
that of a database system. 

In this paper we describe the design of an ongoing research 
project that aims to coalesce the existing research and 
business technologies into the provision of an all-inclusive 
solution for the management of scientific data in the cloud. 
The project includes the development of a framework and an 
economy for a cloud data management system. Our focus is 
on the management of scientific data, since their variety, 
volume and extreme data management requirements makes 
them the best candidates to use as guidelines for research and 
experimentation. Our overall solution, however, is intended to 
be generic and applicable to any kind of unstructured data 
that may need cloud management. 

The framework and economy that will result from this 
research is the adaptation and the extension of our already 
published work on a cloud economy for the management of 
structured data, i.e. data that reside in databases [2][3][4]. The 
framework that handles unstructured data includes a novel 
query mechanism for data in files. The mechanism is 
designed to implement a novel query language as well as a 
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novel respective execution model. The query engine is 
complemented with an associative storage manager that fits 
the results of queries on unstructured data in a structured 
format and stores them in backend databases. The storage 
manager is accompanied by data pre-fetching techniques. 
Storing interesting unstructured data in databases leads 
eventually to querying mostly data in databases and not in 
files. The latter allows for broad and efficient multi-query 
optimization as well as for optimized storage design.  

In the cloud and on top of the database and file management 
system we create a middleware that can route queries 
appropriately. The middleware comprises a query planner that 
enables the service of sets or sequences of queries on both 
structured and unstructured data. The cloud economy that we 
already have is extended in order to handle such query 
combinations. In this way, the cloud framework is able to 
serve in an optimal manner even demanding analysis tasks on 
data (which is very common for scientific data). We intend to 
extensively study and experiment on the proposed cloud 
framework with real and synthetic datasets.  

2 State of research 
This research aims to contribute in two major research fields 
in computer science, cloud computing and scientific data 
management. The progress of these fields is essential to the 
rising era of pervasive computing and data sharing of 
enormous variety and volume.  

Cloud computing. Cloud computing is a brand new area of 
research. Although scientific data have been long collected 
and shared in large datacenters [1][8], and IT business in 
cloud computing [5][6][7] have emerged, research has been 
left behind.  

Research on cloud computing currently considers an 
infrastructure that comprises a set of independent edge caches 
that cooperate in order to deliver web content. Content 
sharing among caches [9][10][11] involves (i) content 
retrieval from sibling caches instead from the server, (ii) 
routing and sharing of content updates, and (iii) sharing cache 
resources, in order to achieve efficient collaborative data 
placement/replacement/update/lookups etc. Being more 
compliant with the business domain, the described research 
project focuses on self-tuned cloud caches that share 
resources, rather that self-organization of independent caches. 
Concerning the management of scientific data, existing 
research solutions [12], consider network bandwidth to be the 
only important resource, and, therefore, the sole basis for cost 
computation. However, cloud businesses usually prorate cost 
to more types of resources. For instance, GoGrid [5] gives 
network bandwidth for free. A self-tuned cache [13] reduces 
query execution costs adaptively to the workload. As a step 
further towards commercial applications, we propose an 
economy that takes into consideration the overall cost of the 
infrastructure beyond network bandwidth: disk I/O, storage 
and CPU. 

Cloud computing is the natural dilation of grid computing 
[14], as it enables an integrated collaborative use of high-end 
computing owned and managed by multiple organizations. 
Grid databases [15] are federated database servers over a grid, 
which are viewed as a virtual database system through a 
service federation middleware [16]. Querying the grid data 
guaranteeing high performance is one of the key issues for 
distributed queries across large datasets. This issue is 
inherited in cloud computing, and becomes more 
complicated, since it is augmented with the issue of providing 
an accounting service that supports a payment scheme for 
cloud usage. Our response to this challenge is the proposal of 
a data-aware cloud economy that fills the essential gap of 
tuning the provision of data management services for 
remuneration. 

Related to this research project on a cloud economy is the 
research on auctioning and accounting systems. Accounting 
in wide-area networks that offer distributed services have 
long been the target of research in computing. Mariposa [17] 
discusses an economic model for querying and storage in a 
distributed database system. In Mariposa clients and servers 
have an account in a network bank and users allocate a budget 
to each of their queries. The processing mechanism aims to 
service the query in the allotted budget by executing portions 
of it on various sites. The latter place bids for the execution of 
query parts, and the bids are accumulated in query brokers. 
The decision of selecting the most appropriate bids is 
delegated to the user. In contrast, our cloud proposal 
recommends to the user an efficient but also profitable for the 
cloud query plan. In the spirit of Mariposa, a series of other 
works have proposed solutions for similar frameworks 
[18][19][20][21][22]. These focus on job scheduling and bid 
negotiation, which are orthogonal issues to those that will be 
tackled by the ongoing research.  

Scientific data management. The efficient management of 
scientific data has been a challenge until now. The need for 
in-depth analysis on huge amounts of data has increased the 
demand for additional computational support. Unfortunately, 
current commercial data management tools are incapable of 
supporting the unprecedented scale, rate, and complexity of 
scientific data collection and processing. Independently of the 
categories that scientific data belong to, their management is 
essentially divided into the following coarse phases: 
workflow deployment, management of metadata, data 
integration, data archiving and finally data processing [23]. 
All these phases suffer from tremendous data management 
problems that concern automation, online processing, data 
and process integration and file management [24]. This 
research contributes to the issues of process integration and 
file management. 

Currently, scientists need to tightly collaborate with computer 
engineers in order to develop custom solutions that efficiently 
support data storage and analysis for each different 
experiment [25][26]. Beyond the fact that constant 
collaboration of multidisciplinary scientists and engineers is 

88 Int'l Conf. Scientific Computing |  CSC'13  |



hard, time and effort consuming, the experience gained by 
such collaboration is not inherited widely to the scientific 
community, so that next generation experimental setups can 
benefit from it. It is absolutely necessary to develop generic 
solutions for storage and analysis of scientific data that can 
easily be extended and customized. Developing generic 
solutions is feasible, since there are low-level commonalities 
in the way that experimental data are represented or analyzed 
[23][26]. Therefore, frequently, scientific data processing 
encompasses generic procedures. Current research, however, 
has not proposed any solution for the support of such 
processes.  

In this research we study a variety of analysis cases of 
scientific data in order to extract common low-level 
procedures. Based on this study we develop templates for 
stored procedures that can be customized in a declarative 
manner and can suit the specific needs of each scientific 
experimental analysis. This solution enables the leverage of 
process scheduling (parallel and pipelined processing) from 
the scientists to the cloud data management system. For this 
purpose we develop a cloud middleware that performs overall 
planning and execution of the analysis procedures.  

Scientific data (more than any other kind of data) are 
represented both in structured (i.e. stored in databases) and 
unstructured (i.e. stored in files) forms. The challenge resides 
into providing a management solution for both 
representations. Specifically, experimental metadata are 
usually stored in databases and raw data - the vast majority of 
scientific data - are stored in files. Therefore raw data are 
manipulated through a file system, meaning that all the 
processing, from search to computation is performed in the 
content of the files. Existing persistent scientific data in files 
is huge and, therefore, will not be moved to databases, even if 
the latter obtain the desired capabilities to satisfy scientific 
experimentation. Moreover, the tradition in applications that 
manipulate scientific data files is long and the overhead of 
implementing the same functionality such that it is plug-able 
on database systems is tremendous. These two facts lead to 
the necessity of a full-fledged querying mechanism for files, 
similar to that of a database system. 

Current commercial products, such as Oracle 11g [27] have 
been extended to support only semi-structured data (e.g. 
XML and RDF representations). Moreover, research in 
querying and, generally, management of unstructured data is 
nascent. Some efforts exist to integrate the scientific files into 
DBMSs, (Netlobs [28] on Oracle, Barrodale [29] on 
Postgres), but they are not generic enough to be extensible to 
other file formats such as ROOT [31], the data analysis 
format of CERN. Also, they do not provide complete support 
of DBMS features on these files. Recent proposals on 
querying unstructured data focus on storage issues [32] or 
assume keyword searching and storage of keywords in 
databases [33]. Therefore, the necessity for a language that 
can express complex queries on purely unstructured data and 

can extract structured information in a straightforward 
manner is still missing. 

In our research we work towards the proposal of such a query 
language for data in files and we  create the respective query 
engine. In order to support query planning and optimization, 
we also propose caching methods and index structures for 
unstructured data. The advantage of this stand-alone file-
querying mechanism is that it includes only procedures that 
are targeted to querying, avoiding any implications caused by 
the complicated database mechanisms that serve transactions. 

The middleware that we develop in our research enables 
transparent management on top of a database and a file 
system that manages structured and unstructured data. The 
middleware accepts as input the analysis procedures as sets or 
sequences of queries and routes them appropriately to the 
database or the file system. The middleware will provide 
uniform high-level query optimization possibilities and, 
therefore, overall query execution efficiency. Upcoming grid 
middleware promise to support this kind of integration [34], 
but are still nascent. 

3 Management of unstructured data 
As mentioned, the vast majority of scientific data is 
unstructured, stored in files and manipulated through a file 
system, meaning that all the processing, from search to 
computation is performed in the content of the files. In order 
to manage data residing in files, it is necessary to perform the 
following steps in the presented order:  

1. Develop a file query mechanism: We are designing a 
querying mechanism that can serve queries on unstructured 
data. There are two possible ways to do this: (i) Extend an 
open-source DBMS kernel (e.g. PostgreSQL [41]) in order to 
query files, or (ii) create the file query mechanism from 
scratch. We choose to create the mechanism from scratch: In 
this way, we avoid time-consuming extensions to the DBMS 
that are unnecessary for querying data in files, such as 
extensions on transaction management modules. Moreover, 
creating the mechanism from scratch makes it easier to adhere 
to the special needs and characteristics of data in files, 
without being limited by the rationale of structured data 
representation. Nevertheless, based on our experience on the 
functionality of DBMSs, we will be able to copy the query 
functionality from a DBMS that can be adjusted for files, 
rather than reinventing it. 

2. Develop a storage technique for query results: It is 
essential that the results from queries on files are stored in 
backend databases. In this way, we achieve two goals. From 
the big volume of data in files, the part that is actually 
interesting is extracted and stored in a structured way so that 
(i) it is easily accessed, since we can perform standard query 
optimization techniques available in commercial DBMSs, and 
(ii) it is transparently queried with the original content of the 

Int'l Conf. Scientific Computing |  CSC'13  | 89



backend databases, so that multi-query optimization is more 
efficient. 

3. Extend the cloud economy for queries on files: The 
economy proposed in our recent work [2][3][4] will be 
extended for the provision of data services on files.  

In the following we describe the above research steps. 

3.1 Query mechanism for data in files 

Our effort to create a query mechanism for data that reside in 
files is based on their real querying needs, focusing on the 
needs of scientific data. Currently, we are studying the 
common characteristics and querying needs of scientific data. 
The outcome of this study can be the guideline for the 
definition of a query language and respective execution 
model for data in files.  

Study of file data processing. Our study is based on real 
processes performed on real unstructured datasets focusing on 
scientific data files, such as data from CERN [30], the animal 
house Institut Clinique de la Souris [37] and the BlueBrain 
project [39]. The study comprises three steps.  

First, the recognition of the most fundamental operations 
performed on unstructured data, as well as the identification 
of the common characteristics of the respective operators. 
Such observations are paired with the respective file structure 
(for example, ASCII, binary, tabular, following a specific 
schema such as HDF [41]). A preliminary study that we have 
already completed indicates that the most common operations 
are file scanning, attribute value matching and selections.   

Second, the extraction of common low-level procedures on 
unstructured data. Our intention is to recognize the most 
common combinations of basic operations on unstructured 
data, as well as identify the common characteristics of the 
data that feed these procedures.  

Third, the extraction of common processing strategies on 
unstructured data and the identification of common 
algorithmic processing for the major tasks of data analysis: 
mining, provenance, cleaning and integration. We acquire this 
information by observing the scientific query workloads at 
our disposal, but also by meeting with selected scientific 
groups and recording their testimonials about scientific data 
processing. 

Definition of the query language. We create a declarative 
language for querying unstructured data. This language is 
based on the SQL3 standard, in order to exploit the vast 
experience accumulated in the most popular database query 
language. Guided by the study on unstructured data 
processing, we include in the declaration of the new language 
the following: 

1. Basic data types based on the operands of basic 
operations identified in the study. We estimate that 
common data types are the numerical and string type, as 
well as a type that refers to file linkage.  

2. Basic operators respective to the basic operations 
identified in the above study. Basic operators in the SQL3 
standard, such as AND, OR, JOIN are necessary in the new 
language. Furthermore, operators that perform sorting and 
set operations are necessary, too. 

3. Basic templates for stored procedures, based on the 
common processing algorithms identified in the study. The 
new query language includes the parameterization of these 
templates in its declaration syntax in order to allow the 
customization of the involved procedures by the users. 

The declaration of the new query language is followed by the 
definition of an execution model. The latter concerns the 
default query execution planning.  

3.2 Storage of unstructured query results in a database 

The query engine described above enables systematic 
querying on unstructured data. The query results are also 
unstructured data, but it is beneficial in the long-term to 
express these data in a structured format and store them in the 
databases. There are two major problems for which we design 
techniques: (i) the selection of the most appropriate storage 
format, and (ii) the planning of the timing and extension of 
data pre-fetching.  

Storage format.  The results of queries on data in files have 
to be stored in a database. We assume that the database is 
row-store and relational, as this is the case for most of the 
existing commercial and research databases. The schema of 
the database has to be decided beforehand in a semi-
automatic way. The structure of the schema plays an 
important role in the efficiency of query execution. 
Depending on the schema, a query execution may need 
different number of joins among tables. Conceptually, the 
query results can be divided into three categories: (i) values 
of complex entities, (ii) values of single attributes, or (iii) 
values of groups of attributes. Therefore, we intend to 
propose three respective schema templates:  

Storage of objects. If the query results constitute values of 
complex conceptual entities that are characterized by 
hierarchical conceptual inter-relationships, then these results 
should be stored such that access to all properties of an entity 
is efficient. Therefore, the appropriate schema template 
follows object-relational storage techniques [42][43]. The 
characterization of query results as complex entities is 
possible if based on knowledge of the file format. 

Storage of columns. If the query results are values of single 
attributes, then the best way to store them is in two column 
tables (attribute id and value). This kind of storage allows for 

90 Int'l Conf. Scientific Computing |  CSC'13  |



very fast processing on single tables and achieves excellent 
exploitation of storage space, since there are no null values. 
Moreover, it offers possibilities for compression and querying 
techniques recently proposed for column-store databases [44]. 

Storage of views. If the query results are values of groups of 
attributes that are not related conceptually in a complex way 
that indicates hierarchically organized entities, then the best 
way to store them is in multicolumn tables as materialized 
views. Depending on the overlap of different query results, 
view maintenance may require view merging or division. For 
this we develop a methodology to use and combine existing 
view maintenance techniques [45]. 

Data pre-fetching. While storing query results appropriately 
is the first step towards ensuring efficient execution of future 
queries on these data, the second step is to predict to some 
extent what will be the query results on data in files in the 
future and pre-fetch them. Employing data pre-fetching, 
situations in which related unstructured data are gradually 
queried and therefore gradually stored in databases can be 
avoided. Instead, pre-fetching and storing in databases all 
related data gives a global view of their conceptual and access 
relationships and, therefore, allows for optimized storage 
decisions. Data pre-fetching can be performed towards two 
dimensions: 

Vertical pre-fetching. We can pre-fetch values for data 
attributes that are not comprised in the query results. This 
kind of pre-fetching is beneficial particularly for data that are 
conceptually complex entities.  

Horizontal pre-fetching. We can pre-fetch values for 
attributes comprised in the query results. This kind of pre-
fetching is beneficial particularly for data that conceptually 
constitute flat groups of attributes or single attributes. Pre-
fetching values assists in query execution efficiency in a 
straightforward manner, as no index or compression updates 
are necessary. 

3.3 Cloud economy for data in files 

In order to offer unified cloud services for both structured and 
unstructured data, the cloud economy that we have already 
proposed in [2][3][4] has to be extended. Very briefly, the 
proposed economy constitutes a complex module that 
comprises the following: (i) a cost model that estimates as 
accurately as possible the cost of every query service, (ii) a 
regret scheme that accumulates and quantifies data 
management experience in order to assist the cloud into 
taking decisions for building data structures for future query 
execution, (iii) a prediction model for the amortization of the 
cost of building data structures on prospective queries, (iv) 
service pricing scheme that assigns prices to query services 
and allows for cloud profit, and (v) an estimation metric for 
query service correlations.  

The economy extension for handling unstructured data refers 
mainly to the extension of the cost model in order to estimate 
the cost of the new data operations for unstructured data. We 
intend to extend the cost model in order to estimate the cost 
of (i) executing queries on files in the file query mechanism, 
and (ii) storing unstructured query results in databases. 
Moreover, the pricing scheme, the prediction model and the 
correlation measure will be revised and calibrated to fit 
peculiarities of queries on data in files.  

4 A middleware for querying 
structured and unstructured data 

The utmost goal of this research is to propose a cloud 
economy for the unified management of structured and 

 
Fig. 1. Design of the cloud database management system  

unstructured data. This economy should be applicable to the 
most demanding cloud computing environments, such as 
scientific datacenters. As mentioned, fine-grained scientific 
data may be unstructured and reside in files, whereas the 
respective meta-data are structured and reside in databases. 
Analysis of scientific data usually involves both collected 
data and metadata in various combinations and querying 
sequences. The unification of the two ends of cloud data 
management will be achieved through the development of a 
middleware. 

The development of the middleware includes the definition of 
its basic functionality that ensures transparent querying of 
databases and files, as well as the design of a query planner 
that enables efficient scheduling of these queries.  

Middleware basic functionality. We define the functionality 
of the middleware that takes as input a set of queries for 
structured or unstructured data and routes these queries into 
the cloud appropriately. More specifically, the user may input 
a workflow of queries, i.e. a set of parallel and sequential 
combinations of queries that she wants to execute on both 
structured and unstructured data. Such a query workflow may 
represent an experimental analysis on scientific data and may 
be accompanied by data computing that has to be performed 
between queries. The middleware architecture enables the 
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realization of such analysis workflows by providing 
interaction of queries. The challenge in designing the 
middleware is to achieve a functionality that resembles that of 
a declarative programming language. The analysis workflow 
should be received by the middleware as a program by a 
interpreter. The comprised queries correspond to the 
parameterized functions of the program that have to be 
executed in a specific (partial) order. 

Middleware query planner. The middleware functionality is 
extended with an overall query planner that schedules the 
queries involved in a workflow (or even more in many 
workflows). The planner enables parallel processing of 
independent queries. For this task we employ experience in 
job scheduling and query optimization. It is imperative to 
provide this functionality in a unified way for the queries of 
the two kinds, i.e. queries on structured and unstructured data. 
Fig. 1 shows an overall picture of the cloud data management 
system that we have described. 

5 Conclusion and impact  
We describe an ongoing research project on the management 
of scientific data through the cloud. This research aims to 
leverage the big advantages of the cloud paradigm, such as 
enabling query servicing and dynamically parallelizing query 
execution, in order to facilitate and boost the processing of 
large scientific datasets that are unstructured and, thus, reside 
in files. 

This research focuses on cloud computing, which gives the 
opportunity for the maximization of the potential of data 
management, as a result of its tremendous capabilities in 
storage and caching, distribution and parallelization of tasks. 
Therefore we believe that cloud data management will be able 
to cope with the unprecedented scale and rate of scientific 
data collection and processing, and will boost their 
performance. Moreover, this research aims at systematizing 
the way that scientific experimentation is currently performed 
worldwide and interdisciplinary. It proposes a solution of 
scientific data management that abstracts the data analysis 
and supports generic customizable procedures. In this way 
this research contributes significantly towards the obliteration 
of the requirement of custom-based solutions for scientific 
experimental analysis. Finally, our solution addresses the 
management of both structured and unstructured data. 
Therefore, it is applicable in real scientific environments, in 
which data are hold in both forms.  

Research in many science disciplines (astronomy, physics, 
environmental, sociological) depends on the observation and 
study of large amounts of data. Independent scientists, group 
of scientists or even scientific centers lack the possession of 
all the data needed for them to perform proper research. The 
proposed cloud data management economy contributes to 
overcome this obstacle of scientific isolation. It enables 
scientists to have access to diverse data collections from all 
over the world. Definitely, such a scale of data sharing will 

boost scientific research. Furthermore, our management 
solution contributes to the utmost social requirement for 
unconstrained information sharing of any kind. Beyond pure 
scientific data centers, our solution benefits any other 
organizations, as well as individuals or companies that may 
desire to share their data through the Internet.  

Beyond data sharing, the proposed solution will have a 
positive impact to the domain of business. Preliminary 
industry attempts to offer data management services in the 
web are already a fact. Yet, this new computer business trend 
needs to be supported by a systematic scientific study on the 
maximization of its potential. Our solution contributes to the 
maximization of the performance of such web services, while 
maintaining predictable behavior and guaranteeing 
appropriate adaptation to environmental and system changes, 
such as  hardware failures and changes in workload.  

Cloud computing is a new research field in computer science. 
Yet, as mentioned, the industry as well as scientific centers 
are already exploring and offering cloud data management 
solutions. It is important that research catches up with 
practice, so that applied solutions are supported by research 
results. Our solution aims to fill the gap between existing 
research and business technologies and maximize the 
potential of cloud data management. 
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Abstract— The emergence of large, complex datasets 

has made effective data processing a challenging task for 

existing methods. In spite of this, organizing large datasets 

is a difficult task regardless of the technologies. However, 

this research proposes effective methods that can be 

utilized for managing, analyzing, and extracting useful 

information from large, diverse data. We propose an 

efficient way to catalogue and retrieve data by creating a 

directory file. More specifically, an improved method that 

would allow file retrieval based on its time and date. We 

also offer an efficient data reduction method that effectively 

condenses the amount of data. Moreover, the algorithm 

enable users to store the desired amount of data in a file 

and decrease the time in which observations are retrieved 

for processing. This is achieved by using a reduced 

standard deviation range to minimize the original data to a 

significant size.    

Keywords: Big data, data reduction, data retrieval, 

directory file 

1  Introduction  

 The rapid acceleration in the expanding volume of 

complex and diverse types of data results in the emergence 

of a fast paced algorithm. Big data refer to voluminous data 

beyond the capabilities of the current database technology. 

The sheer amount of data generated that must be ingested, 

analyzed, and managed is of relevant importance and must 

be considered when attempting to propose useful tools. The 

speed with which data must be received and processed 

must also be considered. The rise of information coming 

from new sources has taken a toll on IT and, therefore, data 

management is a much more difficult task using only the 

traditional methodologies. 

Typically, data obtained from satellites, for example, 

can be confusing. In spite of several attempts at 

standardization by most of the agencies around the world, 

there is still some confusion and lack of consensus. Some 

clarification is necessary in order to have a meaningful 

discussion about such data [2]. Most remotely sensed data 

require steps of basic pre-processing before it can be used.  

Agencies use a common set of "levels" to describe the 

types of data processing. After the data is processed, data 

becomes ready to be passed on to scientists for utilization. 

The descriptions explained in Table 1 show that the 

processing levels are hierarchical; Level 2 data starts with 

the processing included in Level 1 and adds more features 

[2]. This processing is recursively applied to successive 

data levels. Table 1 shows the Committee on Data 

Management and Computation (CODMAC) data level 

numbering system. Details for each instrument are 

described below.     

 
Table 1: Data Processing Levels (Earth Science Reference Handbook [5]) 

 
NASA COMAC Description 

Packet 

Data 
Raw-level 1 

Telemetry data stream as received at ground 

station, with science and engineering data 

embedded. 

Level 0 Edited-Level 2 

Instrument science data (e.g., raw voltages, 

counts) at full resolution, time ordered, with 

duplicates and transmission errors removed. 

Level 1-A 
Calibrated-

Level 3 

Level 0 data that have been located in space 

and may have been transformed (e.g., 

calibrated, rearranged) in a reversible 

manner and packaged with needed ancillary 

and auxiliary data (e.g., radiances with the 

calibration equations applied).  

Level 1-B 
Resampled - 

Level 4 

Irreversibly transformed (e.g., resampled, 

remapped, calibrated) values of the 

instrument measurements (e.g., radiances, 

magnetic field strength).  

Level 2 
Derived - 

Level 5 

Geophysical parameters, generally derived 

from Level 1 data, and located in space and 

time commensurate with instrument 

location, pointing, and sampling. 

Level 3 
Derived - 

Level 5 

Geophysical parameters mapped onto 

uniform space-time grids. 

 
 

Level 1 data processing proceeds by operating on the 

raw data (which comes from the sensors attached to the 

instrument). In other words, level 1 data processing 

converts raw data from the sensor outputs to scientific 

units, calculating any additional oceanographic parameters 

of interest and reducing the data set to a tractable size [8]. 

Given this process, it is always best to archive raw data 

because once it has been processed, it cannot be reversed.  

On the other hand, level 2 data conversion “starts with the 

raw data (i.e., .dat or .hex) file. It takes the information 
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contained in the configuration (.con or .xmlcon) file and 

converts it to scientific units” [9].  Data has to be translated 

in a way that the information makes sense to the client. 

Data processing levels allows data to be translated in 

understandable quantities.   

 

2 Data acquisition techniques 

 
Clarification is the critical process of making sense of the 

data. Data has to be processed effectively in order to 

convert raw data into meaningful information. See Figure 1 

for details.       

 

 
Figure 1: Data Management 

 

Converting raw data into an easily usable form 

involves a great deal of data processing [6]. Computers 

conduct data processing, which accepts the raw data as 

input and then provides information as output. Figure 2 

shows how data is being collected, processed, and 

separated by the instrument from spacecraft.  
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               Figure 2: Data Generation and Processing 

Once data has been generated, processed, and stored, 

it can then be made available in a more useful form for 

scientists’ research.   

 

 Phase I: Access data is removed from data directly 

received from the spacecraft through the 

spacecraft's zero level processor (this is the 

command processor that the spacecraft relies on 

when the main processor is offline).  

 Phase II: Data is separated according to 

instrument and header information. When data is 

uploaded from the instrument, the header for 

internally recorded data is written. Header tells the 

program how many bytes of data should be read 

for each variable, which is defined in the header 

information (e.g., float, double, integer, etc.).   

 Phase III: A different level of data processing is 

applied to the data file before the data is analyzed. 

This data processing allows the files to be 
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processed for the removal of unnecessary 

information.   

 

These series of steps make up the complete data 

processing activity that validates data for researchers’ 

purpose.  

 

3     The challenges of assessing big data 
 

The developments of retrieval and search algorithms 

have not kept pace with data-collection capabilities. 

Therefore, systems are being overloaded with massive 

amounts of data [4]. In addition, data has attained the form 

of continuous data streams rather than finite stored data 

sets; therefore, this has posed barriers to users who wish to 

obtain results at a preferred time. Data prescribed in this 

manner display no bounds or limitations; thus, a delay in 

the retrieval of data can be expected.  For this reason, a 

search for the selected data in vast amounts of unsorted 

data takes a great deal of time. Furthermore, the size of the 

data itself becomes part of the problem.     

Generally, three main issues are involved in the data 

retrieval process. First, is the decision as to which type of 

information is worth retrieving. In essence, the application 

must be able to differentiate between data worth retrieving 

and data that are not essential to the user. In other words, 

the frequency of a term is not enough to infer the quality of 

the file that contains it. However, the best way to 

accomplish this goal is by pulling information that follows 

the user’s preference. The second issue that is involved in 

the data retrieval process is the methods that will be used to 

acquire that data.  When deciding on the methods that one 

can use to retrieve data, time must be considered. Indeed, 

effective data retrieval methods are in demand because 

scientists are in need of algorithms that are sensitive to 

time. In addition, the relevance of data rest on accessing it 

on time.  The third issue that must be accounted for lies in 

the methods that will be used to analyze the data. Data 

must be analyzed fairly quickly in order to provide users 

with the ability to pull data in a reasonable amount of time.      

 

4   Methodology and experiment 

This study proposes a novel approach to using file 

header information that is entity specific (e.g. to spacecraft, 

instrument, or experiment) to improve the efficiency in the 

processing in large spacecraft data, which could be used to 

significantly reduce the burden on the current search and 

retrieval systems. The solution encompasses the use of file 

headers that contain only essential and instrument-specific 

information. This would allow a search through files to be 

done quicker. Also, it would provide scientists with the 

ability to evaluate files for matches to the searched query 

without searching the entire file itself by having data that is 

already stripped down to bare essentials to generate useful 

search results. This would involve summarizing the 

relevant data in the header, reducing it so that it is more 

accessible and searchable.  See Figure 3 for a general 

approach. The objective is to obtain only relevant 

information from large datasets. Figure 3 shows data in its 

original state and the portion of data that has been 

extracted.  

 

 

              
 

Figure 3: General Approach to Proposed Algorithm 

 

Suppose one is searching for particular information 

through multiple files where each particular item is stored 

as a separate file.  After receiving feedback from reviewers, 

one wishes to inspect all occurrences of that specific item 

as they appear in multiple files. If there is a directory file 

that points to the file index start and end time, this would 

allow the information to be found more easily.  A faster 

way to catalogue and retrieve data entails using a directory 

file for all of the data files in the archive center.  The 

directory file would allow retrieval of the file based on its 

time and date.  See Figure 4 for details.  

Figure 4: Directory File Format 

 

Figure 4 shows the proper format of directory files. 

Each data file consists of a start time and an end time for 

each data block in the current file.  This illustration 

indicates that the next file’s start time will be the previous 

file’s end time. Also, the end position of the previous file 

will have the current file’s start position.  

Ultimately, the algorithm known as Direct will 

generate the directory file, add header information, and 

place the header at the beginning of each data file.  The 

header for internally recorded data is written when the data 

is uploaded from the instrument.  The steps below present 

the procedures that the program will perform.     

This is the 

original 

data. 

Selected 

data from 

the original 

data. 
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Steps to assessing data: 

 editing: discards the inappropriate data and retains 

relevant data;   

 coding: arranges data in a comprehendible format;  

 data entry: after the data has been properly 

arranged and coded, it is entered into the software 

that performs the eventual cross tabulation;  

 validation: data validation refers to the process of 

thoroughly checking the collected data to ensure 

optimal quality levels; 

 Tabulation: arranges data in a systematic format 

so that it can be further analyzed.  

 

These series of steps form a complete data 

processing activity ensuring data access. Searches through 

files are done more quickly and effectively. This will 

provide scientists with an improved capability to find and 

access data in the file.  

 

How to effectively develop a directory file that catalogues 

data: 

 Step 1: Read data file to locate start and end time 

of the file. Then, count the chapter number of each 

file. 

 Step 2: Increment file index and chapter number, 

and write the start and end time. 

 Step 3: Continue this process for all the selected 

data files. 

 

        Table 2:  Structure of a Directory File 

 

Table 2 shows how the directory file is structured. 

More specifically, this study suggests establishing an 

algorithm that generates a directory file that encompasses 

the following information:         

 File index; 

 File name; 

 Start and end time for every file; 

 Start address and end address (position of the 

file). 

 Start and end chapter number 

 Satellites name 

 Instrument 

 Sensor 

 Data Level 
 

This will provide a tool for rapidly accessing data 

within these parameters. A Pseudocode for searching and 

retrieving file time and file index is provided below for 

clarification of the proposed algorithm: 

 

We proceed by strategizing how to effectively 

compress vast amounts of data to a relatively significant 

size. In many instances, researchers require only a portion 

of data; however, data is delivered in voluminous amounts. 

This leaves scientists to combat an even bigger 

disadvantage, which is the cost it takes for these data to be 

transferred. It is very expensive to transfer just one bit of 

data down from a spacecraft; therefore, the proposed 

solution is effective in condensing data to desired amounts 

so that scientists do not disburse on any unwanted data. 

This goal is achieved by using an effective reduced 

standard deviation range. The algorithm is provided below:   
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This algorithm effectively reduces data density. The 

unique feature of this algorithm that differs from the 

ordinary existing data reduction tools is that it reduces data 

in reference to the researcher’s desired percentage. 

Conversely, many of the existing data reduction methods 

are comprised of lossy of lossless data; however, this 

algorithm is not to be categorized as a lossy or lossless 

data. This algorithm presents data in a desired percentage. 

In other words, this algorithm obtains only the portion of 

data that a scientist wishes to inspect.   

 

5 Results  

The practical value of the proposed algorithm is 

presented through empirical results. Figure 5 shows the 

results of the proposed algorithm.  

Figure 5: Results of Proposed Algorithm 

This algorithm located the selected file from large 

datasets. Essentially, keying the desired time will provide 

the user with the file index and its corresponding start and 

end time as shown in Figure 5. 

As a matter of fact, the relevancy of data lies with the 

researcher’s ability to access such results in a timely 

manner. Therefore, the proposed algorithm is quite 

suitable for such a case. This algorithm has made a 

significant advancement from existing algorithms. See 

Table 3 for additional details.   

 
Table 3: Proposed Algorithm Iterative Computation 

 

Table 3 reveals that the proposed algorithm is 

sensitive to time and, therefore, suitable for researchers’ 

purpose. The binary search is the most common 

approach used to efficiently sort and search data. Based 

on research, the binary search is the most important and 

efficient means to date [3] [10]. However, it is not best 

suited for researchers. Table 3 shows that the proposed 

algorithm effectively reduces the number of iterations, 

therefore, achieving efficient results. The binary search 

algorithm took six (6) iterations to arrive at the selected 

data whereas the proposed algorithm took only three (3) 

iterations to arrive at the desired data. This reveals that 

the proposed method is effective in reducing the time it 

takes to locate the file.   
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Furthermore, data can be reduced using standard 

deviation. For instance, we minimized the original plotted 

data to a relative size by using a reduced standard deviation 

range. Figure 6 shows the results of reduced data through 

the use of standard deviation.  

 

Figure 6: Data Reduction 

The use of a reduced standard deviation range 

effectively condensed the amount of data as seen in Figure 

6. 

 

The algorithm enables users to reduce data by 

percentage. The program instructs the user to input the 

following:  

 Maximum and minimum voltage. 

 The desired percentage that such data should be 

reduced.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 4 presents a sample of a typical dataset.   

Table 4: Data File Sample 

 

The data displayed in Table 5 shows the results of 

using the recommended method. This dataset is reduced by 

700% and can be reduced at any percentage desired. Note 

that this table is the same sample of the previous file shown 

in Table 4; however, it has been compressed using the 

proposed method. Notice the difference between Table 4 

and 5. This indicates that the algorithm was able to 

successfully condesne the amount of data to a desirable 

volume.   
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Table 5: Results of the Compressed Data 

 

The negative numbers illustrated in Table 5 instructs 

the program to ignore those numbers. Therefore, in that 

particular illustration, there are now only a few data that 

are of significance based on the percentage that the 

program was instructed to perform. This critical reduction 

makes data easily retrievable and accessible.  In addition, it 

provides researchers with the amount of data that they wish 

to inspect. 

 

6   Conclusion        

The recent expansion of the media industry and the 

transformation of every aspect of life controlled by modern 

technology resulted in the establishment of huge data of 

mostly unstructured data. However, through better analysis 

of the large volumes of data, there is a potential of making 

faster advances and improving the profitability and success 

of many enterprises. Therefore, the proposed method is 

anticipated to decrease the complications involved in 

searching through massive datasets. This algorithm can 

obtain the selected files from large amount of data, and it is 

done in less iteration as opposed to the existing algorithms. 

It sorts through a range of elements, searching for an 

element that is equivalent to a specified time file index. 

Essentially, the algorithm is able to condense large 

amounts of data to desirable amounts to avoid combating 

vast amounts of unwanted data by simply using a reduced 

standard deviation range. This method is also time-

sensitive and best suited for researchers’ usage in the field 

of computing. The methods and results presented confirm 

this ideology.  
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ABSTRACT 
Factorization algorithms have a major role in the computer 

security and cryptography. Most of the widely used crypto-

graphic algorithms, like RSA, are built on the mathematical 

difficulty of factorization for big prime numbers. This re-

search, proposes a new approach to the factorization by using 

two new enhancements. The new approach is also compared 

with six different factorization algorithms and evaluated the 

performance on a big data environment. The algorithms cov-

ered are elliptic curve method, quadratic sieve, Fermat’s 

method, trial division and Pollard rho methods. Success rates 

are compared over a million of integer numbers with different 

difficulties. We have implemented our own algorithm for ran-

dom number generation, which is also explained in the paper. 

We also empirically show that the new approach has an ad-

vantage on the factorization attack to RSA. 
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1. INTRODUCTION 
This study can be viewed as three major steps. In the first 

layer, we have generated big integers with a new approach on 

the generation. After the generation, the factorization algo-

rithms including the new approach are executed. Finally, on 

the last step the performance of the algorithms are evaluated.  

In this paper, the problem will be defined and an overview of 

the problem will be demonstrated in the problem statement 

section. The related work section will cover a brief literature 

review about the contemporary studies on the factorization 

algorithms. The background chapter will briefly describe the 

details of the factorization algorithms we have implemented 

in this study. The experiments section will go into the details 

of the big number of integers their properties after generation 

and evaluation of the algorithms. 

2. PROBLEM STATEMENT 

A stepwise approach to the study can be viewed as in the Fig-

ure 1. 

 

Figure 1.  Overview of Study 

In order to simulate the RSA prime number factorization 

problem, we have only concentrated on the semi-prime num-

bers. The random generator is designed to generate the semi-

prime numbers. In order to make the time performance more 

explicit we have generated huge number of semi-prime num-
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bers and stored them in a database. After storing, the factori-

zation algorithms are executed on those numbers. Finally 

each algorithm is evaluated in the time performance.  

3. BACKGROUND  

From the early times, the factorization of composite numbers 

has been an interesting area of studying and there are some 

algorithms carried on like Sieve of Eratosthenes ( 276 – 194 

BC). 

Also the by the spreading usage of modern cryptographic sys-

tems which some are built on the difficulty of factoring, like 

RSA[1], the factorization problem has been a studying area.  

Initially factoring started with dividing a number by larger 

and larger primes until you had the factorization. This trial 

division was not improved until Fermat’s method in which  

the factorization of the difference of two squares is used. 

While Fermat's method is much faster than trial division, 

when it comes to the real world of factoring, for example for 

factoring several hundred digits long RSA modulus, the 

purely iterative Fermat’s method is too slow. This led the de-

velopment of several other methods, such as a pair of proba-

bilistic methods by Pollard in the mid 70's, the p − 1  method 

and the ρ method, the Elliptic Curve Method discovered by 

H. Lenstra in 1987 . However, the fastest algorithms such as 

the Number Field Sieve (and its variants), the Quadratic Sieve 

(and it variants), and Continued Fraction Method utilize the 

same trick as Fermat. The remainder of this paper will  briefly 

discuss some of the above methods and focus on reverse fac-

torization method, a new approach. 

 3.1. Factorization by Trial Division 

 
Trial method is a brute-force method of finding a divisor of 

an integer N by simply trying if N is divisible by 

2,3,5,7,11,13,17,…, i.e., all primes which are less than or 

equal to √𝑁 in succession, until a divisor is reached. 

To partially or completely factor N, Trial division is an effec-

tive and simple method. It is reasonable to use trial division 

method as a factoring method when N is not too large.  

 3.2. Fermat Factorization 

 
Fermat's factorization method [2] looks for the representation 

of an odd integer N as the difference of two squares  N =
a2 − b2 . Then  

N = (a − b)(a + b) 

and N is factored.  

To factor any number N, first calculate √N. Then compute 

a2 − N starting with a, the first integer greater than √N  and 

continue until reaching a square b2.  Since a2 − N = b2  ,  

N = a2 − b2 . So N is factorized into  N = (a − b)(a + b)  .If 

the only factors found are N and 1, then N is a prime number. 

If N is not prime, use the same algorithm for each factor. 

Fermat's method works well when the number is factorized 

into two terms of approximately equal size. It works poorly 

when the factors are of very different sizes.  

  

 3.3. Quadratic Sieve 
To factorize a number n, quadratic sieve method [3] attempts 

to find two numbers x and y such that 𝑥 ≢ ±𝑦 (𝑚𝑜𝑑 𝑛)   and 

𝑥2 ≡ 𝑦2(𝑚𝑜𝑑 𝑛). If two such numbers are found, this 

implies that  (x − y)(x + y) ≡ 0 (mod n). Then, x − y must 

have non-trivial factors in common with n.  To achieve this, 

a common strategy for finding such x and y is the following. 

Choose a smoothness bound B. The number π(B),which 

denotes the number of prime numbers less than B, will control 

both the number of vectors needed  and the length of the 

vectors. Then use sieving to locate π(B) + 1 numbers 𝑥𝑖  such 

that 𝑦𝑖≡ (𝑥𝑖
2 𝑚𝑜𝑑 𝑛) is B-smooth. Factor  the  𝑦𝑖  and 

generate exponent vectors mod 2 for each one. Find a subset 

of these vectors which add to the zero vector. Multiply the 

corresponding 𝑥𝑖 together naming the result mod n: x and 

the  𝑦𝑖 together which yields a B-smooth square  𝑦2. Next, 

obtained equality 𝑥2 ≡ 𝑦2(𝑚𝑜𝑑 𝑛) gives two square roots of 

(𝑥2 𝑚𝑜𝑑 𝑛), one by taking the square root in the integers 

of 𝑦2 namely  𝑦, and the other the a computed in previous 

step. Having desired identity(x − y)(x + y) ≡ 0(mod n), 

compute the 𝐺𝐶𝐷(𝑥 − 𝑦, 𝑛). This gives a factor. If the factor 

is trivial, try again with a different a or linear dependency. 

 3.4. Pollard Rho 
 Pollard’s rho method [4] is based on a combination of two 
ideas on Floyd's cycle-finding algorithm and birthday 
paradox that are also useful for various other factoring 
methods.   
Let N be a number that is neither a perfect power nor a prime 
and p the smallest prime factor of N. 
Generate sequence of numbers 𝑥0, 𝑥1, 𝑥2, …  from 𝑍𝑁 
uniformly, independently at random then after at most p + 1 
such pickings for the  first time, there are two numbers 𝑥𝑖 and  
𝑥𝑠  with i < s such that  𝑥𝑖 ≡  𝑥𝑠 (𝑚𝑜𝑑 𝑝). Since N is 
not a perfect power, there is another prime factor q > p of N. 
Since the numbers  𝑥𝑖 and  𝑥𝑠 are randomly chosen from 𝑍𝑁, 
by the Chinese remaindering theorem,  𝑥𝑖 ≢  𝑥𝑠 (𝑚𝑜𝑑 𝑞)  
with probability 1 − 1/𝑞 even under the condition that 𝑥𝑖 ≡
 𝑥𝑠  (𝑚𝑜𝑑 𝑝). Therefore, 𝑔𝑐𝑑(𝑥𝑖 − 𝑥𝑠, 𝑁) is a nontrivial 
factor of N with probability at least 1 − 1/𝑞. 
Since the 𝑥𝑖   𝑚𝑜𝑑 𝑝 behave more or less as random integers 
in  0,1, … , 𝑝 − 1  , by computing 𝑔𝑐𝑑(𝑥𝑖 − 𝑥𝑗 , 𝑁), for 𝑖 ≠ 𝑗 , 
the factorization of  N after about 𝑐√𝑝 elements of the 
sequence can be computed, for some small constant c. 
This suggests that approximately  (𝑐√𝑝)

2
/2  pairs 𝑥𝑖 , 𝑥𝑗  have 

to be considered. However, this can easily be avoided by only 
computing   𝑔𝑐𝑑(𝑥𝑖 − 𝑥2𝑖 , 𝑁) for 𝑖 = 0,1, … , i.e., by 
generating two copies of the sequence, one at the regular 
speed and one at the double speed. This can be expected to 
result in a factorization of N after approximately 2√𝑝  gcd 
computations.  If this GCD ever comes to N, then the 
algorithm terminates with failure, since this means 𝑥𝑖 =
𝑥2𝑖 and therefore, by Floyd's cycle-finding algorithm, the 
sequence has cycled and continuing any further would only 
be repeating previous work.  
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 4. Semi-prime Factorization in RSA 
This study focus on the fast and efficient factorization for the 
semi-prime numbers. The semi-prime numbers are 
considered as the multiplication of two prime numbers, say p 
and q. In some sources the semi-prime numbers are also 
named as pq numbers for this reason.  
The advantage of factorizing the semi-prime numbers in RSA 
crypto system is the two prime factors of semi-prime numbers 
should be in equal digists or almost in equal digits. The reason 
is, if the number of digits of one prime of the semi-prime 
number is smaller than the other, the system woul have a 
weakness.  
The weakness can be explained like this. The RSA system is 
built on the time complexity of factorizing the semi-prime 
number into two factors. The time complexity increases by 
the number of digits. For example the time required to 
factorize a 20 digit number is muh more higher than the time 
required for factorizing 19 digit number. But if one of the 
factors of the high digit number is so small. Let’s give an 
example of extreme case with one digit prime like 2,3,5 or 7. 
Than factorizing the number would be much more easier. 
And finding any factor of the number would make it even 
easier to find the second factor. So, in most of the cases, RSA 
uses the two prime numbers with equal digits to generate a 
semi-prime number.  
The novel approach proposed in this study, considers this as 
a vulnerability and and proofs that, using the same digit 
primes to generate a semi-prime is also makes easier to get 
factorization with the novel method explained in this paper.  

5. A Novel Approach to Semi-prime Fac-

torization 
In the new approach, we see the problem as a search problem, 
where the factors p and q of a semi-prime number sp are 
smaller than the 𝑝, 𝑞 <  √𝑠𝑝2  we propose to implement a 
sieving approach, which increaes the speed of searching by 
eliminating some of the possibilities in each check. On the 
other hande, we propose to keep a factor tree for fast 
elimination of the alternatives.  
The sieving approaches like, Erotathene’s Sieve[6] or Sieve 
of Atkin or Rational Sieve [7] are eliminating alternatives, 
strating from the smallest prime number and the number 
searched increases in each step.  
This iterative approach from small to bigger prime numbers 
has a certain advantage while finding the prime factors of a 
composite number. But in the case of factoring for the semi-
prime numbers which are specially generated for the RSA 
crypto system, starting from small prime numbers has a 
disadvantage since we are aware that the searched prime 
number is much mor close to the square root of semi-prime 
number ( √𝑠𝑝2 ). 
 
Our approach is as in Algorithm 1. By the definition, any 
composite number cn can be rewritten as in equation (1). 
 
 

cn=p ∏ ci

m

i=1

                                                 (1) 

 

 
Where the number of prime factors of cn is consierede as 
m+1.   
For the given cn, the equation (2) can be concluded. 
 

( 𝑛 ∈ 𝑁 ∧  𝑛|𝑓𝑖) ⇔ 𝑛𝑖| {ℤ|𝑛 =  (⋂ ℤ|𝑓𝑖

𝑚

𝑖=1
)}             (2) 

 
Where N is the domain set of search for the prime numbers, 
which are the numbers from 2 to √𝑐𝑛

2
.  

If, any number 𝑛 ∈ 𝑁 is also a composite number with m 
factors, than testing the situation of 𝑐𝑛 | 𝑛 means, for all the 
m factors of n are already tested. Depending on the situation, 
since we are running a search algorithm, if the searched factor 
is found, than the search finishes. If, n is not the factor of cn, 
than the search, can be reduced by also eliminating the factors 
of cn from the search space.  

5.1. Sample Run 
In order to present the new approach, we are also 
demonstrating a sample run over over the semi-prime number 
47 x 53 = 2491.  
The search space is the numbers from 1 to 49, since the 

√2491
2

= 49. The search algorithm starts by a sieve and tests 
the first alternative number 49 from the end of the sieve. Since 
2491|49 = false, we can remove all the factors of composite 
number 49 from the search space.  
Table 1.Removing first factors of composite number 49 after 
the first iteration  

1 2 3 4 5 6 7 

8 9 10 11 12 13 14 

15 16 17 18 19 20 21 

22 23 24 25 26 27 28 

29 30 31 32 33 34 35 

36 37 38 39 40 41 42 

43 44 45 46 47 48 49 

In the second  iteration, the second number from the end of 
the search space is considered, which is 48. Since the 2491|48 
is false, all the factors of composite number 48, can be 
removed from the search space. The factors of  48 are 2 and 
3 and the composite numbers can be generated from those 
factors are eliminated as shown on the Table 2.  
Table 2. After eliminating the factors and composite 
numbers from thos factors of 48 in second iteration  

1 2 3 4 5 6 7 

8 9 10 11 12 13 14 

15 16 17 18 19 20 21 

22 23 24 25 26 27 28 

29 30 31 32 33 34 35 

36 37 38 39 40 41 42 

43 44 45 46 47 48 49 

From the sieve in table 2, the next number in the search space 
is 47. Testing the 2491  | 47 is true, so we are finished with 
searching the numbers.  
If the results of 2491 | 47 would be false, than searching 
whould have conitnue and since all the numbers until 43 are 
eliminated, the next number in the search iteration would be 
43. In table 2, the number of numbers in search space is 
reduced to 14 possibilities only, from the initial 49 numbers.  
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From the sample run, we have found the factor in 3 steps. Any 
sieving approach would find the factor after trying all the 
prime numbers until 47. This brings up a performance 
obviously.  
During the elimination of factors of any composite number a 
factor tree can be implemented.  

 

 

Figure 2.  Factorization tree for composite number 48 

 
In figure 2, the factor tree holding the factors of 48 are 
demonstrated. Also the tree is ambigious since the same tree 
can be redrawn as in figure 2. 

 

Figure 3.  Ambigious alternative factorization tree for 

composite number 48 

 
Any drawing of the tree can be useful in the elimination of 
the search space. The deepest tree for any composite number 
can have maximum of numbers as given in equation (3).  
 

𝑀𝑎𝑥 𝑑𝑒𝑝𝑡ℎ 𝑜𝑓 𝑓𝑎𝑐𝑡𝑜𝑟 𝑡𝑟𝑒𝑒 =  log2 𝑛 
2⁄ − 1              (3) 

Please remember the smallest prime number is 2 and the 
maximum internal node count can be 1 minus half of the total 
numbers of the nodes in a binary tree.  

Algorithm 1: A Novel Factorization for RSA Semi-Prime 

1. Let SP be a semi-prime with high factors, 

2. Let C be Closings of Stockmarket, 

3. for i  √𝑆𝑃
2

 down to 2 begin 

4.     if SP | i return i as factor 

5.     else begin 

6.         create a factor tree of i; 

7.         eliminate all factors in sieve; 

8.         decrease i; 

9.     end else; 
10. end for; 

Above algorithm demonstrates the execution of novel 

approach. The iterator value i starts from √𝑠𝑝2  and iterates 

until the smallest prime number. In fact, we are aware that, 

one of the factors of semi-prime of RSA can never be 2 

because of the vulnarability, but algorithm is designed in this 

manner for the worst case analysis.  

 6. EVALUATION 
The results of executions of various algorithms are 

demonstrated on the Table 3. 

Table 1. Execution Performance of the Factorization Algorithms 

Method Average 
Execution 

Pollard Rho 398 mins 
ECM 3443 mins 
Fermat 30 mins 
Quadratic Sieve 326 mins 
Erathostene 1267052 mins 
Trial Division 5510739 mins 
New Approach 5 mins 

 

In the table 3, the results are gathered from execution of  
thousands of random numbers with 8 digits.  
Also, in order to visualize the increase of time spent of 
algorithms, the execution times of algorithms for 6 of the 
methods are plotted in figure 4.  

 

Figure 4. Performance evaluation of methods while the 

number of digits are increasing. 

The digits are quite low in Figure 4 and plotting is stopped for 5 

digits, where the algorithms are still close to each other. After the 

number of digits are increased, some of the algorithms consumes 

higher time than the rest.  
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Figure 5. Performance evaluation of methods while the 

number of digits are further more increasing. 

Depending on the setup time and difficulty of the numbers, some 

algorithms yield worse results than the rest.  

From the analytical perspective, it is known that the time complexity 

of the algorithms are as in Table 4.  

Table 4. Time Complexity of the Methods 

Method Time Complexity  

Pollard Rho O(B × log B × log2n) Where B is the bound 

and n is the 

composite number. 

ECM O(L(p)M(log n)) 

 

Where M(log n) is 

the complexity of 

multiplication mod n, 

and 𝐿(𝑝) =

 𝑒𝑐(log 𝑝)𝛼(𝑙𝑜𝑔𝑙𝑜𝑔𝑝)1−𝛼
 

Fermat O(d) Where d is the 

distance between the 

two factors of the 

composite number. 

Quadratic 

Sieve 

O(log B loglog B) Where B is the 

bound. 

Erathostene O(√𝑛 + 𝑝) Where p is the 

number of primes 

below √𝑛 

Trial Division O(√𝑛)  

New 

Approach 

O(dp) Where dp is the 

number of primes 

within the two factors 

of composite 

number. 

 

 

 7. CONCLUSION 
This study, brings up a new approach to the semi-prime number 

factorization very similar to the Fermat’s factorizatino algorithm. 

The biggest impact of semi-prime number factorization is the attack 

against crypto systems like RSA. During the study, we have 

evaluated the new approach and compare the success against most 

significant factorization algorithms. The success rate of the new 

approach seems quite convincing besides the encouraging analytical 

performance of the algorithm. We would also like to test the success 

of the new approach in bigger integer numbers like 50+ digits and 

also parallelization would be a challanging future work. 
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Abstract - A new method is proposed for Monte Carlo 

integration. This method is more efficient with wider 

coverage, including improper integrals, while the classical 

Monte Carlo integration can only handle bounded domain 

integrals. To implement this method in computer 

programming, you only need a random number generator. 

Unlike the deterministic numerical integration methods, the 

expected error of this method is independent of the integral 

dimensionality. This method is powerful and dominates 

other numerical integral methods for the higher-

dimensional integrals. 
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1 Introduction 
 

In single variable calculus ([8]), the general way to 

evaluate a definite integral ∫  ( )
 

 
   is to find a formula 

 ( ) for one of the antiderivatives of  ( ) such that  

∫  ( )
 

 
    ( )   ( )   

       However some antiderivatives are not easy to find, and 

others, like 
    

 
 and √     have been proved that no 

such closed-form  ( ) formulas exist [8].  There is a need 

to evaluate the definite integral of such functions. Two 

different types of numerical methods are involved in 

approximating ∫  ( )
 

 
  . The first numerical method is 

called the deterministic integration, such as the trapezoidal 

rule and the Simpson rule. The second numerical method is 

called the Monte Carlo integration.   

      In Section 2, we introduce the Monte Carlo integration 

in a general  -dimensional integral setting. Selecting a 

probability density function, having the same domain as the 

integral domain, is an important part in the Monte Carlo 

integration. The efficiency of the Monte Carlo integration 

depends on the degree of difficulty for generating the 

random sample according to the selected density function. 

The most popular method in practice is the simple Monte 

Carlo integration. This method only works for bounded 

integral domain. It does not work for any improper 

integrals with unbounded domains.  

      In Section 3, we propose a new method for Monte 

Carlo integration. It is simple and efficient. It can be used 

to approximate integrals with unbounded domains for any 

dimensional integrals. The key idea is to convert the 

original integral domain to a new integral domain – a unit 

hyper-cube. The implementation of this new method is 

much easier. A random number generator is the only thing 

you need. 

      In Section 4, we conduct the variance analysis. It helps 

us to decide when the Monte Carlo simulation run should 

stop, and what the random sample size should be. For the 

new proposed method, the expected value of error 

is   (
 

√ 
), which is independent of the integral 

dimensionality. Comparing the new method with Trapezoid 

rule and the Simpson Rule, the new method is getting better 

and better when the integral dimension number is large 

than 8. It is particularly attractive and powerful for higher 

dimensional integrals. 

 

2 Monte Carlo Integration 
 

      Monte Carlo ([2], [4]) integration is a simple and 

powerful method for approximating complicated integrals. 

In general, we are interested in evaluating the integral of a 

function   over a domain  , 

                           ∫  (
 

 
 ⃗)    ⃗                                       (1) 

      Here we use vector notation to indicate that   is a  -

dimensional function. In fact, Monte Carlo techniques are 

more attractive for estimating higher-dimensional integrals. 

We assume that there is a probability density function (pdf) 

  defined on the same domain    Therefore (1) equals to, 

                            ∫ [
 ( ⃗)

 ( ⃗)
]  (

 

 
 ⃗)    ⃗                             (2) 

      The integral (2) is equivalent to the expectation of 
 

 
 with respect to a random variable distributed following to 

the cdf    

                           [
 ( ⃗)

 ( ⃗)
]                                               (3) 

      According to the cdf     we generate   independent 

random samples   ⃗          . The Monte Carlo 

integration estimator is defined as following, 

                          ̂   
 

 
∑

 ( ⃗ )

 ( ⃗ )

 
   .                                     (4) 
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Based on the Strong Law of Large Numbers ([1]), we have, 

with probability 1,  

       
 

 
∑

 ( ⃗ )

 ( ⃗ )

 
       [

 ( ⃗)

 ( ⃗)
]   

      This means, with probability 1,  

   
   

 ̂     

      The Monte Carlo approximation   ̂  is a consistent 

estimator of     

      The efficiency of this method depends on how to 

generate the random samples. The important sampling 

technique ([2], [7]) can be used here to reduce the Monte 

Carlo integration error (the sample variance).  How to pick 

a cdf   defined on   is a major concern in using important 

sampling techniques.  

      Another important efficient factor is how to generate 

the random sample. Sometime it may be very expensive 

depending on the selected cdf  . In practice, the most 

commonly used method is called the simple Monte Carlo 

simulation. We define the volume of the integration domain 

in (1), 

   ∫  ⃗
 

 

 

      The cdf selected for the simple Monte Carlo integration 

is, 

 ( ⃗)   {

 

 
          ⃗    

                  
 

      In the implementation of simple Monte Carlo 

integration, we only need to generate random samples 

uniformly over the integral domain  . The efficiency is 

depending on the shape of integral domain  .  

 

3 Using Random Numbers to 

Approximate Integrals 
 

      As we discussed in the previous section, the shape of 

the integral domain   is an issue here for the simple Monte 

Carlo integration. It is only feasible when the shape of   is 

a hyper-rectangle. For an improper integral with unbounded 

domain  , the simple Monte Carlo technique does not 

work. It is impossible to generate random samples 

uniformly over an unbounded integral region   . 

      For the general Monte Carlo integration technique, the 

issue here is how to select a cdf   .  The necessary 

condition for   is having the same domain   .  Can we 

generate random samples from this density function   

efficiently and how?  

      In order to solve these issues discussed above, we 

propose a new random number base method for the Monte 

Carlo integration. The key idea is that we use the change 

variable (substitution) method to transfer the original 

integral domain   (including unbounded case) into the new 

domain: a unit hyper-cube. Therefore, we can easily 

generate random samples uniformly over a unite hyper-

cube.  

      We introduce the new method for one-dimensional 

integration first. This method can be easily generalized into 

multiple  -dimensional situations.  

      What is a random number? By definition, a random 

number   is a continuous random variable following a 

uniform distribution over the interval      . Its pdf is given 

by, 

       ( )  {
              
                  

                                          (5) 

      The cumulative distribution function (cdf) is given by 

       ( )          {
                     
               
                      

                    (6) 

      In connecting the random numbers, we begin with a 

special case. Let   ( ) be a one-dimension function and we 

want to approximate the integral value of  ( ) on      .  

                         ∫  ( )
 

 
                                             (7) 

      If   is a random number having cdf (5), then the 

expectation of   ( ) is given by 

   ( )   ∫  ( )
 

 
 ( )     ∫  ( )

 

 
       

Therefore 

      ( )   

      If             are independent random numbers, we 

have that   (  )  (  )    (  ) are independent and 

identically distributed random variables with a 

mean     ( ) , which is equivalent to  . Therefore, by the 

Strong Law of Large Numbers, we have, with probability 1, 

      
 

 
∑  (  )

 
     . 

      We can use a large number of random numbers to 

approximate the definite integral (7). The natural 

approximation of    based on random numbers 

            is defined by, 

                            ̂    
 

 
∑  (  )

 
   .                                (8) 

      We define this approximation technique as a random 

number based method for Monte Carlo integration.  

In general, we want to approximate integral, 

                           ∫  ( )
 

 
                                            (9) 

     Here the integral lower and upper bounds   and   can 

be any real numbers, or positive and negative infinities. For 

any arbitrary combination of       and  ( ) in (9), we will 

provide detailed steps to convert (9) as a basic integral (7) 

over the interval      . The key idea is to find a suitable 

variable substitution. That is, we substitute variable   in 

terms of  . This substitution will transfer the original 
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integral interval        into the new integral interval      .  
The transformation process can be described as following, 

                 ∫  ( )
 

 
    ∫   ( )

 

 
                          (10) 

where the new integrand, 

  ( )   (   ( ))   ( )   

here  ( ) is the Jacobian of the   variable substitution.  

If the transformation (10) exists, we can use the method (8) 

to approximate   in (9), 

                         ̂    
 

 
∑   (  )

 
   .                                (11) 

      Here  ̂  will converge to the true integral value    in (9) 

with probability 1.  

      Let’s classify all possible combinations of the integral 

lower and upper bounds   and   in (9) into different cases, 

and then we discuss each individual one.  

 

Case A:  For  

   ∫  ( )
 

 
      

here   and   are both finite real numbers and    
 , we define the following substitution,  

   
   

   
. 

 Then we have, 

                           implies      , and 

                              implies     . 

 The inverse function of   is,  

   ( )    (   )      

 The Jacobian of the   substitution, 

 ( )   
 

  
    ( )         

 Therefore, we have 

  ( )   (   ( ))   ( )  

  (  (   ) )  (   )   

 We have done the transformation, 

   ∫  ( )
 

 
    ∫   ( )

 

 
      

 

Case B:  For  

   ∫  ( )
 

 
      

 here   is a finite real number, we define a 

nonlinear transformation,  

   
 

     
. 

 Then we have, 

                           implies      , and 

                              implies          
 

     
   . 

 The inverse function of   is,  

   ( )   
 

 
        

 The Jacobian of the   substitution, 

 ( )   
 

  
    ( )    

 

     

 Therefore, we have 

 (   ( ))   ( )    (
 

 
    )  ( 

 

  )   

Using the negative sign to switch the integral 

lower and upper bounds, we have, 

  ( )    (
 

 
    )  

 

  
  

 This implies,  

   ∫  ( )
 

 
    ∫   ( )

 

 
      

 Here   ( ) may be unbounded when      . 

However this improper integral is convergent if   

is finite. There is no problem when we perform the 

Monte Carlo simulation, since all pseudo random 

numbers are from open interval (   ) and can’t be 

zero. 

 

Case C:  For  

   ∫  ( )
 

  
      

 here   is a finite real number, we define a 

nonlinear transformation,  

   
 

     
. 

 Then we have, 

                             implies            
 

     
   , 

and 

                              implies      . 

 The inverse function of   is,  

   ( )      
 

 
    

 The Jacobian of the   substitution, 

 ( )   
 

  
    ( )   

 

     

 Therefore, we have 

  ( )   (   ( ))   ( )  

  (    
 

 
)  

 

     

 This implies,  

   ∫  ( )
 

  
    ∫   ( )

 

 
      

 A typical application of Case C is the Normal cdf, 

 (  )   ∫
 

√    

  

  
  

 
(   ) 

        

 For this special integral, the closed-form of its 

antiderivative does not exist. 
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Case D:   For  

   ∫  ( )
 

  
      

 we rewrite this integral into a sum of two 

integrals,  

                  ∫  ( )
 

  
     ∫  ( )

 

  
  ∫  ( )

 

 
  

 We apply Case C method to the first integral and 

Case B method to the second integral, where 

     and     respectively. Therefore, we 

have, 

               ( )    (  
 

 
)  

 

     (
  

   
)  

 

(   ) 
 

 Then we have, 

   ∫  ( )
 

  
    ∫   ( )

 

 
      

      We have discussed all possible situations of the integral 

(9) so far. In other words, we can use the random number 

based method to approximate the integral (9) for any 

arbitrary lower and upper bounds.  

      This idea can be generalized to approximate the 

multiple integrals.   For a general  -dimensional integral, 

         ∫ ∫   ∫  (          )             
  

  

  

  

  

  
         

(12) 

we may transfer (12) into the following integral, 

         ∫ ∫   ∫   (          )             
 

 

 

 

 

 
                

(13) 

Integral (13) has a unit hyper-cube domain and is 

equivalent to, 

      (          )    

where            are independent random numbers. To 

approximate the   value of the  -dimensional integral (13), 

we only need to generate     independent random 

numbers over the unit hyper-cube       :  

  
                    

Therefore, we can estimate the integral value of   by,  

                           ̂   
 

 
∑   (  

    
      

 ) 
   .                     

(14) 

By the Strong Law of Large Numbers, with probability 1, 

               ̂         
 

 
∑   (  

    
      

 ) 
    

      

We only need a random number generator ([5], [6]) to 

implement our method in computer programming.   

 

4 Error Analysis 
 

      The implementation the Monte Carlo integration is a 

computer simulation. The Monte Carlo integration estimate 

convergences to the true integral value with probability 1.  

In practice, we need to consider when to stop the Monte 

Carlo simulation, which essentially is deciding the 

appropriate sample size  . The quality of the Monte Carlo 

integration estimator is depending on this sample size. 

Typical error analysis in Monte Carlo simulation is called 

the output analysis – using sample variance to evaluate the 

quality of Monte Carlo estimator ([2], [7]). In this section, 

we are assuming that the variance is finite so that the 

Central Limit Theory can be applied.  

The mean value of   ̂   in (14) is, 

 [ ̂ ]       

     This implies that   ̂  is an unbiased estimator.  The 

variance of     ̂  is given by, 

   ( ̂ )   
  

 (  )

 
. 

where,     (  ) is the variance    (  ⃗⃗⃗ ) and  ⃗⃗⃗ is the unit 

uniform random vector over the hyper-cube         ([2], 

[7]).  In practice, we use the following sample variance to 

estimate the about true variance. 

    
∑ (  (  

    
      

 )     ̂ )
  

   

   
   

      This variance decreases asymptotically to zero as 
 

 
. The 

expected value of the error is proportional to the standard 

deviation, which is   (
 

√ 
). From the Central Limit Theory, 

within one-  error, the confidence level is about 68%. 

Within two-  error, the confidence level is about 95%. 

Within three-  error, the confidence level is about 99.7%.  

We can decide the sample size   based on the desired 

confidence level. The swing digit ideal in ([9]) is a good 

method for reporting simulation outputs. To increase 

accuracy in one more digit, you need to increase the sample 

size 100 times.   

      The expected value of the error for this new method is 

always  (
 

√ 
), which does not depend on the integral 

dimensionality. However, for the deterministic numerical 

integration, it does depend on the integral dimensionality.  

For a  -dimensional integral, the Trapezoid rule provides 

an error of  (
 

 
 
 

), and the Simpson rule provides an error 

of  (
 

 
 
 

) ([3]). 

      In comparing error orders, for lower dimension 

integrals, the Trapezoid rule and Simpson rule are better 

than the Monte Carlo integration. As the dimensionality 

increases, for    , the Monte Carlo integration is better 

than the Trapezoid rule, and for    , the Monte Carlo 

integration is better than the Simpson Rule. Particularly, the 

Monte Carlo method is powerful for high dimension 

integrals. When the dimensional number   is higher than 

20, the only working numerical method is the Monte Carlo 

integration in many existing software packages. 
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5 Conclusions  
 

     In reality, an analytical form for a given integral is 

sometimes difficult to find. We turn this situation into 

numerical integration.  The popular deterministic numerical 

methods are the Trapezoid rule and the Simpson rule. The 

statistical numerical method is the Monte Carlo integration. 

In general, you need to select a probability density 

function, which has the same domain as the given integral 

domain. Generating a sample according to the selected 

density function is sometimes very expensive or inefficient. 

For the most popular method - simple Monte Carlo 

integration, the integral domain has to be a bounded hyper-

rectangle. This method does not work for any integral with 

an unbounded integral domain.  

     The new proposed method in this paper is more efficient 

and easier to implement in computer programming. We 

have covered all possible integral situations, including 

improper integrals. Detailed steps are provided for 

converting the given integral domain into a new domain – a 

unit hyper-cube. You only need to generate random 

samples uniformly over a unit hype-cube.  

     When the integral dimensional number is lower, there is 

no significant in errors for different numerical integration 

methods. When the integral dimensional number is higher, 

say larger than 8, the new proposed method for Monte 

Carlo integration dominates all other numerical integration 

methods. 
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Abstract - Modern advancements in computing hardware, 

namely FPGAs, have allowed greater flexibility in system 

design. However, deciding how to make use of this flexibility 

can be a challenge. A control system for a scanning probe 

microscope usually requires multiple devices, which has 

several downsides. A single, generic device can both allow 

greater flexibility and better results, and coupled with generic 

software can allow easy reconfiguration to accommodate any 

user’s needs. 

Keywords: software controller design SPM 

1 Introduction 

Frequently hardware systems such as controllers have 

software systems that enable users to set parameters, initiate 

procedures, and communicate with the hardware. In any of 

these systems, the hardware is only as easy to use as the 

supporting software.  In addition to user-friendliness, 

engineers must balance the hardware/software co-design issue 

correctly by determining which functions should occur in 

hardware and which can occur in software; a controller that 

computes heavily on the software side may be slow if the 

supporting hardware does not provide enough resources. For 

many years, systems have made use of microcontrollers or 

application-specific integrated circuits (ASICs). With the 

more recent increase in density and lowering costs of field-

programmable gate arrays (FPGAs), engineers are 

incorporating them into next-generation designs. These 

FPGA-based designs provide a great deal of flexibility in the 

hardware,  and create many more options for users and 

procedures, since FPGAs allow programmers to configure 

hardware components on a single chip rather than using 

several chips that are hard-coded for specific purposes.   

Even though FPGAs introduce a great deal of flexibility 

and options, the software often falls short of placing this 

flexibility into the hands of the user.  Typically, companies 

extend legacy software to include more parameters and pull-

down menus to access and configure this new flexibility and it 

is more complex and anything but user-friendly for users.  

Unfortunately, the net result of this is a system that does more 

but seems worse than previous version, while the hardware is 

much more advanced and capable than its predecessor. 

An example of a system in which FPGAs have added 

significant flexibility and presents these software challenges is 

a scanning probe microscope (SPM) controller.  The hardware 

can become extremely complex going from one component to 

another. Often, external cables connecting the hardware 

introduce a significant amount of noise in extremely sensitive 

data. Therefore, packaging the system into a single unit offers 

many benefits, including a significant noise reduction.  

Section 3 of this paper presents several important benefits to a 

single-box SPM system.   

The software interface must be designed to take full 

advantage of this flexibility.  Too much flexibility makes the 

system difficult to use, while a simpler software interface may 

limit the user’s configuration options. The High-Performance 

Embedded Systems lab at Oakland University has had the 

opportunity to work with RHK Technologies to create such a 

software system from scratch for their next generation SPM 

controller that uses a high-density FPGA, for the first time.  

Using FPGAs, they have created an architecture that allows 

scientists to create their own experiments with magnitudes 

more flexibility than ever.  Instead of extending their legacy 

software that has evolved and accompanied their controllers 

for the past twenty five years, RHK concluded that a 

completely new software architecture was in order.  The 

software uses the FPGAs in the system to create hardware 

components specific to the experiments developed by the 

scientists using it. The interface uses a drag-and-drop design 

in order to make the program as intuitive as possible, while 

simultaneously providing a large amount of control over the 

hardware parameters.  To develop this new architecture, RHK, 

external consultants, and members from the lab engaged in a 

lengthy but valuable process of engineering the software 

efficiently. 

This paper discusses the outcomes of the design and 

implementation work, including the efficient software 

interface for an object-oriented design of the system. Section 

2 covers some background information about SPMs in order 

to have a better understanding of the system requirements and 

the challenges they impose.  In the third section, the benefits 

of creating a system in a single unit are discussed. The 

following section goes into detail about the general challenges 

of hardware/software co-design and developing a software 

interface for a controller containing an FPGA with great 

flexibility. Next, section 5 explains the design of RHK’s R9 

system to overcome these problems.  Finally, a brief 

explanation of the software is presented, as well as the 

debugging tools that are critical in development, its 

architectural layers, and the benefits of making the tools 

object-oriented and multithreaded.  
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2 Background of Scanning Probe 

Microscopy  

The development of scanning probe microscopes 

(SPMs) has provided scientists the opportunity to both obtain 

an image of a sample at a very high resolution and interact 

with the atoms in the sample. The field of scan-probe 

microscopy incorporates several different types of microscopy 

measurement techniques, such as scanning tunneling 

microscopy (STM), scanning tunneling spectroscopy (STS), 

contact mode atomic force microscopy (AFM), non-contact 

mode AFM, and more. The choice of measurement depends 

upon the scanning environment, the type of sample being 

analyzed, and the data to be obtained.  

In general, an SPM consists of a probe that scans the 

surface, a sensor to detect the vertical position of the tip, and a 

feedback system to control the probe’s position. In a typical 

mode, the probe can interact with the sample in which the 

measured signal is used as the input of a feedback loop to 

maintain a constant distance above the surface. There is now a 

wide range of scanning probe microscopes designed to 

measure samples in a variety of environments, such as in 

liquids, air, and vacuums, and at a variety of temperatures 

ranging from a few millikelvin to over 1000 kelvin. 

Clearly, there are several configuration parameters for 

scientists to set in a SPM controller. Many of these parameters 

not only involve a linear sequence of events in the experiment 

but also require different hardware components. FPGAs 

provide the flexible configuration of hardware components, 

but most SPM controllers still involve a lot of external 

equipment that introduces new problems. These issues and a 

possible solution are discussed in the following section. 

 

3 Benefits of a Single-Box System 

Previous commercially available SPM control systems 

required multiple hardware devices in order to measure data. 

A power supply, PLL, lock-in amplifier, high-voltage piezo 

driver, and possibly more items all required separate boxes 

and needed to be manually wired together. The external 

wiring introduced more noise in the system, in addition to the 

inaccuracy produced from multiple digitization steps. 

Moreover, external wiring involves a careful and sometimes 

extensive setup that is difficult to replicate unless careful 

documentation is kept. It is especially inconvenient for cases 

in which the person who initially set up the wiring 

configuration leaves, and a new employee may not fully 

understand it.  

RHK has released an SPM control system called R9. In 

this system, everything is in one box with hardware capable of 

performing all of the required tasks. The power supply, PLL, 

lock-ins, high voltage driver, and even more components are 

all available. The system uses data acquired in a single 

digitization step, which requires few to no external wires other 

than the microscope control wires. All of the internal signals 

are digital and cannot pick up noise. The configuration occurs 

internally in the hardware and is set up with a software 

system. The software setup can be saved and loaded again 

later, with generic configurations available pre-setup. If 

additional hardware modules are required, scientists can add 

them into the experiment without adding additional hardware 

components. A huge benefit of a single-unit system is 

reproducibility in production; in essence, one box behaves like 

the other. If loose cables make the external connections, this 

would not be possible.  

Although the physical hardware design is greatly 

improved by a single-unit system, problems still arise in 

partitioning the system into hardware and software 

components.  
 

4 Co-design and Software 

Interfacing 

In general, the development of an SPM controller 

involves a long list of requirements. It has to lock onto a 

frequency and piezoelectric drives, change the tunneling 

current, change parameters, collect data, convert the data into 

pixels, and more. For this project, the hardware uses FPGAs 

and a SHARC processor that runs FORTH, while the software 

interacts with the system through an Ethernet cable 

connecting to a PC.  The interaction between the hardware 

and software has proved to be a formidable challenge. 

As discussed in previous sections, a highly configurable 

single-box SPM controller demands the hardware flexibility 

that FPGAs offer. To this end, RHK has designed a single-

unit SPM controller using high-density FPGAs.  The FPGAs 

are connected to A/D converters, D/A converters, counters, 

network interfaces, and other peripherals. This allows the 

system to run the required signal processing tasks massively 

parallel, thereby outperforming any single processor design.  

On top of this FPGA runs a FORTH system in an 

embedded SHARC processor. This system has access to all 

FPGA functions by means of registers and contains an 

interpreter that makes it especially useful for debugging. The 

FORTH language has some unique features that make it 

particularly well-suited for this purpose. Any FPGA feature 

can immediately be accessed by the FORTH console. In 

addition, FORTH contains a simple yet powerful compiler to 

build code both at boot-up and on the fly, which an important 

ability. In summary, the problems listed above need to be 

designed in either software or hardware.  

We have found that the partitioning of tasks between 

FPGA code and FORTH code is efficiently achieved 

according to these rules: (1) physical hardware items are 

reflected by FPGA code items, and (2) software procedures 

are implemented in FORTH code. The FPGA routing facilities 

are used to implement all the options of the hardware space of 

the controller. The big challenge in this design lies in building 

the interfacing logic that translates the IHDL (software) 

procedures into FORTH instructions. IHDL procedures and 

hardware space are discussed in further detail in the next 

section. 

The current R9 system evolved out of the PLLPro2 

NCAFM controller. One piece of legacy hardware is the 
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SHARC DSP processor that runs the FORTH system. Before 

R9 development began, large amounts of code/libraries were 

already written for this FORTH system. For this reason, we 

kept the SHARC DSP processor. It will soon be replaced by a 

soft core FORTH processor. 

The PLLPro2 had a separate board with two 20 bit A/D 

converters and nine 18 bit D/A converters. This board was not 

connected to the main FPGA chip and could only be accessed 

from the SHARC DSP processor. As a result, the SHARC was 

heavily loaded with a DAC and A/D interfacing interrupt 

service routine. We removed this board from the design. 

DACs and ADCs are now directly interfaced by the FPGA 

chip, allowing us to fully implement the IHDL hardware 

space representation inside the FPGA. 

The hardware of the R9 system is designed to maximize 

the flexibility that FPGAs offer. In order to take advantage of 

the benefits of this hardware controller, the software interface 

must be similarly flexible. R9’s software (R9S) allows the 

user to select the hardware components for an experiment as 

well as developing the steps to collect data. R9S was designed 

from scratch to ensure that the code runs as efficiently as 

possible while providing an interface that is both easy to use 

and to configure. 

 

5 Software Architecture 

The main concern in designing a system for any purpose 

is determining the degree of flexibility. If the system is too 

rigid, it limits the hardware that can be used with the system 

as well as the actual tasks that can be accomplished. If the 

system is too flexible, then it has many possible 

configurations but no clear built-in purpose or configuration 

that the user can easily apply. The purpose for the R9S 

software architecture is to allow scientists to design 

experiments on hardware that supports different microscopes, 

vendors, and versions. In order to achieve this objective, 

FPGAs were included to support multiple hardware 

configurations. Another goal is to prevent the use of pull-

down menus containing hundreds of configuration options, 

which causes RHK employees to reconfigure the system 

constantly. In order to achieve this functionality, the system 

should give advanced users the ability to connect the hardware 

components themselves in a simple and efficient manner. 

The approach to achieving these requirements involves 

creating a space for hardware components (Figure 2), a 

software procedure space (Figure 3), and also a scan area 

window for scan-specific functions (Figure 1). Different 

iterations of this design were made to make it more flexible. 

Originally, there was no scan area window and the system was 

designed very generically. Since the main purpose is to use 

this hardware as a scanner, the third domain for scanning was 

created. With two generic domains and one specific domain, 

the system is flexible with a built-in purpose that is obvious to 

its users. The procedure space can literally be used for 

anything, and was made very basic (stop, start, etc.) to control 

the hardware dynamically, whereas the hardware space can be 

used to represent specific hardware configurations. 

 

  
Figure 1. Scan Window 

 

 
Figure 2. Hardware Space 

 

 

Figure 3. A fairly simple procedure space setup 

After much consideration regarding flexibility versus 

usability, the software was designed to send down 

configurations to the FPGAs, which would then use a 

multiplexer to select certain hardware configurations. 

Hardware and procedure space are represented as visual 

interconnected blocks called IHDL. 

 

5.1 Introduction to IHDL 

The backbone of the R9 software is called IHDL (Iconic 

Hardware Description Language). IHDL is a visual 

programming language that allows users to create programs 

by manipulating them graphically, rather than with text. A 

visual programming language provides flexibility in the 

software and takes advantage of the flexibility of the FPGAs. 

Some parts of hardware could be implemented in the FPGAs, 

while certain portions of hardware could be implemented in 

the software, and vice versa. In order for the software to take 

full advantage of the FPGAs, the software needs to use 

parallelism. IHDL is inherently parallel and is easier to debug 

than an imperative programming language. The usage of 

IHDL in the R9 software provides a very easy and 

understandable method of connecting hardware, creating 

procedures, and designing experiments. 

IHDL solves several of the issues that have been found 

in SPM software programs. One such issue is a complex user 
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interface that requires several clicks to accomplish routine 

changes in the configuration. Other problems may include a 

lack of integration with the hardware or a lack of extensible 

design. 

In the R9 controller, IHDL is used to represent the 

available hardware items for use in experiments. In order to 

replace dials, knobs, and other external configurations, these 

IHDL hardware items provide simple graphics (text boxes, 

drop down menus, etc.) in order to provide input to the 

hardware. A user simply drags the item from the palette and 

drops it onto the workspace. Altogether, these items represent 

a fixed digital file which can be saved and reused. 

If the user wishes to repeat experiments, procedure items 

offer this feature. The IHDL workspace has many groups of 

hardware items, but the procedure workspace has exactly nine 

(Figure 4). The low number of procedure items makes it easy 

to create control systems for the IHDL items while keeping 

procedures from becoming overcomplicated. The procedure 

items connect to one another in the same manner as IHDL 

workspace items. 

 

Figure 4. R9S procedure space items  

The software that controls the R9 system was designed 

to be both simplistic and flexible. It contains several powerful 

tools, such as a debugger for experiments that alerts the users 

if components are incorrectly connected. It consists of three 

main layers: the graphical user interface, the implementation 

of the GUI, and the communication between the code and the 

hardware. Each layer is run on a separate thread to ensure that 

the GUI is responsive. Finally, the code takes advantage of 

object-oriented design to create an intuitive drag-and-drop 

display. 

 The R9 software has the advantage of being built on top 

of the hardware, rather than being built separately. Since R9S 

is visual and includes no language-based syntax, the user is 

free to learn the system as if he/she were building and 

connecting up the hardware. This process will be logical to 

those individuals familiar with hooking up the hardware 

components.  
 

 

 

Figure 5. IHDL hardware setup in the R9S workspace 

The IHDL items (shown in Figure 5) are represented as 

blocks in their respective workspaces of R9S. Many of the 

blocks contain multiple input and output pins. The pins and 

their connections provide the user with a more efficient and 

stable version of the hardware, instead of manually connecting 

cables. With this design, users have a neat and organized 

toolbox of components with which they design experiments.  

 

 

Figure 6. Part of a complex experiment in the R9S procedure space 

 
Procedure items (Figures 4, 6) are used for activation 

and deactivation of hardware, states, loops, if/else conditions, 

etc. Since IHDL simplifies the process of creating an 

experiment, low-cost custom experiments are possible. 

 For the changes to properties of the procedures and 

workspace items to take effect, the configuration information 

must be sent down to the FPGAs/hardware. This is 

accomplished through the press of a button, called 

initialization. Once initialization begins, the hardware is 

configured. In order to run the experiment, the start button 

must be pressed to run the procedure on the board. A 

customer that wants to be able to run a general type of 

spectroscopy experiment with a push of a couple of buttons 

now has that ability.  

 

5.2 Debugging Tools 

The R9S system contains many in-software debugging 

and bug-prevention tools to ensure a user-friendly experience. 

For example, when trying to connect one item to another, the 

available pins are highlighted when making the connection. 

There is also a method to trigger graphical messages during a 

procedure. Moreover, a software-based oscilloscope is 

available to check signals, as well as a FORTH front end that 

allows users to directly check the state of the R9 controller 

while the software runs. 
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Validation rules help prevent users from connecting 

pieces of hardware incorrectly. If a user is unfamiliar with the 

hardware and create an invalid connection, their setup will 

obviously not work as expected. The pin highlighting feature 

uses these validation rules to graphically show the user which 

hardware connections are valid. Invalid connections are pins 

that aren’t highlighted. These and other rules in the system 

play a large part in the overall scope of R9S. 

Another debugging tool in the procedure space is the 

ability to add message blocks. The user designing the 

experiment can receive custom pop-up messages to provide 

whatever information that the user sees necessary. This 

method is analogous to software debugging, in which a user 

prints out a message to the console at certain points in order to 

help trace the flow of the program. In this case, the user adds 

pop-up messages to help trace the flow of the procedure itself, 

therefore granting the user a real-time view of the currently 

running experiment. 

The software-based oscilloscope in R9S gives a visual 

representation of signal waveforms in real time. The user can 

determine whether the output is accurate according the input 

for the specified components. Additionally, the oscilloscope 

can be used to simply view different kinds of waveform 

outputs. The oscilloscope is represented in the IHDL as a 

versatile hardware component that has an accessible graphical 

user interface. 

The FORTH front end contains a textual user interface 

for sending commands to the R9 controller. This allows the 

user to query the status of the hardware in the program. It is 

mostly useful for RHK technicians in diagnosing any errors 

that may occur while the software is running. The FORTH 

front end, combined with the previously mentioned debugging 

tools, serves to ensure that the user has a smooth, productive 

experience with the R9S software. 

 

5.3 Organization 

5.3.1 Layers 

In order to keep the R9 software organized, a three layer 

model was used: the user interface (UI), implementation, and 

communication. The UI layer contains all of the graphical 

components and the functions that allow the user to interact 

with the software. The implementation layer holds the code 

that models the software’s required behavior. Finally, the 

communication layer provides the communication from the 

software to the hardware (or to any other external actor). 

Figure 5 shows the layers together as a model. 

 

GUI

Implementation

Communication

User

Hardware

UI Components
Presentation Logic 

Components

Data Analysis Data Conversion

Data Acquisition

 

Figure 5. R9S Software Layer Model 

The user interface layer contains code written using the 

DevExpress library, some Windows forms-based libraries, 

and Microsoft Foundation Classes (MFC). Each of these 

primarily uses an event-driven model. Everything the user 

sees exists in the UI layer, including the IHL workspace, the 

dashboard, and the procedure space.  

All of the data processing takes place in the 

implementation layer. Any algorithms that manipulate 

incoming data are computed here. This is the middle layer 

between the user interface layer and the communication layer.  

The communication layer interfaces between the R9 

controller and the R9S software. Essentially, sockets open to 

allow the reception and transmission of data. The 

communication protocol used is UDP (user datagram packet). 

5.3.2 Object-Oriented Design 

 In an effort to make R9S easy to understand, the 

software is completely object-oriented. Hardware items are 

considered to be objects and have a base class. Furthermore, 

another class extends the base class that contains more 

detailed information. This polymorphic design allows for 

better versatility and re-usability of code. 

 An object-oriented design models real-world items 

such that they can be accurately represented in software. This 

is especially applicable in the creation of Iconic Hardware 

Description Language (IHDL). Connections between the 

items are represented through pins and wires. Pins are objects 

and wires are pointers between the two pins.  

5.3.3 Threading 

 In order to ensure that the interface has a quick 

response time, each of the three layers exists on its own 

thread. R9S uses several other threads, but these are the main 

ones. Communication between threads is often difficult when 

sharing data between them.  

 Shared data introduces the problem of race conditions. 

If all threads have the ability to read and write simultaneously, 

the data may be inconsistent between threads. To prevent 
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these conditions from occurring, semaphores are used to 

define critical sections where only one thread can read and/or 

write the data at a given time. In addition to the use of 

semaphores, function pointers are stored between threads to 

allow data to be passed from thread to thread.  

Often, the implementation layer contains newly 

processed data that has not been updated in the GUI yet. In 

order to update the GUI, the implementation layer refers to a 

callback function that passes the data to the GUI. [4] 

 

5.4 Architecture Summary 

The R9S software implements an interface that focuses 

on data configuration and achieves it through visual 

programming. It provides the ability to control SPM 

experiments and the parameters through software procedures. 

This powerful, user-friendly system is what has ultimately 

led to the success of R9S. Users no longer need to manually 

set up components with cables that can easily hinder the 

advancement of SPM. RHK’s one-box solution with its 

flexible software package has remedied the problems that 

have continuously plagued the industry. Since R9S stores its 

hardware connections in savable files, they are always 

available to the user. The user is in full control with R9S and 

the software continues to provide an easy yet extremely 

powerful way for its customers to work with SPM. 

 

6 System Benefits 

The development of IHDL allows RHK to present the 

user with a highly flexible and versatile control system 

without the drawback of being too complex to configure and 

operate. The IHDL allows the integration of a large number 

of real components, such as ADCs and DACs with an even 

larger number of virtual components, such as feedback loops, 

lock in amplifiers, signal multiplexers, into a wide variety of 

experimental configurations in an intuitive manner that 

graphically resembles the connection of separate instruments 

with electronic cables.  

Another advantage of the IHDL is that the hardware-

firmware configuration, which is normally set once for a 

specific type of experiment, is separated from the actual 

measurements that are made using that hardware 

configuration, which are changed frequently. The user can 

switch between topographic and spectroscopic measurements, 

atomic manipulations and other types of surface 

modifications without requiring any change to the hardware 

configuration. Other types of software configuration 

languages such as Labview intertwine the hardware 

configurations and the operations performed on those 

configurations. This makes changes to existing experiments 

much more time-consuming and requires a much longer 

learning curve. Users can start to make modifications to their 

IHDL setups within a day or when just starting to use the 

system. 

The integration of multiple feedback loops, lock-in 

amplifiers, and phase-locked loops inside of a single large-

scale FPGA has also enabled the ability to detect, measure, 

and receive feedback off of any harmonic or sideband of the 

mixture of different input signals over a wide frequency 

range. This capability is greatly reduced in systems composed 

of separate components connected through analog cables as 

precise frequency and phase information is compromised due 

to the multiple analog to digital conversions that are utilized. 

As powerful as the existing R9 system is currently, the 

system's capabilities continue to grow as more firmware 

components are added to the existing FPGAs. As customers 

push the limits to what can be done with the existing 

firmware implementations, RHK has been responding by 

adding the capabilities to keep pushing the experimental 

envelope. The initial firmware release provided for a single 

feedback loop (for Z feedback) and a single lock-in amplifier 

to demodulate one signal. The current firmware now contains 

three feedback loops (Z feedback, KFM, interferometer), one 

lock-in amplifier and one PLL. The next firmware release 

will add additional feedback loops, one more PLL and two 

more lock-in amplifiers. New capabilities enabled by these 

firmware components include multi-frequency excitation and 

simultaneous demodulation of multiple harmonics. None of 

these enhancements require any changes to the existing 

hardware. All existing R9 customers can upgrade to the latest 

capabilities via a simple software upgrade. 

 

7 Results 

RHK's previous SPM control system, the SPM1000, had 

been the used for a generation by research scientists. 

However, as a mostly analog system, it was eventually 

eclipsed by other control systems that allowed digital control 

of most parameters. These control systems, while more 

flexible than an analog system, are limited by their reliance on 

data acquisition systems developed by other companies and 

not optimized specifically for SPM operation. Utilizing 

circuitry developed completely in-house specifically for SPM 

use has provided the R9 system with a unique combination of 

high speed operation with low noise precision. The addition of 

the IHDL interface is already positioning the R9 to be the 

system of choice for the top tier of research scientists across 

the globe.  Over 50 of them have been delivered and are in use 

worldwide. 

8 Conclusions and Future Work 

In conclusion, the problems of hardware/software co-

design and the creation of a software interface are common to 

numerous applications. Several solutions have been 

presented: combining the system into a single box to reduce 

noise and complexity, using the flexibility of FPGAs to 

design hardware components, and finally designing an 

object-oriented, multi-threaded software controller with a 

drag-and-drop interface. Using these approaches, RHK has 

successfully a powerful SPM controller to efficiently scan 

and measure data while making it easy for scientists to use.  

Furthermore, by having the ability to endlessly reconfigure 

the lab in a single box and save previous configurations, 

scientists have been able to experiment more and will be able 
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to revert to configuration from the past in years to come, 

even after graduate students and post-docs who once setup 

the systems and configurations have gone. 

Currently, a soft-core FORTH processor has been 

developed and is undergoing testing. This project will 

eliminate the SHARC processor, which is legacy hardware 

from the PLL Pro 2.  Eliminating the SHARC processor by 

replacing it with a soft core in the FPGA will offer even 

more flexibility and speed. Future improvements are endless, 

but the approaches described in this paper provide a solid 

foundation. 
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Abstract - This paper presents research on the validation of a 

set of creep damage constitutive equations for P91 alloy under 

multi-axial states of stress, and its applicability under lower 

stress level. Creep damage is one of the serious problems for 

the high temperature industries and computational creep 

damage has been developed and used, complementary to the 

experimental approach, to assist safe operation. In creep 

damage mechanics, a set of constitutive equations needs to be 

developed and validated. Recently, a mechanism-based 

approach for the developing creep damage constitutive 

equation for this type of high Cr alloy has merged and several 

versions of creep damage constitutive equations have been 

proposed. However, so far, they are limited to uni-axial case 

under medium to high stress level. In fact, multi-axial states of 

stress and lower stress level are more pertinent to the real 

industrial applications. That is the objective of this research. 

This paper contributes to the methodology and specific 

knowledge.    

 

Keywords: P91, Creep mechanism, CDM Model 

 

1.  Introduction 

Scientists estimate that the world power requirement will 

increase by up to 50% in the next 20 years. Hence, it is essential 

to develop the advanced energy resources which must be cost 

effective, sustainable and environmental friendly [1]. The 

Cr-Mo steels have been the material of choice for using in the 

power generation plants [2]. During 1960s, the Ferritic- 

martensitic steels with 9-12 wt% Cr were developed for 

fossil-fuel-fired power plants [3], and used for boiler tube in 

the advanced gas-cooled reactors [4, 5] later on. P91 

(9Cr-1Mo-V-Nb) steel is mostly used in thermal power plants 

because of its high strength at high temperatures and it has 

already about ten years for its practical application. Because of 

concerns about the age-degradtion in the mechanical properties 

at elevated temperatures of structural components 

 
 

manufactured, more and more research have been conducted to 

predict the creep life and residual life of base metal of P91 steel 

[6].  

Recently, continuum damage mechanisms modeling 

were applied to simulate the creep behavior of modified 

9Cr-1Mo steel. Firstly, the Orowan Equation was employed to 

relate the density of mobile dislocations and their glide velocity. 

Blum et al. (2002) said that the evolution of dislocations was 

estimated based on a model proposed [7]. Secondly, Orowan’s 

equation was modified by adding the contributions of 

influences of various creep damage mechanisms such as solid 

solution depletion, precipitate coarsening, and cavitation. 

Creep cavitation (nucleation, growth, and coalesces) is another 

mechanism which affects creep strain, creep damage and 

rupture. Yin and Faulkner (2006) [8] advanced the approach of 

continuum creep damage mechanics modelling of McLean and 

Dyson (2000) [9] by introducing a specific formula to count for 

the creep cavity damage for 9Cr alloy. Recently, Yunxiang and 

Ke Yang (2011) [10] have developed a set of creep damage 

constitutive equations for P91 alloy under the medium and high 

stress level, following the similar approach, and they have 

included strain hardness, solute depletion, and particle 

coarsening, ignoring the multiplication of mobile dislocations. 

In this paper, the objectives are respectively divided into 

below three aspects: 

1. To understand the creep damage, continuum creep 

damage mechanisms, effectively use the numerical method of 

Euler integration by software of Excel. 

2. To validate a set 3D creep damage constitutive equations 

generalized from Chen Yunxiang and Ke Yang (CK 

formulation) for P91 at 600  under high stress.  

3. To extend the uniaxial creep damage constituteve 

equations of Chen Yunxiang and Ke Yang for P91 at 600  

under plane stress condition and plane strain condition and 

apply the uniaxial model from high stress for middle and low 

stress. 
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2.  Continuum creep damage mechanics 

modeling 

The theory of continuum mechanics is the establishment 

of the basis of the hypothesis of presented continuous research 

on realizable on law of motion. The theory of continuum 

mechanics has a great advantage on the mathematical modeling. 

Therefore, there are many existing with some microscopic 

defects inside of materials, such as dislocation, inclusions, 

cavitation at el. In order to describe the effects of the 

microscopic defects, Kachanov provided the concept of 

continuous damaged mechanics. The development and 

evolution of the continuum damage modeling is based on the 

concept later on. The main microstructural changes of P91 

(high Cr) alloy is summarized below: 

 

2.1. Solid solution depletion (Ds) 

The alloying elements are added to enhance the 

resistance for dislocation motion, which increase the creep 

resistance of the material. The experimental data on 9Cr-1Mo 

have shown the creep resistance of precipitation is decreasing 

during Fe2Mo laves phase. During the conditions of long term 

high temperature and stress exposure, the Mo depletion in the 

subgrain matrix produced the decreasing of creep resistance. 

The element of Mo is added to the material in order to increase 

the mechanism of solid solution strengthening. There is no 

helping for the dislocations motion decreasing by the large size 

of the Laves phase of Fe2Mo and the low volume fraction [1]. 

The large size Laves phases at grain boundaries are the most 

likely source of cavity nucleation and the intergranular fracture. 

This mechanism is described the damage evolution of void 

nucleation and crack formation. According to Y.F. Yin (2006) 

[8], the damage owing of the solute depletion (Ds) is defined:  

                                       Ds = 1 
  ̅̅ ̅

  
                                     (1) 

where Co is the initial concentration of solid solution in the 

matrix, and   ̅  is their average concentration at time t. In 

addition, the rate of change of Ds by Dyson’s approach follow 

by Wert-Zener equation [11] is 

                                    ̇s = KsDs
1/3

(1   )                            (2) 

where the parameter of constant Ks is defined as:     

                            Ks = [48  (C0 
  

  
 1/3

n
2/3

D]                     (3) 

where D is the diffusion coefficient of Mo in matrix, the n is the 

number of precipitate particles and Cβ is the concentration of 

solid solution in the precipitate of Laves. The values of Co and 

Ce using Thermo-Calc and found Co = 0.56 mol% and Ce= 

0.33 mol% [1]. 

 

2.2. Precipitate particle coarsening (Dp) 

In Dyson’s approach, creep damage is owing to particle 

coarsening which is because of the interparticle spacing of the 

hardening particles [12]. The modifying of the precipitate 

coarsening of  9Cr-1Mo steel plays an important role in the 

creep resistance of this material that Nakajima et al. (2003) 

studied the coarsening of M23C6 and MX precipitates in T91 

steel during creep processes. The stress, which required for 

dislocations to climb over precipitates, is decreased by the 

increased interparticle spacing. Following the damage because 

of the coarsening of M23C6 precipitate particles following 

Dyson’s approach [12], Dp is defined as  

                                     = 1 
  

  
                                      (4) 

where Po is the initial particle diameter and Pt is the particle 

size at any time t. It is a supposed that the coarsening of the 

particles obeys Livshitz-Wagner equation:  

                                                                                (5) 

where the K is a constant determined by diffusivity, interfacial 

energy, equilibrium solute concentration. The above equation 

just only could apply to intragranular spherical particles such 

as MX, but could not for M23C6.  

 

The rate of precipitate particle coarsening is described by  

                                    ̇p = 
  

 
                                   (6) 

Where Kp is the rate constant normalized by K and the third 

power of the initial particle size.  As a result, 0< Dp <1.Using a 

constant Kp and an activation energy parameter Qp, the below 

equation is shown the relationship of Kp and temperature T. 

                                    =          
  

  
)                            (7) 

Where the R is the universal gas constant, the T is the 

temperature; the Qp is an activation energy parameter.  

 

2.3.     Void nucleation and crack formation (Dn) 

Creep damage of 9Cr-1Mo steel is dependent on 

different mechanisms such as void nucleation and cavity 

formation [1]. The damage parameter (Dn), which is for cavity 

nucleation and growth, is defined as the fraction of grain 

boundary facets cavitation [8]. The below equation shows the 

evolution of Dn: 

                                   ̇   
  

   
  ̇                                     (8) 

Where the εfu is the uniaxial strain at fracture and the kn is a 

limit value blew 1/3. It is mean the damage of cavitation in 

proportion to strain rate.  

 

Yin and Faulkner [8] proposed the rate of evolution of Dn 

for P91 alloy as:  
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                                     ̇n= A’  ̇                                    (9) 

where the material constant of A and B are a function of 

temperature and stress. Where A’ (A’=AB) and B’ (B’=B-1) 

are large strains and high strain rates, Dn may be equal to or 

larger than one. This will cause a divergence in the 

computation at high stress and strain; so, the magnitude of Dn 

should not reach one, thus 0< Dn <1.  

 

2.4.   Dimensionless parameter of strain harding 

(H) 

The model of primary creep [13] is a modification of that 

suggested by Ion et al. [14]. The dimensionless parameter H is 

defined as  

                                               
  

 
                                   (10) 

Where σ is the stress and σi is an internal back stress generated 

during stress redistribution within strain Harding as inelastic 

strain accumulates. The H is as follows 

                                       ̇   
  

 
 [1 

 

  ] ̇                          (11) 

The value of H is ranging from zero to a microstructure 

dependent maximum of H* (H*<1). The constant h’ = EФ, 

where E is the Young’s modulus and Ф is the volume fraction.  

3. Creep damage constitutive equations 

3.1. Kachanov and Robotnov’s equations 

In order to descript the influence of the micro defect for 

mechanical properties of materials, Kachanov [15] originally 

put forward the fundamental theory of continuous damaged 

mechanics, and Rabotnov [16] lead damage fraction (D) to 

macroscopic constitutive equation in order to represent the 

damage state of materials characterized by distributed cavities 

in terms of appropriate mechanical variables (internal state 

variables), and then to establish mechanical behaviour of 

damaged materials.  

                                       ̇ =  0̇ [
 

       
] 

n
                           (12) 

                                      ̇ =  ̇0 [
 

       
] 

v
                          (13) 

where the  ̇ is the creep rate during the process of creep; σ is 

the applied stress for materials during the process of creep. The 

symbol with the mark of zero is the initial state; n is the 

constant of materials and normally named stress exponent. 

Where  ̇and  ̇0 are respectively meaning the change of creep 

rate in the materials during the creep processes and the creep 

rate at the beginning of the creep; the v is the material constant. 

 

3.2. Ion’s equations 

During the secondary creep, it will occur strain 

hardening and recovery. Ion et.al [14] leads in the 

dimensionless parameter of H to the creep constitutive 

equations in order to present the influence of the working 

hardening. The creep constitutive equations of Robotnov will 

be changed and shown in below: 

                                     ̇ =  0̇ [
      

   
] 

n
                             (14) 

where  ̇ is the creep rate during the process of creep; σ is the 

applied stress for materials during the process of creep. The 

symbol with the mark of zero is the initial state; n is the 

constant of materials and normally named stress exponent; H is 

the dimensionless parameter. 

                                  ̇ =  ̇0 [
      

       
] 

v
                            (15) 

where  ̇and  ̇0 are respectively meaning the change of creep 

rate in the materials during the creep processes and the creep 

rate at the beginning of the creep; the v is the material constant; 

H is the dimensionless parameter. 

3.3. Dyson’s equations 

The creep constitutive equation of Robotnov is based on 

the phenomenological theory. Using the D to indicate many 

microdefects such as solid solution depletion, precipitate 

coarsening, void nucleation and crack formation et.al, it is too 

simple to show the influence of multiple microdefects for the 

process of creep. Dyson modified the CDM model, and 

summarized the effects of creep rate including particle 

coarsening (Dp), solute depletion (Ds), cavity nucleation and 

growth (Dn) and dislocations (Dd) et.al creep damage 

mechanisms [2]. The physically based CMD model of Dyson 

shows below: 

 ̇ =  0̇ 
 

            
   sinh [
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 ̇ = 
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 ̇s = KsDs
1/3

(1   ), 

 ̇p = 
  

 
       , 

 ̇n= A’  ̇    .                                                                   (16) 

3.4. Chen Yunxiang and Yang Ke’s equations 
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 ̇s = KsDs
1/3

(1   ), 

 ̇p = 
  

 
       , 

 ̇n= A’  ̇                                                                         (17) 

where the σis engineering stress, the   ̇ is creep rate.  

 

4. Methodolagy 

Firstly, to collect all the parameters used in the creep 

modeling for P91 at 600℃ with stress above 130MPa from the 

paper of Chen Yunxiang and Ke Yang [10]. The software of 

Excel is mainly computation tool for analysis the creep damage 

constitutive equations of Chen Yunxiang and Ke Yang for P91 
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at 600  under middle and high stress. 

 

Secondly, to develop, validate, and use the Excel 

software. The computational software for uniaxial case was 

developed and validated against the published creep strain rate 

against time under 130 MPa [10]. Further detailed the damage 

evolutions and their contributions have been obtained.  

 

Thirdly, to generalize 3D version of the creep damage 

constitutive equations and validate it. The generalization is 

based on the classical assumption in plasticity/creep theory that 

the relationship between effective creep strain and effective 

stress is the same as that of creep strain and stress under 

uni-axial case. The validation is limited to plane stress and 

plain strain cases due to the limited experimental data. 

 

Finally, to assess the applicability of the model of Chen 

Yunxiang and Ke Yang’s creep damage constitutive equations 

for P91 under lower stress level.  

 

5. Development and validation 

5.1. Development and validation of the Excel 

Software for uni-axial Case 

The creep constitutive damage equations for P91 steel 

proposed by Chen Yunxiang and Ke Yang, the uniaxial creep 

constitutive damage equations is in third part of three. Creep 

damage constitutive equations. 

 

 ̇0 , H*, h’, n, Kp, Ks, A and B are the material constants which 

are calculated by the experiment date and collected together in 

Chen yunxiang and Ke Yang’s paper from different papers and 

literatures [10]. The table below is the values and units of those 

material constants. 

 

Table1. Materials constants 

Term Value Unit 

H* 0.269  

h’ 10000 Mpa 

Kp 1.5 10^-7 s
-1

 

Ks 5  10^-8 s
-1

 

A 1.5  

B 2  

A’ 2.9  

B’ 0.95  

n 10.186  

σ0 200 Mpa 

 ̇0 5.7 10^-6 s
-1

 

 

The model of creep damage constitutive equations for 

P91 at 600  under uniaxial stress is calculated by the Euler 

integration method using the science tool of Excel. For 

example, the parameter H for describing primary creep is 

solved numerically at each time interval as follows [8]: 

                               ΔH= 
  

 
 (1 

    

  
) Δεi-1                         (18) 

                                    Hi=Hi-1+ΔH                                    (19) 

The subscript i and i-1 indicate the current and the previous 

time step respectively. The e uations of H  ,  ̇ ,  ̇p and  ̇  are 
calculated once by incremental time  .  hour, the new results 

of those will be inset into the e uation of ε   , it gets the current 

creep rate and the current strain, and then can be calculate 

according the below equation: 

                                      εi=εi-1+  ̇Δt                                     (20) 

Based on the data produced by the software of Excel, the 

graphs of strain against time and stress against time under 

different middle and high stress could be drawn out and shown 

in below: 

 
Figure1. The curve of strain rate vs. time at 600  under 

130MPa 

 

From the comparison of the results obtained from the 

current Excel Software, shown by Figs 1 to 3, with that 

published in [10], it is concluded that the Excel software has 

been developed correctly. Furthermore, detailed evolution and 

damages and their contributions to the creep strain rate and 

creep strain have been obtained. Due to the limit of space, they 

will not be reported here. 

Figure2. The curve of strain vs. time at 600  under 145MPa 
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Figure3. The curve of strain vs. time at 600  under 175MPa 

 

Figure4. The comparison of the curve of strain vs. time at 

600  under different middle and high stress 

 

5.2. 3D generalization and validation 
 

The multi-axial creep damage constitutive equations are 

based on the uniaxial creep damage constitutive equations of 

Chen Yunxiang and Ke Yang, the uniaxial stress is replaced by 

the effective stress (equivalent stress). The multi-axial creep 

damage constitutive equations are shown below: 

  ̇ =  0̇ 
 

      
 [

       

              
] 

n
, 

 ̇ = 
  

  
 (1 

 

  
)  ė, 

 ̇s = KsDs
1/3

(1   ), 

 ̇p = 
  

 
       , 

 ̇n= A’  ̇                                                                             (21) 

For practical validation under plane stress and plain 

strain conditions, the von Mises stress has been derived 

explicitly and given bellow.  

            σe = 1/√  [(σ1-σ2)
2
+(σ2-σ3)

2
+(σ3-σ1)

2
]

1/2
                    (22)          

1. To calculate the biaxial stress σ1 and σ2 under plane stress, 

the relationship between σ1 and σ2 is tangent function, and the 

value of σ3 is zero. 

                                     tanα= 
  

  
 ;σ3 = 0                               (23) 

Submitting the two equations into the equation of the effective 

stress will get: 

                          σe = σ1 √                                (24) 

2. To calculate the biaxial stress σ1 and σ2 under plane strain, 

the relationship between σ1 and σ2 is tangent function, and the 

value of σ3 is shown in below equation: 

                                    σ3 = 
     

 
 , tanα=

  

  
                         (25) 

Submitting the two equations into the equation of the effective 

stress will get: 

                               σe = σ1 √  
 

 
 

  

 
 

 

 
                          (26) 

The model of multi-axial creep damage constitutive 

equations is repeatedly operating at interval of every 5  with 

the first principle stress calibrated to yield the same failure time 

with uniaxial model. After the above steps, the result is the 

isochronous rupture locus shown in below graph; a boundary 

representation of the stress at any angle that produces the creep 

failure of the material in the same time period. 

 

 
Figure5. Isochronous rupture loci for multi-axial formulation 

under plane stress condition for P91 at 600  
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Figure6. Isochronous rupture loci for multi-axial formulation 

under plane strain condition for P91 at 600℃ 

 

Figure6 shows that under high (not even pure) 

hydrostatic pressure, the creep strength is extremely high, 

which is not true: the hydrostatic pressure does promote the 

creep cavity and rupture. 

This problem is rooted by the adoption of the classic/traditional 

assumption that the plastic/creep strain rate is controlled by the 

effective stress, and the creep damage evolution is controlled 

by the creep strain.   

 

5.3. Application of the equations of Chen 

Yunxiang and Ke Yang for P91 at  600℃ 

for middle and high stress to low stress 

This set of creep damage constitutive equations has 

been applied to lower stress level, beyond to its original range 

of application. The lifetime and stress relationship has been 

obtained as shown in Figure7. 

 
Figure7. The graph of strain against time under low stress 

 

6. Discussion 

6.1.    Uni-axial creep simulation for middle and                        

high stress 

The numerical simulation of uni-axial creep case under 

middle and high stress level has been produced successfully. 

The key feature of this set of creep damage constitutive 

equation [10] is the inclusion of various creep damage 

mechanisms, particularly the creep cavity law. A parametric 

study of their influence and significance on the lifetime reveals 

the significance of creep cavity damage Dn.  

6.2.   Multi-axial generalization and validation 

A multi-axial version of the creep damage constitutive 

equations [10] has been proposed. This generalization seems 

not questionable as apparently it only adopted the 

classic/traditional assumption of that the effective creep strain 

is controlled by the effective stress in the creep cavity damage 

evolution law. However, the numerical prediction of lifetime 

from the multi-axial constitutive equations is not consistent 

with the experimental observation. Similar deficiency was 

revealed in KRH formulation by Xu [17], as illustrated by 

Figure8 (b). Current work suggests the need to examine further 

the validity of the creep cavity evolution law, at least under 

multi-axial and how it is coupled with creep deformation and 

rupture for the specific material, as well as a general method for 

continuum creep damage mechanics.  

6.3.     Extension to lower stress level 

Due to the apparent success of this type of creep 

damage constitutive equations (uni-axial version only) under 

middle and high stress level [9, 8, 10], it is nature to hope that it 

will work under the lower stress level. This research has 

examined this. The authors are not ignorant about the 

breakdown concept and phenomena, generally and specifically 

to this alloy. 

It seems that the shape of the creep curve under lower 

stress is not the right type as the leading to rupture is not sharp 

enough to be observed as brittle type. 

The detailed results on the predicted individual creep damage 

evolutions provide the basis for future improvement. Research 

work on this aspect is ongoing and will be reported in future.  
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Figure8. (a) Isochronous rupture loci under plane stress 

conditions, (b) Isochronous rupture loci under plane strain 

conditions (Q. Xu, 2001) [17] 

7. Conclusion 

Significant progress has been noted in the developing 

creep damage constitutive equations, in terms of generic 

methodology of mechanism-based approach from Dyson’s 

work, or its specific applications to P91 alloy [8, 9, and 10]. 

One of the key ingredients for the success is the creep cavity 

damage evolution law. However, the progress is limited to 

medium and high stress level and uni-axial case.  

This research has proposed a multi-axial version creep 

damage constitutive equations based on the classic/traditional 

plasticity/creep theory that the creep strain is controlled by the 

effective stress and bears the same relationship of creep strain 

and stress under uni-axial case, in the creep cavity damage 

evolution law. The validation exercise conducted in this 

research revealed that this approach was not successful. It 

shows that further research on the precise nature of creep cavity 

evolution, hope to leading rupture, and the coupling between 

creep damage and creep deformation. 

A simple extension exercise has confirmed that further 

dedicated research is needed for the developing of creep 

damage constitutive equation for lower stress level; it cannot be 

achieved as a byproduct for high stress level.   
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Neural Network Binary Multiplier

Han Huang, Fangyue Chen and Luxia Xu
School of Science, Hangzhou Dianzi University, Hangzhou, Zhejiang, P. R. China

Abstract— Almost all signal processing applications de-
mand a considerable number of multiplications. As addition,
multiplication is also the speed-limiting element in the core
of arithmetic logic unit (ALU) in a microprocessor. In this
paper, the perceptron of artificial neural network (ANN) is
used to build a binary multiplier, named neural network
binary multiplier(NNBM). It is shown that many advantages
of ANN such as synchronous, parallel and fast speed on
processing information are taken by the multiplier.

Keywords: Arithmetic logic unit, multiplication, Perceptron, neu-
ral network binary multiplier

1. Introduction
As addition, multiplication is also an essential arithmetic

operation for common DSP applications [1–4]. Almost all
signal processing applications demand a considerable num-
ber of multiplications, and every microprocessor design com-
pany always wants a fast multiplier design that will allow
their processor to be the fastest on the market. The only
problem with this is the fact that the faster the multiplier,
the smaller the chip area becomes for other important parts
of the microprocessors [5,6].

Usually, a binary multiplier is an electronic circuit used
in digital electronics to multiply two binary numbers, for
example, a circuit logic diagram of a 2-bit by 2-bit binary
multiplier is shown in Fig. 1.

Fig. 1: Logic diagram of a 2-bit by 2-bit binary multiplier.

In order to allow for a faster design that takes up
less space, one must find an innovative way to design
the circuitry. Fortunately, perceptron of feedforward neural
networks, which was inspired by the threshold logic unit
neuron model of McCulloch and Pitts, can be used to design
a binary multiplier [7,8]. However, it can be very difficult
for a designer to find the best design when the number of
inputs of the perceptron is a large number [5,6].

This paper proposes a design of neural network binary
multiplier (NNBM) under the framework of multi-layer
perceptron (MLP) of binary feedforward neural networks
(BFNNs). The DNA-like learning algorithm proposed by the
present authors is successfully used for training the weight-
threshold values of NNBM [9-11].

2. Design of NNBM
2.1 Partial products of multiplication

For two integers n and m (n ≥ m), let n-bit unsigned bi-
nary number A = (an−1, an−2, · · · , a0) is multiplicand, and
m-bit unsigned binary number B = (bm−1, bm−2, · · · , b0)
is multiplier, then P = A ·B = (pn+m−1, pn+m−2, · · · , p0)
is the (n+m)-bit binary product, where

pi =mod(
∑

j+k=i ajbk + ci, 2)

ci+1 = [
∑

j+k=i ajbk/2]

(i = 0, 1, · · · ,m+ n− 2;
j = 0, 1, · · · , n− 1;
k = 0, 1, · · · ,m− 1)

pm+n−1 = cm+n−1

(1)

where c0 = 0 is the initial carry, and [x ] represents the first
integer larger than x. The multiplication process is shown in
Fig. 2.

Fig. 2: Multiplication process

Here, sj,k = ajbk(j = 0, 1, · · · , n − 1; k =
0, 1, · · · , m− 1) are mn partial products in the multipli-
cation process. In fact, in order to obtain the products, each
row of the process should be extended into (m + n)-bit
binary number, and the supplementary numbers are zero.
For example, the k-th (k = 0, 1, · · · ,m − 1) row of the
partial products is,

sj,k =

 ajbk if 0 ≤ j ≤ n− 1 ,

0
if −k ≤ j ≤ −1
and n ≤ j ≤ m+ n− k − 1

(2)
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A network with inputs A = (an−1, an−2, · · · , a0) and B =
(bm−1, bm−2, · · · , b0), and produces outputs P = A · B =
(pn+m−1, pn+m−2, · · · , p0) is named binary multiplier. If
the network is the neural network, then the correspond-
ing multiplier ia called neural network binary multiplier
(NNBM).

2.2 Truth table of NNBM
Based on the multiplication process and the partial prod-

ucts of the binary multiplication, the array representation of
the truth table of NNBM can be easily obtained as shown
in Table 1.

Table 1: Truth table of NNBM

(an−1, · · · , a0) (bm−1, · · · , b0) (pn+m−1, · · · , p0)
A(0) B P (0)

A(1) B P (1)

...
...

...
A(2n−2) B P (2n−2)

A(2n−1) B P (2n−1)

In Table 1, B is a (2m ×m)-order array:

B =


0 0 · · · 0 0
0 0 · · · 0 1
...

... · · ·
...

...
1 1 · · · 1 0
1 1 · · · 1 1

 ,

the decimal code of the i-th row ( bi,0, bi,1, · · · , bi,m−1 ) of
B,

∑m−1
j=0 bi,j · 2m−1−j , is i(i = 0, 1, · · · , 2m − 1). A(0) is

a ( 2m × n )-order zero array, and A(i) is the array with all
identical rows, and the decimal code of every row is i ( i =
1, 2, · · · , 2n−1). At the same time, P (0) is a (2m×(n+m))-
order zero array, and

P (i+1) = P (i) +D. (3)

Where D is a 2m × (n+m)-order array:

D =



0 · · · 0 0 0 · · · 0 0 0
0 · · · 0 0 0 · · · 0 0 1
0 · · · 0 0 0 · · · 0 1 0
...

...
...

...
...

...
...

...
...

0 · · · 0 1 1 · · · 1 1 0
0 · · · 0 1 1 · · · 1 1 1


.

In D, its first column to the n-th column is A(0), the
(n+1) -th column to the last column is B, and the i-th row of
P (i) adds to the i-th row of D is the i-th row of P (i+1) , the
“+" is binary addition. So P (i)(i = 1, 2, · · · , 2n−1) can be
obtained by the recursion formula (3). For example,P (1) =
D, P (2) = P (1) +D = D +D, i,e

P (2) =



0 · · · 0 0 0 · · · 0 0 0
0 · · · 0 0 0 · · · 0 0 1
0 · · · 0 0 0 · · · 0 1 0
...

...
...

...
...

...
...

...
...

0 · · · 0 1 1 · · · 1 1 0
0 · · · 0 1 1 · · · 1 1 1


+



0 · · · 0 0 0 · · · 0 0 0
0 · · · 0 0 0 · · · 0 0 1
0 · · · 0 0 0 · · · 0 1 0
...

...
...

...
...

...
...

...
...

0 · · · 0 1 1 · · · 1 1 0
0 · · · 0 1 1 · · · 1 1 1



=



0 · · · 0 0 0 · · · 0 0 0
0 · · · 0 0 0 · · · 0 1 0
0 · · · 0 0 0 · · · 1 0 0
...

...
...

...
...

...
...

...
...

0 · · · 1 1 1 · · · 1 0 0
0 · · · 1 1 1 · · · 1 1 0


Furthermore, the 2(m+n)-bit binary outputs of the n+m

Boolean functions implementing the (n+m)-bit multiplier,
say pn+m−1, pn+m−2, · · · , p2, p1, p0 respectively are the
last n + m columns in Table 1. For example, the 2(m+n)-
bit binary outputs of p0 is: p0 = (p(0), p(1), · · · , p(2n−1)),
where p(0) = (0, 0, · · · , 0), p(1) = (0, 1, 0, 1, · · · , 0, 1),
and if i is an even number, p(i) = p(0), if i is an odd
number, p(i) = p(1)(i = 0, 1, · · · , 2n − 1). Since p(i+1) can
be obtained from p(i) by the recursive formula (3), there-
fore pn+m−1, pn+m−2, · · · , p2, p1, p0 are called multiplier
Boolean functions (MBFs).

2.3 Truth table and Boolean functions of 3-bit
by 2-bit NNBM

For the specific input number of a NNBM, its truth table
and Boolean functions are easily determined. The truth table
of the 3-bit by 2-bit NNBM is shown in Table 2.

It generates five Boolean functions p0, p1, p2, p3 and p4,
each holds 25 binary output symbols.

p0 = 0000 0101 0000 0101 0000 0101 0000 0101,
p1 = 0000 0011 0101 0110 0000 0011 0101 0110,
p2 = 0000 0000 0011 0010 0101 0101 0110 0111,
p3 = 0000 0000 0000 0001 0011 0011 0010 0010,
p4 = 0000 0000 0000 0000 0000 0000 0001 0001.

3. Decomposition of MBF and Percep-
tron Implementing NNBM

It was known that all Boolean functions can be divided
into two classes: linearly separable Boolean function (LSBF)
and non-linearly separable Boolean function (non-LSBF).
Based on the criterion for LSBF [9-11], the MBF p0 and
p4 are linearly separable, and the MBF p1, p2 and p3 are
non-linearly separable. Furthermore, any non-LSBF can be
decomposed as the logic ⊕ (XOR ) operation of a sequence
of LSBFs. By using the DNA-like algorithm in [9,10], it is
easily to know that p1, p2 and p3 can be decomposed as:

Int'l Conf. Scientific Computing |  CSC'13  | 129



Table 2: Truth table of 3-bit by 2-bit NNBM

a2, a1, a0 b1, b0 p4, p3, p2, p1, p0

0 0 0
0 0 0
0 0 0
0 0 0

0 0
0 1
1 0
1 1

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

0 0 1
0 0 1
0 0 1
0 0 1

0 0
0 1
1 0
1 1

0 0 0 0 0
0 0 0 0 1
0 0 0 1 0
0 0 0 1 1

0 1 0
0 1 0
0 1 0
0 1 0

0 0
0 1
1 0
1 1

0 0 0 0 0
0 0 0 1 0
0 0 1 0 0
0 0 1 1 0

0 1 1
0 1 1
0 1 1
0 1 1

0 0
0 1
1 0
1 1

0 0 0 0 0
0 0 0 1 1
0 0 1 1 0
0 1 0 0 1

1 0 0
1 0 0
1 0 0
1 0 0

0 0
0 1
1 0
1 1

0 0 0 0 0
0 0 1 0 0
0 1 0 0 0
0 1 1 0 0

1 0 1
1 0 1
1 0 1
1 0 1

0 0
0 1
1 0
1 1

0 0 0 0 0
0 0 1 0 1
0 1 0 1 0
0 1 1 1 1

1 1 0
1 1 0
1 1 0
1 1 0

0 0
0 1
1 0
1 1

0 0 0 0 0
0 0 1 1 0
0 1 1 0 0
1 0 0 1 0

1 1 1
1 1 1
1 1 1
1 1 1

0 0
0 1
1 0
1 1

0 0 0 0 0
0 0 1 1 1
0 1 1 1 0
1 0 1 0 1

P1 = 00000011010101100000001101010110
= 00111111011111110011111101111111
⊕00111111001111110011111100111111
⊕00000011000101110000001100010111
⊕00000000000000010000000000000001,

P2 = 00000000001100100101010101100111
= 00000000001100110111011111111111
⊕00000000000100010011001111111111
⊕00000000000100000001000101110111
⊕00000000000000000000000000010000,

P3 = 00000000000000010011001100100010
= 00000000000000010011001100110011
⊕00000000000000000000000000010001.

Perceptron, inspired by the threshold logic unit neuron
model of McCulloch and Pitts, introduced by Rosenblatt, is
one of the most important and significant aspects of ANN
[7,8].

It was also known that LSBF can be realized by an single-
layer perceptron (SLP), and non-LSBF needs MLP to realize
it. Furthermore, let (u1, u2, u3, u4, u5) = (a2, a1, a0, b1, b0)
and by using the DNA-like learning algorithm [9-11], the
weights-threshold values of a perceptron is easy to be
determined. Thus, all SLP and MLP implementing p0, p4,
p1, p2 and p3 can be obtained as follows.

The SLP implementing p0 is

y = f(2u3 + 2u5 − 3) (4)

The SLP implementing p4 is

y = f(2u1 + 2u2 + 2u4 + 2u5 − 7) (5)

The MLP implementing p1 is

y
(1)
1 = f(2u2 + 4u3 + 4u4 + 2u5 − 3)

y
(1)
2 = f(2u3 + 2u4 − 1)

y
(1)
3 = f(2u2 + 4u3 + 4u4 + 2u5 − 7)

y
(1)
4 = f(2u2 + 2u3 + 2u4 + 2u5 − 7)

y = f(2y
(1)
1 − 2y

(1)
2 + 2y

(1)
3 − 2y

(1)
4 − 1)

(6)

The MLP implementing p2 is

y
(2)
1 = f(6u1 + 4u2 + 4u4 + 2u5 − 7)

y
(2)
2 = f(6u1 + 4u2 + 4u4 + 2u5 − 9)

y
(2)
3 = f(6u1 + 4u2 − 2u3 + 4u4 + 4u5 − 11)

y
(2)
4 = f(2u1 + 2u2 − 2u3 + 2u4 + 2u5 − 7)

y = f(2y
(2)
1 − 2y

(2)
2 + 2y

(2)
3 − 2y

(2)
4 − 1)

(7)

The MLP implementing p3 is
y
(3)
1 = f(6u1 + 2u2 + 2u3 + 8u4 + 2u5 − 13)

y
(3)
2 = f(2u1 + 2u2 + 2u4 + 2u5 − 7)

y = f(2y
(2)
1 − 2y

(2)
2 − 1)

(8)

Where f is the first-order jump function defined by

f(x) = sign(x) =

{
1 if x > 0 ,
0 if x ≤ 0

(9)

Summarizing (4) to (8), the networks of 3-bit by 2-bit
NNBM is obtained Fig. 3.

Fig. 3: MLPs implementing NNRM

4. Remarks and Conclusions
As stated in the previous section, an NNBM with n-bit

by m-bit inputs will receives n + m inputs and generates
n + m MBFs as outputs, and the serial MBFs is called to
have implemented the (n+m)-bit multiplier.

The efficiency of NNBM and digital multiplier can be
evaluated by comparing the number of hidden neurons of
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the MLPs with the number of product terms required to
implement the MBFs [12].

According to formula (1), it is easy to know that pi =
mod(

∑
j+k=i ajbk + ci, 2), and ci+1 = [

∑
j+k=i ajbk/2]

(i = 0, 1, 2, 3; j = 0, 1, 2; k = 0, 1), then the number of
product terms of 3-bit by 2-bit digital multiplier is 2× 3×
2 × 4 = 48. However, the number of hidden layer neurons
of the MLPs is only 10.

The successful design of computational systems is often
predicated on the realization of fast multiplication in digital
or analog hardware. A key design issue is the tradeoff
between speed, complexity, and chip area. With this in mind
and some advantages of ANN such as synchronous, parallel
and fast speed, an innovative fast neural network multiplier
has been designed in this paper. Similarly, in the future, other
combinational logic circuits such as selector, code translator,
and so on, can be considered by using ANN. They will
be able to perform various real-world applications in the
microprocessor technology.
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Abstract - The development and application of 

computational creep damage is very active among research 

community and high temperature industry. This paper presents 

a development and preliminary validation of in-house finite 

element analysis software for creep damage analysis. The 

Fortran 90 and existing finite element library were adopted and 

used in the software development. The validation case study 

was conducted and reported, using uni-axial creep case.   

 

Keywords: Computational Creep Damage Mechanics; FE 

Algorithm; Non-linear Material;  Validation 

1 Introduction 

        This paper reports a development and preliminary 

validation of in-house finite element software for creep damage 

analysis. Creep damage mechanics has been developed and 

applied for the analysis of creep deformation and the simulation 

for the creep damage evolution and rupture of high temperature 

components [1]. The computational capability relies on the 

availability of a computational tool and a set of creep damage 

constitutive equations which can accurately depicts the 

complex phenomena. This paper addresses the former. 

        The need of such computational capability and the 

justification for developing in-house software was conducted 

and reported in the early stage of this research [2, 3]. 

Essentially, the creep damage problem is of time dependent, 

non-linear material behavior, and multi-material zones. The 

standard software does not provide the computational 

capability to simulate the tertiary creep stage readily without 

the development of complicated material user subroutine. The 

computational capability can only be obtained by either the 

development and use of special subroutine in junction with 

standard commercial software such as ABAQUS and ANSYS 

or the development and use of dedicated in-house software, 

each has its own advantages and disadvantages [2]. Hyde [4] 

and Hayhurst [5] have reported the development and the use of 

their in-house software for creep damage analysis; furthermore, 

Ling has presented a detailed discussion and use of 

Runge-Kutta type integration algorithm [6]. On the other hand, 

it is noted that Xu revealed the deficiency of KRH formulation 

and proposed a new formulation for the multi-axial 

generalization in the development of creep damage constitutive 

equations [7].  The new creep damage constitutive equations 

for low Cr-Mo steel and for high Cr-Mo steel are under 

developing by colleagues in this research group [8, 9].     

        The purpose of this paper is to present the finite element 

method based on CDM to design FE software for creep damage 

mechanics. More specifically, it reports the structure of the new 

FE software and the existing FE library applied in obtaining   

such computational tool via an approach for stress and field 

variable updating, and preliminary validation of current version 

of such software via a uni-axial tension model. The 

contribution of this paper is to provide a new version of 

in-house software to solve the whole process of all the three 

stages of creep deformation and damage problem. 

2 The finite element method based on 

CDM 

2.1 The Continuum Damage Mechanics (CDM) 

        The continuum damage mechanics (CDM) used the 

concept of creep damage as internal variable [10, 11, 12]. One 

of the features of CDM is phenomenological and the damage 

parameter can in this context represent creep damage. In creep 

damage mechanics, the material gets damaged does not 

essential has to be understood in detail and the damage should 

be considered in analysis [13]. 

        The creep deformation is typically divided into primary, 

secondary and tertiary stages. Initially, the characteristics of the 

primary-secondary (steady state) creep deformation behavior 

are observed by simple experiments, but later the mathematical 

description of tertiary creep through the use of CDM. 

        The finite element technique combined with continuum 

damage mechanics has been testified to be an efficient tool in 

assessing the performance of the structural components 

[14-16]. In many commercial finite element packages, the 

user-routines can be written for implemented taking into 

account one or more damage mechanisms [17]. 

        Rupture processes can also be investigated by use of CDM 

approach [18].  Some investigations of creep crack initiation 

and growth in notched specimens have been performed with 

promising results [19, 20].  

2.2 The general structure of the finite element 

software 

        The structure of developing in-house finite element 

software for creep damage analysis is listed in Figure 1. 
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Fig. 1.  The flow diagram of the structure of the new finite element software 

         

        The steps for the development of finite element software 

can be summarized in:  

1. Input the definition of a specific FE model including 

nodes, element, material property, boundary condition, 

as well as the computational control parameters  

2. Calculate the initial elastic stress and strain 

3. Integrate the constitutive equation and update the field 

variables such as creep strain, damage, stress; the time 

step is controlled 

4. Remove the failed element [21] and update the stiffness 

matrix 

5. Stop execution and output results 

2.3 The integration of creep damage constitutive 

equation 

        The FEA solution critically depends on the selection of the 

size of time steps associated with an appropriate integration 

method. Some integration method has been reviewed in 

previous work [3]. In the current version, Euler forward 

integration subroutine, developed by colleague [22], was 

adopted here for simplicity. More sophisticated Runge-Kutta 

type integration scheme will be adopted and explored in future. 

2.4 The finite element algorithm for updating 

stress 

        The Absolute Method [23] has been given for the solution 

of the structural creep damage problems. The principle of 

virtual work applied to the boundary value problem is given:  

                               Pload = [Kv] * TOTD – P c                                  (1)  

        Where Pload is applied force vector, and [Kv] is the global 

stiffness matrix, which is assembled by the element stiffness 

matrices [Km]; TOTD is the global vector of the nodal 

displacements and P c is the global creep force vector.  

[Km] = ∫∫ [B]
 T

 [D] [B] dxdy                      (2) 

        The [B] and [D] represent the strain-displacement and the 

stress-strain matrices respectively.  

TOTD = [Kv] 
-1

 * (Pload + P c)                   (3) 

        The initial P c is zero and the Choleski Method [14] is used 

for the inverse of the global stiffness matrix [Kv]. By giving the 

Pload, the elastic strain εek and the elastic stress σek for each 

element can be obtained:         

                               εek = [B] * ELD                                (4) 

                                σek = [D] * εek                                 (5) 

        The element node displacement ELD can be found from 

the global displacement vector and the creep strain rate εckrate 

for each element can be obtained by substituting the element 

elastic stress into the creep damage constitutive equations. The 

creep strain can be calculated:  

εck ( t + △t )  =  εcK( t ) + εcKrate * △t                 (6) 

        The node creep force vectors for each element are given 

by: 

                                 Pck = [B]
 T

 [D] * εcK                           (7) 

        The node creep force vector Pck can be assembled into the 

global creep force vector P c and the P c is used to up-date 

equation (1). Thus, the elastic strain can be updated:  

                               εtotk = [B] * ELD = εek + εck                          (8) 

εek = [B] * ELD – εck                           (9) 

        Where the εtotk and εck are represent the total strain and 

creep strain for each element respectively; and the elastic strain 

εek is used to up-date the equation (5). 

3 The application of existing finite 

element library  

     In the development of this software, the existing FE 

library and subroutines such as [23] was used in programming. 

The subroutines can perform the tasks of finite element 

meshing, computing and integrating the element matrices, 

assembling element matrices into system matrices and carrying 

out appropriate equilibrium, eigenvalue or propagation 

calculations. 
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3.1 The finite element meshing 

        The existing subroutines [23] are available in performing 

the mesh of element for the triangles, quadrilaterals and 

hexahedra “bricks”. For example, the subroutine geometry_3tx 

(iel, nxe, aa, bb, coord, num) can form the coordinates and node 

vector for a rectangular mesh of uniform 3-node triangles. 

More specifically, it is counting in the x-direction and local 

numbering clockwise. For the quadrilateral elements and the 

hexahedra “bricks” elements, the subroutine geometry_4qx and 

the subroutine geometry_8bxz are also available in [23]. 

3.2 The element stiffness matrix assembly 

        The special purpose subroutines such as subroutine 

formnf, subroutine formkb, subroutine formku, and subroutine 

fsparv can assembly the individual element matrices to form the 

global matrices. The selection of element stiffness matrix 

subroutine is according with the definition of the geometrical 

details, especially in the nodal coordinates of each element and 

the element’s place in overall node numbering scheme. More 

details see [23]. 

3.3 The solution of equilibrium equation for 

creep problem 

        Direct solution methods and iterative solution methods 

have been used in solving the creep problem [13]. In direct 

solution method, the subroutine sparin and subroutine spabac 

based on Cholesky direct solution method are used to solve the 

sets of linear algebraic equations [23]. In iterative solution 

method, the subroutine cholin and subroutine chobac based on 

Jacobi iterative solution methods can be used in programming. 

4 Validation of finite element software 

and FE model 

4.1 The creep constitutive equation 

        Creep damage constitutive equations are proposed to 

depict the behaviors of material during creep damage 

(deformation and rupture) process, especially for predicting the 

lifetime of materials, within the CDM-based numerical 

computational tool. Kachanov-Rabatnov-Hayhurst (KRH) 

constitutive equations [24] are introduced as followed in details 

and used in current program.  
 Uni-axial form  
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        Where A, B C, h, H* and Kc are material parameters. H 

(0<H< H*) indicates strain hardening during primary creep, φ 

(0< φ < 1) describe the evolution of spacing of the carbide 

precipitates [24].  

 Multi-axial form  
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        Where    is the Von Mises stress,    is the maximum 

principal stress and   is stress state index defining the 

multi-axial stress rupture criterion [24]. 
TABLE I.   

        Numerical values of constitutive parameters at 590 ℃ [25] 

Coefficient Value 

A (h-1) 2.1618 × 10-9 

B (MPa-1) 2.0524 × 10-1 

C (-) 1.8537 

h( MPa) 2.4326 × 105 

H* (-) 0.5929 

Kc (h-1) 9.2273 × 105 

        The intergranular cavitation damage varies from zero, for 

the material in the virgin state, to 1/3, when all of the grain 

boundaries normal to the applied stress have completely 

cavitated, at which time the material is considered to have 

failed [25]. Thus, the critical value of creep damage is set to 

0.3333333. The time increment is set to 1.0 hour. Once the 

creep damage reaches the critical value, the program will stop 

execution and the results will be output automatically. 

4.2 Validation 

        Preliminary validation of such software was performed 

and it was conducted via a two- dimensional uni-axial tension 

model given bellow.  

 
 Fig. 2.  The uni-axial tension model and boundary conditions 

        The length of a side is set to 1 meter.  

        The Young's modulus and Poisson's ratio are set to 

1000000 KN/m
2
 and 0.3 respectively. 

      A uniformly distributed load 40KN/m was applied on the 

top line of this uni-axial tension model. The boundary 

constraint conditions are given in Table II.  
TABLE II.   

        The Numerical boundary constraint 

Node 

number 

Constraint 

in x 

direction 

Constraint 

in y 

direction 

Load in x 

direction 

Load in y 

direction 

Node No.1 shut open 0 KN/m2 10 KN/m2 

Node No.2 open open 0 KN/m2 20 KN/m2 

Node No.3 open open 0 KN/m2 10 KN/m2 
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Node No.4 shut open 0 KN/m2 0 KN/m2 

Node No.5 open open 0 KN/m2 0 KN/m2 

Node No.6 open open 0 KN/m2 0 KN/m2 

Node No.7 shut shut 0 KN/m2 0 KN/m2 

Node No.8 open shut 0 KN/m2 0 KN/m2 

Node No.9 open shut 0 KN/m2 0 KN/m2 

        The theoretical stress in Y direction can be found as: 

  
 

 
 

  

   
          

      The stress in X direction should be zero.  

      These stress values should remain the same throughout the 

creep test up to failure.  

      Using the theoretical stress value into uni-axial version of 

creep constitutive equations, the theoretical rupture time, creep 

strain rate, creep strain and damage can be obtained by a excel 

program [26] and some of them are shown in Table III. 
TABLE III.   

        The theoretical rupture time, creep strain rate, creep strain 

and damage obtained by excel program 

Rupture time Creep strain rate Creep strain Creep damage 

104062 0.000065438 0.179934333 0.33333335 

 

5 FE results and discussion 

TABLE IV.   

        The initial elastic stress obtained from FE software 

Element number Stress in x-direction Stress in y-direction 

Element No.1 -0.3388E-06 0.4000E+02 

Element No.2 -0.3388E-06 0.4000E+02 

Element No.3 -0.3388E-06 0.4000E+02 

Element No.4 -0.3388E-06 0.4000E+02 

Element No.5 -0.3388E-06 0.4000E+02 

Element No.6 -0.3388E-06 0.4000E+02 

Element No.7 -0.3388E-06 0.4000E+02 

Element No.8 -0.3388E-06 0.4000E+02 

        The initial elastic stress and the stress involving creep 

deformation and stress updating are shown in Table IV and 

Table V, respectively. Both confirmed the uniform distribution 

of stresses, and the values of stress in Y direction obtained from 

FE software are correct, and the stress in X direction is 

negligible.  
TABLE V.   

        The stress obtained from FE software with the stress 

update program 

Element number Stress in x-direction Stress in y-direction 

Element No.1 -0.3388E-06 0.4000E+02 

Element No.2 -0.3388E-06 0.4000E+02 

Element No.3 -0.3388E-06 0.4000E+02 

Element No.4 -0.3388E-06 0.4000E+02 

Element No.5 -0.3388E-06 0.4000E+02 

Element No.6 -0.3388E-06 0.4000E+02 

Element No.7 -0.3388E-06 0.4000E+02 

Element No.8 -0.3388E-06 0.4000E+02 

TABLE VI.   

        Rupture time, creep strain rate, creep strain and damage 

obtained from FE software at failure 

Element 

number 

Rupture 

time 

Strain rate Creep strain Creep 

damage 

Element 

No.1 
0.1040E+06 0.6540E-04 0.1798E+00 0.3334E+00 

Element 

No.2 
0.1040E+06 0.6540E-04 0.1798E+00 0.3334E+00 

Element 

No.3 
0.1040E+06 0.6540E-04 0.1798E+00 0.3334E+00 

Element 

No.4 
0.1040E+06 0.6540E-04 0.1798E+00 0.3334E+00 

Element 

No.5 
0.1040E+06 0.6540E-04 0.1798E+00 0.3334E+00 

Element 

No.6 
0.1040E+06 0.6540E-04 0.1798E+00 0.3334E+00 

Element 

No.7 
0.1040E+06 0.6540E-04 0.1798E+00 0.3334E+00 

Element 

No.8 
0.1040E+06 0.6540E-04 0.1798E+00 0.3334E+00 

 
TABLE VII.   

        The percentage error 

                               
             

      
       0.0596% 

                              
                     

           
       0.0581% 

                              |
                  

           
|       0.0747% 

                         
                 

          
       0.02% 

        Other results are shown in Tables VI to VII. They show 

the results obtained from the FE software do agree with the 

expected theoretical values and the percentage errors are 

negligible. 

        In the current version, Euler forward integration 

subroutine, developed by colleague [22] was adopted here. 

Rupture time, strain rate, creep strain and damage obtained 

from FE software have been revealed that have a good 

agreement with the theoretical values obtained from the excel 

program. Work is ongoing in this area and will be reported in 

future 

6 Conclusion 

        This paper reports the finite element method based on 

CDM to design FE software for creep damage mechanics. It 

presents the structure of the new FE software and the use of 

existing FE library in obtaining such computational tool via an 

approach for stress and field variable updating. It further 

investigates preliminary validation of current version of such 

software via a uni-axial tension model.  

        The immediate future development work includes: 1) 

multi-materials; 2) implementing R-K integration scheme; 3) 

intelligent and practical control of time step; 4) removal of 

failed element and update stiffness matrix; and 5) further 

validation. 
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Implementing Universal CNN Neuron

Luxia Xu, Fangyue Chen, and Han Huang
School of Science, Hangzhou Dianzi University, Hangzhou, Zhejiang, P. R. China

Abstract— The universal CNN neuron can realize arbitrary
Boolean functions including both linearly separable Boolean
functions (LSBF) and linearly not separable Boolean func-
tions (non-LSBF). However, determining the optimal (or
near-optimal) orientation vector and the parameters in the
multi-nested discriminant function contained within a uni-
versal CNN neuron is still a difficult task. By the aid of
the DNA-like learning algorithm proposed a few years ago
on the feedforward binary neural networks, the bottleneck
problem can be solved if the number of input variables is
not large.

Keywords: Universal CNN neuron, Boolean function, multi-
nested discriminant function, DNA-like learning algorithm

1. Introduction
A cellular neural network(CNN) [1,2] is a biologically

inspired system where computation emerges from a collec-
tion of simple nonlinear locally coupled cells. An uncoupled
CNN cell (or neuron) is a standard CNN cell described by
the following equations [3]:

σ =
∑

k,l∈{i−1,i,i+1}×{j−1,j,j+1}

bk,luk,l =
9∑

i=1

biui (1)

ẋi,j = −xi,j + ai,jf(xi,j) + σ + z (2)

yi,j = f(xi,j) =
1

2
(|xi,j + 1| − |xi,j − 1|), (3)

where {i, j} are two integer labels indicating the position
of the CNN cell Ci,j within a two-dimensional grid, {k, l}
are similar indices indicating the position of the neighboring
cells, uk,l represents the “9” inputs coming from the cell
itself, and from its eight neighbors, xi,j is the scalar state
variable associated with the CNN cell and yi,j is the asso-
ciated output. The scalar variable σ is called an excitation,
and in the case of the standard CNN cell, it is computed as
a linear correlation between the feed-forward (controlling)
template vector b = (b1, · · · , bn), which is a repacked
version of the B template [1], and its associated input vector
U = (u1, u2, · · · , un), as defined in (1) (here n = 9). The
second notation, with the index “j” replacing the pair of
indices {k, l} is more general and can be applied to arbitrary
choices of CNN architectures and spheres of influence. From
this perspective, n represents the number of cell inputs and
Rn is the cell input space.

It was proved in [4] that when the central feedback
coefficient ai,i > 1, and ai,j = 0, i ̸= j, the cell dynamics

starting from xi,j(0) = 0 converges towards a stable steady
state for which yi,j(∞) = sgn(σ+z). The "infinity" symbol
here denotes the time for the dynamics to reach a steady
state output, and represents a small transient period which
depends on the implementation technology. It follows that an
uncoupled CNN cell maps a continuous input space Rn into
a binary (Boolean) output space. In the special case where
the inputs are binary, the cell can realize various Boolean
functions.

The standard CNN cell (1) to (3) can be generalized to
the following universal CNN neuron (or universal CNN cell)
[5-7].

σ =
n∑

i=1

biui (4)

ẋ = −x+ af(x) + ω(σ) (5)

y = f(x) =
1

2
(|x+ 1| − |x− 1|), (6)

where the discriminant ω(σ) is a multi-nested piecewise-
linear function

ω(σ) = s(zm + |zm−1 + | · · ·+ |z1 + |z0 + σ|| · · · ||), (7)

and {s, z0, · · · , zm} is an additional set of m+2 parameters,
s = 1 or −1. This model includes the standard CNN cell as
a special case w(σ) = s(σ + z) (there is no absolute value
sign in formula (7)), and has the advantages of simplicity
and tractability due to its piecewise-linear nature.

It follows from (5) and (6) that the steady state CNN
output equation is

y(∞) = sgn(ω(σ)) =

{
1 if ω > 0
−1 if ω ≤ 0

(8)

Model (4) to (6) is said an universal CNN neuron (UCNNN)
means that every 22

n

Boolean functions of n input variables
(u1, u2, · · · , un) can be realized by finding an optimal (or
near-optimal) orientation vector b = (b1, · · · , bn) and a set
of appropriate parameters {s, z0, · · · , zm}.

Since Boolean functions always play a key role in infor-
mation processing and computer science, large-scale effec-
tive realization of Boolean functions is very important but
also extremely difficult [3,8]. For example, how to "learn"
the suitable template values of a CNN to perform a given
task is a "bottleneck" [9]. All 22

3

= 256 Boolean functions
of 3 input variables were realized via UCNNN in [6].
However, for n = 4, the problem is so complex that not
only computing the orientation vector but also the additional
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set of parameters in UCNNN for a non-LSBF takes a lot of
computation time [7].

By the aid of DNA-like algorithm of the feedforward
binary neural networks [10,11], the issues will be easier to
be solved. This paper focuses on implementing UCNNN, an
effective method to determine the optimal (or near-optimal)
orientation vector and the set of parameters in the multi-
nested piecewise-linear function in UCNNN for 4 inputs
Boolean functions is obtained.

2. Realization of Boolean Functions via
UCNNN
2.1 Orientation vector and excitation

According to the convention used in the CNN literature,
a “0” (or false) logic level is coded with −1, while a “1”
(or true) logic level is still coded with 1.

A Boolean function of n variables is defined as the follow-
ing binary map from {−1, 1}n to {−1, 1}: F (U) = v, where
U = (u1, u2, · · · , un) is the input window and v is the out-
put corresponding to U of the map. Let k =

∑n
i=1 ūi2

n−i,
where ūi = 1 if ui = 1 or else 0, i.e., k is the decimal code
of the input window U . There are 2n different input windows
denoted by U (k) (k = 0, 1, · · · , 2n − 1). Thus, the map F
can be rewritten as F (U (k)) = vk (k = 0, 1, · · · , 2n − 1).
Obviously, such a map can generate an output symbol tape
[v0, v1, · · · , v2n−1] consisting of 2n symbols “−1” and “1”.
Conversely, a symbol tape [v0, v1, · · · , v2n−1] completely
determines a Boolean function.

An n inputs Boolean function [v0, v1, · · · , v2n−1] can be
coded by a decimal integer N =

∑2n−1
i=0 v̄i2

(2n−1−i), where
v̄i = 1 if vi = 1 or else 0. For example, the decimal
code of [1,−1, 1,−1, 1,−1, 1,−1,−1,−1, 1,−1, 1, 1, 1, 1]
is 43567.

A Boolean function [v0, v1, · · · , v2n−1] is realized by
a UCNNN is equivalent to determining a vector b =
(b1, b2, · · · , bn) and a set of parameters {s, z0, · · · , zm}
such that sgn(ω(σk)) = vk in the UCNNN (4) to (6), where
σk =

∑n
i=1 biu

(k)
i = b · U (k)T (k = 0, 1, · · · , 2n − 1).

The vector b = (b1, b2, · · · , bn) in (4) is called the
orientation vector of UCNNN [5,7], 2n excitations σk =

b · U (k)T (k = 0, 1, · · · , 2n − 1) is a projection from n
input windows U (k) (k = 0, 1, · · · , 2n − 1) to a scalar one-
dimensional projection axis. These excitations {σk}2

n−1
0

form a projection tape on the projection axis, and is a se-
quence which possesses many interesting properties such as
symmetry, self-reproduction and self-similarity [10,12,13].
Furthermore, {σk}2

n−1
0 is a DNA-like sequence in which

only n values {σ0, σ1, σ2, σ22 · · · , σ2n−3 , σ2n−2} are inde-
pendent, and {σk}2

n−1
0 can be obtained by coping the n

excitation values [11,14]. There is a relationship between
b = (b1, b2, · · · , bn) and {σ0, σ1, σ2, σ22 · · · , σ2n−3 ,
σ2n−2} in the sequence {σk}2

n−1
0 [10,13]:



b1
b2
b3
...
bn−1

bn


=



((n− 3)σ0 −
∑n−2

i=0 σ2i)/2
(σ2(n−2) − σ0)/2
(σ2(n−3) − σ0)/2

...
(σ2 − σ0)/2
(σ1 − σ0)/2


(9)

2.2 Minimum number of transitions of Boolean
function and DNA-like learning algorithm

Formula (9) shows that training orientation vector b =
(b1, b2, · · · , bn) of a CNN is equivalent to training its n
excitation values {σ0, σ1, σ2, σ22 · · · , σ2n−3 , σ2n−2}.

For a given orientation vector b = (b1, b2, · · · , bn),
the corresponding excitation sequence {σk}2

n−1
0 certainly

has an order relationship: σi0 ≤ σi1 ≤ σi2 ≤
· · · ≤ σi2n−1

, where {i0, i1, · · · , i2n−1} is a re-
placement of {0, 1, 2, · · · , 2n − 1}. A Boolean function
[v0, v1, · · · , v2n−1], if it satisfies vi = vj when σi = σj (i ̸=
j), then say it conforms to the orientation vector b, or the
vector b conforms the Boolean function. Furthermore, if
vik0

̸= vik0+1
when σik0

< σik0+1
, where ik0 , ik0+1 ∈

{i0, i1, · · · , i2n−1}, then say the Boolean function has a
transition with respect to the vector b = (b1, b2, · · · , bn), de-
noted by T |(σik0

,σik0+1
). It is clear that N |Tr, the number of

transitions of a Boolean function, depends on the orientation
vector b, i.e., a Boolean function may have different numbers
of transitions for different orientation vectors. Therefore, the
orientation vector which guarantees the number of transitions
of a given Boolean function is minimum certainly is an
optimal or near-optimal orientation vector.

Example 1: For 4 inputs Boolean function: [v0, v1, · · · ,
v15] = [−1, 1, 1, 1, 1, 1, 1,−1, 1, 1, 1, 1, 1,−1,−1,−1],
its decimal code is

∑15
i=0 v̄i2

15−i = 32504, where
v̄i = 1 if vi = 1 or else 0. If take the orientation
vector b = (1, 3, 1, 1), then one has σ0 = −6,
σ1 = σ2 = σ8 = −4, σ3 = σ9 = σ10 = −2, σ4 = σ11 = 0,
σ5 = σ6 = σ12 = 2, σ7 = σ13 = σ14 = 4, σ15 = 6.
Thus, the order relationship of the excitations {σk}15k=0 is
σ0 < σ1 = σ2 = σ8 < σ3 = σ9 = σ10 < σ4 = σ11 <
σ5 = σ6 = σ12 < σ7 = σ13 = σ14 < σ15. It is easy to
prove that the orientation vector b = (1, 3, 1, 1) conforms
to the Boolean function. Since v0 ̸= v1 (σ0 < σ1),
v12 ̸= v7 (σ12 < σ7). Thus, the Boolean function has two
transitions, i.e., N |Tr = 2 for the orientation vector b.

If take another orientation vector b = (7, 3, 2, 1) which
also conforms to the Boolean function, then one has
σ0 = −13, σ1 = −11, σ2 = −9, σ3 = σ4 = −7,
σ5 = −5, σ6 = −3, σ7 = −1, σ8 = 1, σ9 = 3, σ10 = 5,
σ11 = σ12 = 7, σ13 = 9, σ14 = 11, σ15 = 13. Thus, their
order relationship is σ0 < σ1 < σ2 < σ3 = σ4 < σ5 < σ6 <
σ7 < σ8 < σ9 < σ10 < σ11 = σ12 < σ13 < σ14 < σ15.
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It follows that v0 ̸= v1 (σ0 < σ1), v6 ̸= v7 (σ6 < σ7),
v7 ̸= v8 (σ7 < σ8), v12 ̸= v13 (σ12 < σ13). Thus, it has
four transitions, i.e., N |Tr = 4 for the orientation vector
b = (7, 3, 2, 1).

The DNA-like learning algorithm is an effective algorithm
to train the excitation sequence {σk}2

n−1
0 and compute

the minimum number of transitions for a Boolean function
[11,14]. In fact, the minimum number Min{N |Tr} of transi-
tions for all 4 inputs Boolean functions can be calculated by
using the DNA-like algorithm, the detail is shown in Table 1.
From the table, one can find that 4 inputs Boolean function
have no more than 5 transitions. Obviously, the Boolean
function which only has one transition is linearly separable.
It was known that there were 1882 LSBFs in the set of 4
inputs Boolean functions [10,11,13], the result is consistent
with the conclusion in Table 1.

Table 1: Minimum number of transitions of 4 inputs Boolean
functions

65536 Boolean functions with 4 inputs
Min{N |Tr} 1 2 3 4 5
Amount of BFs 1882 14244 30216 19002 192
Percentage(%) 2.87 21.73 46.11 28.99 0.29

2.3 Designing optimal multi-nested discrimi-
nant function

The m-nested discriminant function

ω(σ) = s(zm + |zm−1 + | · · ·+ |z1 + |z0 + σ|| · · · ||)

is a piecewise-linear function on variable σ, its number
of roots is 2m, and the number doubles on m [7]. Thus,
for a suitable set of parameters {s, z0, z1, , · · · , zm}, the σ
axis can be divided into 2m + 1 parts by the curve of the
discriminant function.

In general, realizing a given n inputs Boolean function via
a UCNNN by designing an optimal multi-nested discrimi-
nant function should perform the following steps:
(1) determine the orientation vector b = (b0, b1, · · · , bn)
which conforms to the function and the corresponding
excitations sequence {σk}2

n−1
0 by using DNA-like learning

algorithm;
(2) calculate all transitions of the function with respect to
the vector b;
(3) determine the number m based on the minimum number
of transitions and the distribution of these transitions;
(4) calculate parameters {z0, z1, · · · , zm} and s based on the
roots of the multi-nested discriminant function.

Example 2: For 4 inputs Boolean function [v0, v1, · · · ,
v15] = [1,−1, 1,−1, 1,−1, 1,−1,−1,−1, 1,−1, 1, 1, 1, 1],
its decimal code is 43567.
(1) by using DNA-like algorithm, one can obtain the ori-
entation vector b = (−8,−10,−2, 4), and the excitations

σ0 = 16, σ1 = 24, σ2 = 12, σ3 = 20, σ4 = σ10 = −4,
σ5 = σ11 = 4, σ6 = −8, σ7 = σ8 = 0, σ9 = 8, σ12 = −20,
σ13 = −12, σ14 = −24, σ15 = −16;
(2) there are 3 transitions respectively T |(σ4,σ7), T |(σ9,σ2)

and T |(σ0,σ3), and the minimum number of transitions is 3;
(3) based on the distribution of these transitions, take m = 2,
i.e., ω(σ) = s(z2 + |z1 + |z0 + σ||);
(4) let ω(σ) = 0, its 4 roots are respectively σ̄

(2)
1 =

−z0+z1+z2, σ̄
(2)
2 = −z0+z1−z2, σ̄

(2)
3 = −z0−z1+z2 and

σ̄
(2)
4 = −z0−z1−z2, and z1, z2 must be negative. It follows

that σ̄(2)
1 < σ̄

(2)
2 < σ̄

(2)
3 < σ̄

(2)
4 . Take the middle value of

two excitations that appear in a transition as a root of ω(σ),
then has −z0 + z1 + z2 = (σ4 + σ7)/2, −z0 + z1 − z2 =
(σ9 + σ2)/2 and −z0 − z1 − z2 = (σ0 + σ3)/2. Thus, one
finally obtains z0 = −14, z1 = −10 and z2 = −6.

Thus, the 2-nested discriminant function which can be
used to implement the UCNNN realizing the given Boolean
function is

ω(σ) = −6 + | − 10 + | − 14 + σ||,

where take s = 1 because here sgn(ω(σk)) = vk (k =
0, 1, · · · , 15).

Note: In literature [7], for the Boolean function in Exam-
ple 2, it was said that "any attempt to find a realization with
m = 2 failed", in that paper, by using Alopex algorithm, the
final orientation vector and 3-nested discriminant function
were respectively b = (7,−11,−6, 4) and ω(σ) = −(−3 +
|−6+ |−12+ |10+σ|||). Obviously, the result in this paper
is better than previous one.

Example 3: For the 4 inputs Boolean function [v0, v1,
· · · , v15] = [−1, 1, 1, 1, 1, 1, 1,−1, 1, 1, 1, 1, 1,−1,−1,−1]
whose decimal code is 32504 in Example 1, there are two
transitions T |(σ0,σ1) and T |(σ12,σ13), one can take 1-nested
discriminant function ω(σ) = s(z1+ |σ+z0|). let ω(σ) = 0,
then its 2 roots are respectively σ̄

(1)
1 = −z0+z1 and σ̄

(1)
2 =

−z0 − z1. Take each of them as the middle value of two
excitations that appear in the corresponding transition, i.e.,
−z0 + z1 = (σ0 + σ1)/2 and −z0 − z1 = (σ12 + σ13)/2.
Finally one obtains z0 = 1, z1 = −4 and s = −1, i.e.,
ω(σ) = 4− |1 + σ|.

The two m-nested discriminant functions in Example 1
and 2 are shown in Fig. 1 and 2.

3. Conclusion
In literature [3], the founders, Prof. Chua and Roska

of CNN and CNN-UM, once pointed “presently no theory
exists which allows one to determine whether an arbitrary
Boolean function is realizable by a CNN". Indeed, the
UCNNN (or universal CNN cell, UCNNC) is a good model
to treat the difficult problem, which only needs a single
neuron (cell). In this paper, the UCNNN realizing a given
Boolean function can effectively be implemented by using
DNA-like algorithm if the number of the input variables is
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Fig. 1: Multi-nested discriminant function ω(σ) = 4 −
|1 + σ| for 4 inputs Boolean function [v0, v1, · · · , v15] =
[−1, 1, 1, 1, 1, 1, 1,−1, 1, 1, 1, 1, 1,−1,−1,−1] in Example
1, the orientation vector is b = (1, 3, 1, 1).

Fig. 2: Multi-nested discriminant function
ω(σ) = −6 + | − 10 + | − 14 + σ|| for
4 inputs Boolean function [v0, v1, · · · , v15] =
[1,−1, 1,−1, 1,−1, 1,−1,−1,−1, 1,−1, 1, 1, 1, 1] in
Example 2, the orientation vector is b = (−8,−10,−2, 4).

not large. In future, further researches are needed such as on
how to perform the Boolean function of bigger number of
input variables via UCNNN, increase the computing speed,
reduce the store space in a computer and so on.
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Abstract - A practical user guidance of Runge-Kutta (R-K) 

integration method with the context of non-linear time 

dependent finite element analysis (FEA) was proposed in this 

paper. Following the literature review of different integration 

method within the finite element analysis framework, detailed 

numerical experiments were conducted to find out the right 

balance between computing accuracy and efficiency. It 

contributes to knowledge to the numerical analysis software 

development in general and specific to computational creep 

damage mechanics. 
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1 Introduction 

  In general finite element analysis software, the complete 

processing progress can be divided into three stages. The first 

stage is pre-processing where topology of a FEA model, 

boundary condition, and type of problem (where the solution 

method needs to be specified) is defined. The second stage is 

a numerical problem solving, for example, the stress and 

strain will be calculated and other field variables will be 

updated. The third stage is post-processing where the 

numerical results obtained in second stage will be presented 

and analyzed by users, typically with interaction with graphic 

presentation. There is readily available commercial software 

for the pre- and post- processing now, such as FEMSYS or 

GID [1, 2]. 

Creep damage problem is complicated and dynamically 

developing, and there is not readily available analysis 

capability in most of the commercial analysis software. There 

is still a need, to certain degree, to develop and then use in-

house software in research community. Tan et al. [3] reviewed 

the current situation of computational tools in 2012 and 

reported, for example, 1) DAMAGE XX [4] is an early creep 

damage analysis solver, for 2D problem, developed at and 

used by the researchers at UMIST, and DAMAGE XXX [5] is 

a new advanced version for 3D problem; 2) FE-DAMAGE is 

another in-house code developed at University of Nottingham; 

3) HTΣ is a Chinese package used for creep damage analysis 

which proposed by Tu [6]; 4) A Japanese in-house code was 

mentioned by Haigihara [7]. 

The nature of creep damage analysis is of time dependent and 

the field variables such as stress, strain, and creep damage 

variables need to be updated where an integration scheme 

needs to be implemented. Liu et al. [8] proposed some 

detailed algorithms to build an in-house FE package.   

From literature review [6, 9], it seems that the fourth-order R-

K method is a good choice due to its computing efficiency 

and accuracy. This paper reports an investigation about the 

balance between accuracy and efficiency in its use to integrate 

creep damage constitutive equations. It contributes to 

knowledge to the numerical analysis software development in 

general and specific to computational creep damage 

mechanics. 

2 Integration method 

2.1 Euler’s method 

 The Euler method is a first-order numerical procedure 

for solving ordinary differential equations with a given initial 

value [10]. The Euler method required extremely small time 

steps to ensure the convergence of iterations and accuracy of 

calculations in creep fracture problem [11]. The method has 

advantages of brevity and simplicity in concept and 

programming. Unfortunately, this scheme is only 

conditionally stable and the stability condition is rather 

stringent. In creep fracture problem, high concentration of 

creep strain exists near the crack tip; the use of Euler method 

for creep damage simulation is quite uneconomic.  

It can be found from literature that this method was adopted 

by an in-house code was developed by Tsing Hua University 

[11]. It is understood that DAMAGE XX has incorporated it 

as one of the integration methods while the user has to make 

decision on which one to use.  

2.2 Runge-Kutta method 

 Actually, in order to improve the efficiency of Euler’s 

method, a new numerical method was suggested. A standard 

way to determine whether the Runge–Kutta values are 
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sufficiently accurate is to re-compute the value at the end of 

each interval with the step size cut in half. The method is also 

called “step doubling” [5]. If this makes a change of 

negligible magnitude, the results are accepted; if not, the step 

is halved again until the results are satisfactory.  

It is generally understood that R-K method is more accurate 

and efficient in comparison with forward Euler method, and 

thus its application has been reported. For instance, 

DAMAGE XX [6] incorporated fourth order R-K integration 

method.  HT∑ is a Chinese package used for creep damage 

analysis. The core of this code is an advanced integration 

method subroutine within Runge-Kutta-Merson algorithm 

which developed by Ling et al. [6]. As an in-house code, the 

accuracy and efficiency of this program had been proved by 

the solution of a thick cylinder problem. 

3 The overall equilibrium equations  

 The creep deformation and damage can be calculated 

from creep damage constitutive equations; however, in FE 

area, constitutive equation cannot be used immediately [6]. It 

is not only a mathematical problem but also a boundary 

balance need to be considered in FE simulation. In order to 

achieve this goal, assumed total strain increment as: 

) 

 Where  total strains, elastic strain, and creep are 

strain respectively; Then ensure the relation between stress 

increment and total strain increment: 

) 

Where D is elastic modulus,   is stress increment; to relate 

to the displacement vector, equation (3.2) will be expressed: 

)  

Where B is strain matrix,  is displacement vector; the 

equilibrium equation can be addressed as: 

) 

Where  is nodal mechanical load increment, V is element 

volume; Combine equations (3.3) and (3.4): 

)  

The integration of creep damage constitutive equations occurs 

on the determination of . Such constitutive equations also 

need to be normalized because they are stiff in nature [9]. The 

normalization of variables is based on the selection of an 

appropriate normalizing stress. This is in order to remain the 

values of stress close to unity during the computation because 

the constitutive equations raise stresses to a power, which may 

be quite large for some materials. If absolute values of stress 

are used, very large or very small values are obtained; the 

algebraic manipulation of these numbers leads to numerical 

rounding errors. 

4 Specific constitutive equations 

 The KRH uni-axial constitutive equations [12] were 

used in the test: 

) 

       (4.2) 

       (4.3) 

          (4.4) 

The KRH multi-axial constitutive equations can be expressed: 

    (4.5) 

         (4.6) 

          (4.7)  

           (4.8) 

Where A=2.1618×10
-9

MPah
-1

, B=0.20524MPa
-1

, C=1.8537, 

h=2.4326×105MPa, H
*
=0.5929, Kc=9.2273×10

-5
MPa

-3
h

-1
, 

v=2.8. 

5 NAG routine 

 D02BHF (NAG) [13] integrates a system of first-order 

ordinary differential equations solution using Runge-Kutta-

Merson method. This subroutine can be adopted in the FEA 

software of creep damage analysis development, and a 

detailed instruction on how to use it was published by the 

company [13]. Basically, this routine can be written as: 

SUBROUTINE D02BHF (X, XEND, N, Y, TOL, IRELAB, 

HMAX, FCN, G, W, IFAIL) 

INTEGER    N, IRELAB, IFAIL 

REAL    X, XEND, Y (N), TOL, HMAX, G, W (N, 7) 

EXTEERNAL       FCN, G 

D02BHF aims to solve ordinary differential equation using 

Runge-Kutta-Merson method, until a user-specified function 

of the solution is zero; therefore, it cannot be adopted 
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completely. The variables which mentioned above should be 

re-identified in creep damage analysis application area. 

1. X – real 

The X means the start moment t1 

2. XEND – real 

The XEND means the finish moment t2 

3. N – integer 

The N means the number of constitutive equations 

4. Y (N) - real array 

The Y (N) means the arrays which store the data of strain, 

damage, hardness respectively 

5. TOL – real 

The TOL means the tolerance for controlling the time steps 

6. IRELAB – integer 

The IRELAB means the type of error control, in here, 

normally set as 1. 

7. HMAX – real 

HMAX means the original user-defined time step 

8. FCN – subroutine 

The FCN means the constitutive equations statement 

9. G – real function 

The G was originally developed for terminate this program 

when the specific function equal to zero. This function would 

not be used in creep damage analysis because all constitutive 

equations should not be expected to appear a solution equal to 

zero. The G was suggested to set as the default G=Y (1). 

10. W (N, 7) – real array 

11. IFAIL – integer 

IFAIL means the routine error feedback, and must be set to 0, 

-1 or 1. 

6 Numerical experiment 

 This case is uni-axial creep under stress of 40MPa. The 

component is deemed failed if the damage parameter reaches 

0.33 which is the criterion used here. To solve this set of 

constitutive equations within NAG routine, the terminated 

time should be predicted for prepared this numerical 

experiment because this routine was suggested from one 

specific time to another specific time  

6.1 Result based on Euler’s method 

 In order to make sense the most exactly lifetime, a 

simple Euler’s method program had been coded. And the code 

was tested using different time increment such as 1, 0.1, 0.01, 

0.001, 0.0001 hour respectively.  

Three Tables were listed to show the detail of the results. The 

Table I shows the terminated time and omega depending on 

the size of time interval. The time interval 0.0001 is the most 

accurate between the five different intervals. Table II and 

Table III displayed the specific creep strain value, H which is 

the primary creep state variable (strain hardening), and φ 

which is the precipitate coarsening state variable. 

Even from mathematic aspect, the interval 0.0001 is the best 

selection; however, from the physics aspect, 0.0001 hours 

equal to 0.36 second, and this is a too short time interval. 

Therefore, the author selects the time interval 0.01 hour as the 

master accuracy control parameter. Following that, the 

lifetime value can be observed from table 1 is 104032.27 

hours. 

TABLE I 

Time 

interval (s) 
Terminated time (h) ω 

1 104034.0000 0.333435236633273 

0.1 104032.4000 0.333339889351067 

0.01 104032.2700 0.333333868058920 

0.001 104032.2580 0.333333386466599 

0.0001 104032.2577 0.333333316847831 

 

TABLE II 

Time interval (s) εf 

1 0.179875512020971 

0.1 0.179824075821904 

0.01 0.179820827565906 

0.001 0.179820567765346 

0.0001 0.179820530208621 

 

TABLE III 

Time 

interval 

(s) 

H φ 

1 0.592900000000000 0.544764812531457 

0.1 0.592899999999999 0.544760827698831 

0.01 0.592899999999992 0.544760468843807 

0.001 0.592899999999917 0.544760434279127 

0.0001 0.592899999999174 0.544760430559092 

.  
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6.2 Result based on Runge-Kutta method 

 Because of the nature of NAG subroutine, the variable 

TOL was designed as the accuracy control parameter. Give 

the duration from t=0 to t=104032.27 to NAG routine, and 

record the results of seven different TOL value ranging from 

0.1E-01 to 0.1E-07 as shown in the following Table IV. 

Tables IV and V show the detailed results. And a comparison 

will be processed with previous results which based on 

Euler’s method to looking for the most accurate value of 

TOL, strain and damage value. 

TABLE IV 

TOL εf ω 

0.1E-01 0.136548062074 0.253119148370 

0.1E-02 0.178172199475 0.330277813609 

0.1E-03 0.179803968745 0.333302624373 

0.1E-04 0.179819797001 0.333331965213 

0.1E-05 0.179820066343 0.333332464492 

0.1E-06 0.179820072754 0.333332476375 

0.1E-07 0.179820072807 0.333332476473 

 

TABLE V 

TOL H φ 

0.1E-01 0.597028574423 0.544760420284 

0.1E-02 0.593389925900 0.544760420697 

0.1E-03 0.592883124271 0.544760420959 

0.1E-04 0.592873878039 0.544760421042 

0.1E-05 0.592899874301 0.544760421049 

0.1E-06 0.592900018328 0.544760421049 

0.1E-07 0.592899978356 0.544760421050 

 

6.3 Accuracy Analysis  

The accuracy analysis conducted bellow is essentially 

based on uni-axial displacement controlled relaxation: 

e.g. the inaccuracy of creep strain will be converted 

into the elastic strain, then the stress. The worst case of 

inaccurate creep strain, strain at failure is used. 

The elastic strain under 40MPa is 

, and an error in the calculated 

creep strain will eventually affect the stress updating. The 

master curve (assuming accurate enough) creep strain at 

failure is 0.179820827565906 obtained with Euler’s method 

at interval 0.01h; 

 When TOL=0.1×10-3, strain at failure is 

0.179803968745 

The error in creep strain at is  

 

 
 When TOL=0.1×10

-7
, strain at failure is 

0.179820072807 

The error in creep strain at failure is  

 

 
Similarly, the error rate in creep strain was calculated and all 

the results were shown in Table VI.  

From this table, the TOL=0.1×10
-7

 is obviously satisfied the 

accuracy requirement, and the TOL=0.1×10
-3

 is too big than 

the expected value, say 1%, due to the high exponential or 

power law relationship between stress level and creep strain 

rate. It can be seen that when TOL value is 0.1E-05 is a very 

good choice. 

TABLE VI 

TOL Percentage errors of strain at failure 

0.1E-01 21636% 

0.1E-02 824% 

0.1E-03 8.43% 

0.1E-04 0.51% 

0.1E-05 0.38% 

0.1E-06 0.37% 

0.1E-07 0.37% 

 

6.4 Efficiency Analysis 

 This constitutive equations subroutine offered the 

solutions of strain and damage value in each given durations. 

Once the subroutine running, an integration point would be 

solved in the finite element analysis processing. Basic that, a 

complete finite element analysis will call this subroutine over 

all the integration points and time iterations, typically in the 

order of thousands times thousands. 

A problem occurred here is running this subroutine once, and 

the running time cannot be present by computer because the 

value is too small.  In order to test the efficiency of this 

subroutine, 10,000 times calling was supposed, and the total 

calculation times following different TOL value were 

recorded and used for comparison.  

The Euler’s method was also tested for efficiency following 

the same experimental setting. The results are shown in Table 

VII and Table VIII.  

It can be seen that, from Table VII, when TOL = 0.1×10
-5

, the 

program running time is 16.1149s. From Table VIII, when 

time interval is 0.001h, the program running time is 

17.6593132s. It can be defined a speed percentage like: 
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As mentioned before, the accuracy of Euler’s method at 

interval 0.001h can be derived as 0.13%; however, the 

absolute error is similar with R-K method at TOL of 0.1E-05. 

From the above discussion, it is clear that, based on the 

balance of accuracy and efficiency, the Euler method should 

not be used and the TOL of 0.1E--04 or 0.1E-05 is a good 

choice for R-K method on the balance of accuracy and 

computing efficiency. It is also further noted that further 

reducing the value of TOL does increase the accuracy 

significantly, nor costs that much more time. 

TABLE VII 

Runge-Kutta Method Test 

TOL Programme Running Time (s) 

0.1 NONE 

0.1×10
-1

 10.2649 

0.1×10
-2

 15.2569 

0.1×10
-3

 15.7717 

0.1×10
-4

 15.8653 

0.1×10
-5

 16.1149 

0.1×10
-6

 16.4113 

0.1×10
-7

 17.0665 

0.1×10
-8

 (Over Load) 1.56×10
-2

 

 

TABLE VIII 

Euler’s method test 

Time interval Programme running time (s) 

1 1.5600100E-02 

0.1 0.1716011 

0.01 1.7628113 

0.001 17.6593132 

0.0001 175.64153 

 

7 Conclusions 

 This paper reviewed the position which the creep 

constitutive equations in the finite element analysis method. 

An advance numerical method, Runge-Kutta method was 

suggested by Hyhurst, and a Chinese scholar also follows this 

approach. The more efficient NAG routine was adopted in 

this research to help the creep FE software development. A 

specific computational experiment was written detailed, and 

highlight the way to find a satisfied TOL value.  
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Abstract— This paper obtains the solutions of the gen-
eralized two-dimensional nonlinear Zakharov-Kuznetsov-
Benjamin-Bona-Mahony (ZK-BBM) equation. The Lie group
analysis is used to carry out the integration of this equation.
Furthermore, we employ the simplest equation method to
obtain more exact solutions. The solutions obtained are
solitary waves.

1. Introduction
Many physical phenomena in the fields such as physics,

chemistry, biology, fluid dynamics, etc., can be in gen-
eral described by nonlinear evolution equations (NLEEs)
. Thus, it is important to investigate the exact explicit
solutions of NLEEs. Unfortunately, it is almost impossible
to find all the solutions of a nonlinear evolution equation.
Nevertheless, various methods, inverse scattering transform
method [1], Darboux transformation [2], Hirota’s bilinear
method [3], Bäcklund transformation [4], multiple exp-
function method [5], the (G′/G)-expansion method [6], the
sine-cosine method [7], the F-expansion method [8], the exp-
function expansion method [9] and the Lie symmetry method
[10]–[14] have been developed by researchers to find explicit
solutions for the NLEEs.

The purpose of this paper is to study one such
NLEE, namely the generalized (2+1)-dimensional non-
linear Zakharov-Kuznetsov-Benjamin-Bona-Mahony (ZK-
BBM) equation [15] that is given by

ut + ux + a(un)x + b(uxt + uyy)x = 0. (1.1)

Here, in (1.1) a, b and n > 1 are real valued constants.
The solutions of (1.1) have been studied in various as-

pects. See for example the recent papers [15]–[20]. Wazwaz
[15], [16] used the sine-cosine method, the tanh method
and the extended tanh method for finding solitary solutions
of this equation. Abdou [17], [18] used the extended F-
expansion method and the extended mapping method with
symbolic computation to obtain some exact solutions. Mah-
moudi [19] used the Exp-Function method to obtain some
solitary solutions and periodic solutions. Song [20] used
bifurcation method to obtain exact solitary wave solutions
and kink wave solutions.

In this paper Lie group analysis [10]–[14] in conjunction
with the simplest equation method [21] is employed to obtain
some exact solutions of (1.1).

2. Symmetry analysis
In this section we first calculate the Lie point symmetries

of (1.1) and latter use them to construct exact solutions.

2.1 Lie point symmetries
The symmetries of ZK-BBM equation (1.1) will be gen-

erated by the vector field of the form

X = ξ1
∂

∂x
+ ξ2

∂

∂y
+ ξ3

∂

∂t
+ η

∂

∂u
, (2.2)

where ξi, i = 1, 2, 3 and η depend on x, y, t and u.
Applying the third prolongation pr(3)X to (1.1) we ob-
tain an overdetermined system of linear partial differential
equations. Solving resultant system of linear overdetermined
partial differential equations one obtains the following three
translation symmetries:

X1 = ∂x, X2 = ∂y, X3 = ∂t.

2.2 Exact solutions
First of all we utilize the symmetry X = X1+νX2+X3

and reduce the ZK-BBM equation (1.1) to a PDE in two
independent variables. It can be seen that the symmetry X
yields the following three invariants:

f = y − νt, g = t− x, θ = u. (2.3)

Now treating θ as the new dependent variable and f and g
as new independent variables, the KP-BBM equation (1.1)
transforms to

−νθf − anθn−1θg − νbθfgg + bθggg − bθffg = 0, (2.4)

which is a nonlinear PDE in two independent variables. We
now use the Lie point symmetries of (2.4) and transform
it to an ordinary differential equation (ODE). The equation
(2.4) has the two translational symmetries, viz.,

Γ1 =
∂

∂f
, Γ2 =

∂

∂g
.
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The combination Γ1+Γ2, of the two symmetries Γ1 and Γ2

yields the two invariants

r = f − g, ψ = θ,

which gives rise to a group invariant solution ψ = ψ(r).
Consequently using these invariants, (2.4) is transformed into
the third-order nonlinear ODE

−νψ′ + anψn−1ψ′ − νbψ′′′ = 0. (2.5)

Integrating the above equation once and taking the constants
of integration to be zero we obtain a second-order ODE

−νψ + aψn − νbψ′′ = 0. (2.6)

Multiplying equation (2.6) by ψ′, integrating once and taking
the constant of integration to be zero, we obtain the first-
order ODE

−1

2
νψ2 +

a

n+ 1
ψn+1 − 1

2
νbψ′2 = 0. (2.7)

One can integrate the above equation by separating the
variables. After integrating and reverting back to the original
variables, we obtain the following group-invariant solutions
of the ZK-BBM equation (1.1) for arbitrary values of n in
the form:

u(x, y, t) =

(
ν(n+ 1)

2a

) 1
n−1

sech
2

n−1 [Q], (2.8)

Q = γ(

√
2

bν
r − C),

γ =

√
−ν
8
(1− n),

r = (x+ y − (ν + 1)t).

For n = 1,

u(x, y, t) = exp

[
∓C1

√
−ν + a√
2

±
√
ν − a√
−νb

r

]
, (2.9)

r = (x+ y − (ν + 1)t),
for n = 2,

u(x, y, t) = −3

ν
sech2

[
1

2

(
±C2

√
−ν
2
∓
√

−1

b
r

)]
.

(2.10)
r = (x + y − (ν + 1)t) By taking n = 2, a = −1, b = 1,
ν = 6, t = 0 and C = 1 in (2.8), the profile of the solution
is given in Figure 1.

Fig. 1: Profile of solution (2.8)

3. Simplest equation method
In this section we use the simplest equation method [21]

to solve the third-order ODE (2.5) for n = 2, 3. The
simplest equations that will be used are the Bernoulli and
Ricatti equations. Their solutions can be written in terms of
elementary functions. See for example [14].

Let us consider the solution of (2.5) in the form

ψ(r) =

M∑
i=0

Ai(H(r))i, (3.11)

where H(r) satisfies the Bernoulli and Ricatti equations,
M is a positive integer that can be determined by balancing
procedure and A0, · · · , AM are parameters to be determined.

3.1 Solutions of (2.5) using the equation of
Bernoulli as the simplest equation
3.1.1 n = 2

The balancing procedure yields M = 2 so the solutions
of (3.11) are of the form

ψ(r) = A0 +A1H +A2H
2. (3.12)

Substituting (3.12) into (2.5) and making use of the Bernoulli
equation [14] and then equating all coefficients of the func-
tions Hi to zero, we obtain an algebraic system of equations
in terms of A0, A1 and A2. These algebraic equations are

4aA2
2d− 24bA2d

3ν = 0,

2aA0A1c− bA1c
3ν −A1cν = 0,

6aA1A2d− 54bA2cd
2ν − 6bA1d

3ν + 4aA2
2c = 0,

−12bA1cd
2ν − 38bA2c

2dν + 6aA1A2c

+2aA2
1d− 2A2dν + 4aA0A2d = 0,

−7bA1c
2dν + 4aA0A2c− 2A2cν + 2aA2

1c

+2aA0A1d−A1dν − 8bA2c
3ν = 0.

Solving the above system of algebraic equations with the aid
of Mathematica, we obtain the following values of A0, A1
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and A2:

A0 =
ν(1 + bc2)

2a
, A1 =

6bνcd

a
, A2 =

6bνd2

a
.

Therefore the solution of (1.1), for n = 2 is given by

u(x, y, t) = A0

+ A1a

(
cosh[P ] + sinh[P ]

1− d cosh[P ]− d sinh[P ]

)
+ A2a

2

(
cosh[P ] + sinh[P ]

1− d cosh[P ]− d sinh[P ]

)2

,

where P = c(r + C) and r = x+ y − (ν + 1)t and C is a
constant of integration.

3.1.2 n = 3

The balancing procedure yields M = 1 so the solutions
of (3.11) are of the form

ψ(r) = A0 +A1H. (3.13)

As before, substituting (3.13) into (2.5), we obtain the
algebraic system of equations

3aA3
1d− 6bA1d

3ν = 0,

−A1cν − bA1c
3ν + 3aA1A

2
0c = 0,

6aA2
1A0d+ 3aA3

1c− 12bA1cd
2ν = 0,

3aA1A
2
0d−A1dν + 6aA2

1A0c− 7bA1c
2dν = 0,

which on solving yields

A0 =

√
2bd2ν

a
, A1 = c

√
bν

2a
.

Therefore the solution of (1.1), for n = 3 is given by

u(x, y, t) = A0

+ A1a

(
cosh[P ] + sinh[P ]

1− d cosh[P ]− d sinh[P ]

)
, (3.14)

where r = x+y−(ν+1)t and C is a constant of integration.

3.2 Solutions of (2.5) using Riccati equation as
the simplest equation
3.2.1 n = 2

The balancing procedure yields M = 2 so the solutions
of (3.11) are of the form

ψ(r) = A0 +A1H +A2H
2. (3.15)

Substituting (3.15) into (2.5) and making use of the Riccati
equation [14], we obtain algebraic equations in terms of

A0, A1, A2 by equating all coefficients of the functions Hi

to zero. The corresponding algebraic equations are

4aA2
2c− 24bA2c

3ν = 0,

6aA1A2c− 6bA1c
3ν + 4aA2

2d− 54bA2c
2dν = 0,

−2bA1ce
2ν + 2aA0A1e− 6bA2de

2ν − bA1d
2eν

−A1eν = 0,

4aA0A2c− 38bA2cd
2ν + 6aA1A2d− 2A2cν

−12bA1c
2dν + 2aA2

1c+ 4aA2
2e− 40bA2c

2eν = 0,

−14bA2d
2eν + 4aA0A2e−A1dν − bA1d

3ν − 2A2eν

+2aA2
1e+ 2aA0A1d− 8bA1cdeν − 16bA2ce

2ν = 0,

−7bA1cd
2ν + 6aA1A2e−A1cν + 2aA0A1c

−52bA2cdeν + 4aA0A2d− 8bA1c
2eν − 8bA2d

3ν

−2A2dν + 2aA2
1d = 0.

Solving the above equations yield

A0 =
1

2a
(νbd2+8νbce+ν), A1 =

6νbcd

a
, A2 =

6νbc2

a

and hence the solutions of (1.1) for n = 2 are

u(x, y, t) = A0 +A1

(
− d

2c
− θ

2c
tanh

[
1

2
θ(r + C)

])
+A2(−

d

2c

− θ

2c
tanh

[
1

2
θ(r + C)

]
)2 (3.16)

and

u(x, y, t) = A0 +A1(−
d

2c
− θ

2c
tanh

(
1

2
θr

)
+

sech
(
θr
2

)
C cosh

(
θr
2

)
− 2c

θ sinh
(
θr
2

) )
+A2(−

d

2c
− θ

2c
tanh

(
1

2
θr

)
+

sech
(
θr
2

)
C cosh

(
θr
2

)
− 2c

θ sinh
(
θr
2

) )2
where r = x+y−(ν+1)t and C is a constant of integration.

3.2.2 n = 3

The balancing procedure yields M = 1 so the solutions
of (3.11) are of the form

ψ(r) = A0 +A1H. (3.17)
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Substituting (3.17) into (2.5), we obtain the following alge-
braic system of equations:

−6bA1c
3ν + 3aA3

1c = 0,

6aA2
1A0c+ 3aA3

1d− 12bA1c
2dν = 0,

3aA1A
2
0e− 2bA1ce

2ν −A1eν − bA1d
2eν = 0,

−8bA1cdeν −A1dν + 6aA2
1A0e− bA1d

3ν

+3aA1A
2
0d = 0,

−A1cν + 3aA3
1e− 7bA1cd

2ν + 3aA1A
2
0c

+6aA2
1A0d− 8bA1c

2eν = 0.

Solving the algebraic equations one obtain

c =
−2 + bd2

4be
,

A0 = 2bd

√
ν

8abe2
,

A1 =

√
ν(−2 + bd2)2

8abe2
.

Hence we have the following solutions of (1.1) for n = 3:

u(x, y, t) = A0

+A1

(
− d

2c
− θ

2c
tanh

[
1

2
θ(r + C)

])
(3.18)

Fig. 2: Profile of solution (3.18)

and

u(x, y, t) = A0 +A1(−
d

2c
− θ

2c
tanh

(
1

2
θr

)
+

sech( θr2 )

C cosh( θr2 )− 2c
θ sinh( θr2 )

), (3.19)

where r = x+y−(ν+1)t and C is a constant of integration.

Fig. 3: Profile of solution (3.19)

4. Concluding remarks
In this paper we obtained the solutions of the gen-

eralized (2+1)-dimensional nonlinear Zakharov-Kuznetsov-
Benjamin-Bona-Mahony equation by employing the Lie
group analysis and the simplest equation method. The
solutions obtained are solitary waves and non-topological
solitons.
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Abstract – Our goal is to demonstrate how, with a self-
generating operator, can be achieved emergent properties
and how the measurements of a physical system can be
expressed by a recursive bi-cyclic, in the S/T. We pushed
this to determine level jumps and identical entities, and
how the two are related to each other. In addition, by
analogy with the numerical model, we try to prove the
existence of a change in energy between aggregate system
and single( or unique) system. Conceptualize the possibility
that a system, with identical entities, has a form of
unobservable energy.

Keywords: emergent properties, recursive loop, identical
entities, tearing space and time, the numerical model,
unobservable energy.

1 Systems, emerging Properties and
Self-generating Operator

. One of the crucial points, in the study of complex
systems, is to determine the difference between holistic
system (or Single, Unique) and aggregate system. A holistic
system is, typically, defined as a system of elements, that
has properties do not found in the individual elements that
make it up. The combination of these elements together,
under certain conditions, reveals new properties. [1]

1.1 Definition of emerging Properties

In general terms, an emergent property is a property
not present in the constituents of the system, but present in
the system as a whole. They occur after exceeding a critical
level, a crucial point, emerges as a real jump in level. Our
first step is to define this jump in level, in terms of measure,
and the reference system. In my paper of 2006, I called the
measure, of an emergent property, in the following way:

If we measure the constituents of a system 1 2, ,..., ke e e ,

with respect to a reference system µ, their aggregation

with
k

k

e , and E
the measurement of the single system,

with respect to a reference system U. Therefore, an
emergent property, can be measured if between the

measures
k

k

e and the summed measure E
, there is a

factor of incommensurability . But this definition is valid
only for systems that have the points of incommensurability
in a change or bifurcation point. For example, if we take 4
components, measured in µ, (1, 2, 3, 4) and two systems

resulting, measured in U, that are A, if 10k
k

e  , and B,

if 10k
k

e  . We set a rule, that you can add only 3 and

more elements without repetition, and that any
measurement of an element can bring with it a factor θ,
from 0 to 0.5. Then we have: 1 + 2 + 3 = 6  7, and the
result will always be A, the same is true for 1 + 3 + 4. With
1 + 2+ 3 + 4 = 10  11, the result will always be B. If we
have 2 + 3 + 4 the result will fluctuate as a bifurcation point
9 10, so we will have some cases with A and other with
B.[2] As can be seen, the incommensurability factor,
present to the measure, becomes a decisive factor only if it
helps to determine the transition from one branch or the
other, at the point of bifurcation. But there is another way in
which the factor θ can interfere with the determination of 
the properties of a single system (or holistic), and is in the
determination of entities measured as identical, and which
together form the system. We will try to demonstrate how
precisely their presence can generate new emergent
properties, that are manifested by changes in energy and
real level jumps between constituents and systems.

1.2 Generation of a measured system

through the Operator Г

In the essay “Lineamenti per un nuovo modello per i
sistemi complessi” called a self-generating operator Γ, can
occur as a rule and as a symbol, and then be able to act on
itself by determining the space of possibilities of the
system. The mathematical operator, that is closest to this
idea, is the recursive loop, and we explained how the
measure of Γ, Msr (Γ), is precisely the space defined by a
recursive loop, which we call space ω.[3] 

We consider ( )k  , how the action of Γ on Γ generating a

space of possibilities, yet to be determined since it is not
measured. Now call a reference system capable of
measuring as coexisting, these states of the system, i.e.

3( )      . We have seen how, in terms of the

operator Γ, this means having a system with ordinality 3, or
Γ3, and a system with cardinality 3, or 3Γ. The different
position of the measurement allows us to switch from one
to another reference, in fact:

With the measure 3( ( ))Msr   , we have one of the states

of the system and with 3 ( ( ))Msr  , we have the

determination of 3 different measures. But if we consider
the system with respect to a time interval Δt, it can be seen 
its components coexisting to the condition that they are all
differentiable. [4] So we have:

3
1 2 3( ( )) ( )Msr Msr        and (1)

3
1 2 3( ( )) ( ) ( ) ( )Msr Msr Msr Msr        (2)
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In the first case, we have the measure of the system as a
single system, in the second case as an aggregate of
elements. But what exactly is the Msr (Γ) with respect to a
reference system µ? We have defined a measure as a certain
algorithm that expresses the result in a specified value
(finite) space-time. [5]

1 1 1 1 1( )Msr s        (3)

Where 1s is the measured value with respect to the unit of

measure of the µ, and θ is the factor of incommensurability
of measurement. Now if we consider these 3 measurements
as 3 components of a system, their sum give the system as
an aggregate of elements:

1 2 3 1 2 3( ) ( ) ( ) ( )Msr Msr Msr s s s         (4)

If we consider the measure of the system as a whole, as a
single system, then we will make an overall measure of it
with respect to a U. That is:

3
1 2 3( ( )) ( )Msr Msr SU       (5)

But even here we have:
3

1 2 3( ) ( )Msr SU         (6)

Where Θ is the factor of incommensurability, we have:

1 1 2 2 3 3( ( ) ( ) ( ) )Msr Msr Msr Msr          (7)

1 2 3 1 2 3( ) ( )Msr s s s Msr        (8)

Since the two measurement systems µ and U are always
commensurate with each other, and will be

1 2 3( )Msr s s s  , as a factor U. The question is whether we

can measure with U, the sum of the factors of
incommensurability components

1 2 3( )Msr     , or if

this is not possible. If we can, then we have:

1 2 3( ) bMsr S U     e
1 2 3( ) aMsr s s s S U   (9)

and the total size of the system ( )a bS S U and so, with U,

will be measuring something different from the sum of the
measures µ. If it is not possible then,

1 2 3( )Msr      

and this means that
1 2 3( )Msr s s s SU   , the aggregate

of elements corresponds to the measurement system as a
whole. We can also have the intermediate case where only a
part of the factor of incommensurability is measured. The
example we have done previously is part of this
formalization. These considerations have a value of
example; they are unlikely to be encountered in real cases.
Our goal is to assume the existence of an energy
corresponding to this factor of incommensurability and it
can be linked to the presence of identical entities in a
system, so we can have a proof of this factor of
incommensurability. But first we need to define how we
can get the same measures.

2 Recursive Cyclic and measures of a
system

What I want to say here, is that we can represent the
space of measures of a system, through a recursive loop, as
a result of the action of the operator Γ. We will call the
space thus obtained, Space ω; and see how, the measure of
identical entities in this space, is able to generate level
jumps and especially a differentiation between classical
systems and quantum systems.

2.1 Why the space ω can represent the space
of the measures of a system

Our idea [6] is that the measure is the result of an
invariant and it is given by the relationship between the
Instrument of Measure and the Object Measured. The result
of a measurement is a number, this number has particular
characteristics, and one of them is that it is not isolated. A
measure makes sense if in relation to other measures,
performed by the same instrument, at the same object, in
the same way. A further aspect of the measure is that the
process associated with it must always end in a finite time,
limited. We can not imagine a measure that gives us its
result in an infinite time. Therefore, the measurement
process is similar to that of an algorithm (a Turing
machine) that gives us the result in a given time, finite. The
consequence of this is that the numerical values of the
measures are finite numbers. So, when we show that the
measure is a determination, will highlight its aspect,
discreet and limited in space / time. An important
consequence of this is that the set of measures is always a
countable set.
Now we extend a hypothesis of quantum physics, which is
a measure of an object causes a change. The act of
measurement changes the measuring instrument, but
according to our model, it forms, with the measured object,
an invariant. This means that there must be also equal
change in the object, and then the measure, as a value
obtained, speaks of this variation from the side of the
instrument, but there is also a corresponding from the
object side. The measurement obtained is the measurement
from the side of the instrument of the action of the invariant
Γ. It contains, in itself, the result of this interaction, which
becomes a measurement of the variations of the object
when the same instrument performs multiple measurements
over time. So there is one aspect that speaks to us of the
correlation between the side of the instrument and the
object side, correlation is bound to the value of the
invariant. But the side of the object can be varied only in a
virtual way, because the actual measurement is, and
remains always, the one given to us by the instrument. The
use of complex numbers might represent this aspect, the
imaginary component is the one given by virtual variation
of the measured object, while the real component is the
measure produced by the instrument.
The measure that we obtain, understood as a component of
the instrument and a component of the object, and
expressed by a complex number, represent the value
obtained by the relation invariant. And then follows that the
next action of the invariant, i.e. the next measurement,
applies precisely the object of the previous measurement
result; that, from the point of view of the invariant, is the
result obtained from its previous action. The action of the
invariant is applied on the object, but also on the measuring
instrument (changed) and therefore on the number that
contains this double variation. This means that the result of
its action is a complex number and that its next action is
applied to this value. The invariant Γ behaves in all respects
as a recursive function, which is always the combination of
the variation from the object side and on the side of the
instrument. Its next action has, therefore, in turn, as

152 Int'l Conf. Scientific Computing |  CSC'13  |



components these two aspects that become the object of its
action and so on. In the case of systems that do not have
variations from the object side, the action of the invariant
coincides with the only real numbers and then with the
measures given by the instrument. In this context, the value
of the norm has a particular meaning, that of explaining the
invariant as a measure.

2.2 Cyclical Recursive and Space ω of 

measures of a System

A recursive function is a function that has, as
arguments-values, the previous results of the same function;
starting from a series of initial values that are called, origin
of the recursive (or trigger). The recursive can have one or

more variables (in or  ), the result of the function is
always unique. In the most trivial, we have:

0 1

2
1 0 0 2

3
2 0 0 3

( )

( ) ( ( )) ( )

( ) ( ( ( ))) ( )

....

x x

x x x x

x x x x

 

    

     

(10)

Generalizing, we have a k-topple of argument values, also
some properties are defined: the set of values resulting form
an infinite set U. There may be singular points of the
function and there is always an order of the values, obtained
from the number of times that the same is applied with
respect to an initial value, the order will be isomorphic

to .
We define the space ω as an infinite and countable,
described by the action of recursive .
1) There are the origin points of the space ω, represented by 
the values of trigger.
2) The space ω is ordered and countable.
3) The space ω is limited.
4) Given 2 points of ω, ;i kP P it will always have that

i kP P .

Another fundamental characteristic of the recursive ,

generating such a space, is to be cyclic, i.e.: t.c. kk I  
and then k is the modulus for the n values of cyclic. As we
shall see if k is a prime number from which n = m * k + p,
the cyclic is not decomposable, otherwise it is. Then a
recursive loop creates k congruence classes

1 2, ,..., kU U U ,

where you distribute points ω, so we have:
k

k

U  .

But the recursive cyclical that generates ω, has an
additional feature, the infinity points in each of the sets

1 2, ,..., kU U U will have a function F(t). So the space ω will

be limited by the space described by all of the functions:

1 2{ ( ), ( ),...., ( )}kF x F x F x   (11)

Ultimately the space Ω, unlike space ω, is a continuous 
space. The recursive cyclic gives rise to a space ω therefore 
has the characteristic of being contained in a finite set of
continuous functions, whose number coincides with the
modulus of recursive and denoted as space Ω. The trigger
conditions change only the phase and the height of the
function, and leave modulus unchanged. Also the space Ω
is a limited space, the functions described therein are
limited and therefore are continuous. [7]

2.3 Bi-cyclic Operator as result of a
Recursive. Symmetry

If the space of measures ω is covered by the space 

generated by the functions ' ' '
1 2{ ( ), ( ),..., ( )}kF t F t F t and

whether they are limited in the range of (n, M), it follows
that between 2 measurements, of a certain function F(t),
there will always be one, then ω is a dense set and 

isomorphic to  [8]. In addition, the functions F(t) are
cyclic in the range Δt, this means that we will have an
infinite number of sets

'
1

'
2

'

( )

( )

....

( )

a

b

n n

t

t

t

  

  

  

  

  

  

(12)

and
1 2 ... n     , being the interval Δt constant, it 

follows there exists an operator P that can translate in time,

from the initial set
2 1( )   . So we have

1( )k
k   ,

then:

1
i

i

 




 and
1

1

( )i

i

 




  (13)

But, we have seen,
k

k

U  and the functions F(t) are

generated by the same operator, then we have a functor

such that 2

2 1 3 1
( ); ( )F F F F    and this can be applied to a

subset 1U of the range Δt. So we have:

1 1( ( ))k

k

U t    and
1 1

1

( ( ( )))i k

i k

U t




     (14)

Leads us to conclude as the space of measures ω may be 
expressed by a recursive bicyclical, result of a shift in space
and time of operators.
If we define Ω as the continuous space where there are
emergent properties of the measures, how can we move
from a countable dense set ω to a continuous set Ω.? The 
answer is that in every measure, there is a factor that
determines an incommensurability around the same
measure. This means that for each point ω will exist a 

neighbourhood of points of Ω that converge at the same
point. Then the values calculated, in that neighbourhood,
converge to the same measure with a certain margin of
error. It can be represented as a Hilbert’s space of
convergent sequences, to the limit values ω. These 
sequences are an infinite number but countable, their limits
are the real measures ω. And for every limit, there will be N
possible sequences that converge to the same limit, the

resulting set of points
NN , will be a continuous infinity of

points Ω. Formally we can say e    . This means

that if there will be an operator  that generates the space of
measures ω, then there will also operators P and Φ that
define a bicyclic S/T translation. If we can measure a

symmetry in  , called emergent symmetry, it will look like
the symmetry of neighbourhood measures. But if there is a

symmetry in the S/T of  , then we should have a bicyclic

given by P and Φ, and therefore .
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3 Symmetry and emerging jumps
Level

An emergent symmetry allows us to seize regularity
that the measurements carried, do not seem to have. Many
times the measures analyzed seem to have a chaotic
distribution, but if we consider the factors of
incommensurability, which we indicate as a factor in the
neighbourhood of the measure, then their sum leads us to
discover shapes and symmetries unpredictable.[9]

3.1 Example of emergent symmetry

We have many examples of such symmetry in fractals,
in recursive cyclic mesomorphic; here we want to use the
function defined by Hofstadter which we will call RH [10].
Q(n) = Q(n – Q(n -1)) + Q(n – Q(n – 2)) (15)
and Q(1) = Q(2) = 1 Where n is the index of the sequence
and Q is resulting value.
If we consider the distances given by P (n) = Q (n +1) - Q
(n), we see that it is clearly a symmetry similar to a
homothety, and it is only evident if we consider the area of
neighbourhood of points.
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Fig. 1
This means that will exists an operator that will transform
an area of ( )jA P points in an area of ( )kA P points. What we

find, in this symmetry, is that at some point in the sequence,
there is a jump, what we want to demonstrate is how an
operator self-generating, on the type of Γ, will generate a
structure of this type. And as the presence of these jumps is
a consequence of the presence of identical entities, in the
cycle of the recursive.

3.2 Self-generating Operator, identical
elements and level jumps

If we analyze the formula RH, we see that it looks like
a Fibonacci’s function, except that the values of the two
preceding elements become indices that tell us how far the
current values we take the new values, and add them
together. Thus, the value becomes the index and index tells
us on its value. When we defined the operator Γ, a
characteristic was that, the action of Γ on Γ defined an

order of execution. For example 2 ( ) 2    , but also that it

defined the cardinality of Γ with, 2 ( ) 2    . By

measuring, this double aspect of Γ was made explicit and
separated, with:

( ( ))nMsr   e ( ))(n Msr  (16)

Thus the action of Γ on Γ can be an ordinal action or an
action that defines a cardinality, the resulting value can be

interpreted either in one direction or another, and this is
exactly what happens in RH. Obviously in RH, the action
has on two previous elements, and then in the same way we
have:

1 2( ( ) ( )) ( )k k k         (17)

Now ( )k  and 1( )k  represent two cardinal values, if

they are equal to the ordinal values, we have k k   and

( 1) ( 1)k k     . But if they are different, they will be

'k k   and ( 1) ' ( 1)k k     , if we consider the

corresponding ordinal of cardinal values, we have 'k q  

and ( 1) 'k p    , the function will come back in the index

q and p, and will take the corresponding cardinal values.
[11] The cardinal value, of the corresponding index values,

will be added together to get the value of cardinal 2 ( )k  .

Now it is quite easy to prove as if the first two ordinal items

have the same cardinality, 1( ) 1    and 2 ( ) 1    or
3( ) 3    and 4 ( ) 3    , the system will assume the

structure jumps. This happens when, with a different
ordinality, we have two identical items with the same
cardinality. If we try to force the cardinality making them
different, the resulting structure would no longer jumps. So,
despite the ordinality cycle is always increased, this does
not happen for the cardinality; we can say that, ordinality
acts as a factor of incommensurability, present but not
measured, however intervening in the determination of the
measure. The point is then, that a jumping structure is
generated when an operator has self-generating elements
identical, and one of the reasons is the fact, that having
same cardinality means take the same value of an index, and
then this doubling the values, and this factor is propagated
in the recursive and proceeds forward. .

4 Identical Elements as a tear in the
symmetry S/T. Interpretation of a
Numerical Model with energy levels

We start from the consideration that the identical
elements are measured as identical, in a relativistic
reference system, where is the uncertainty principle of
Heisenberg. If the space of the measurements, of a physical
system, can be represented by a recursive, then the use of
the transform Λ allows us to verify if and when, you have
on it the same measures.

4.1 The Bi-cyclic recursive embedded in S/T

The identity of measures is seen as a singularity in
the S/T, it is the result of an asymmetry which looks like a
real tear in space/time. We can represent a physical system
immersed in the S/T relativistic, as a recursive bicyclic that
moves in space and time, in the following manner: (18)

3 2 1 1 6 2 1 1 1 9 2 1 2 1 1 12 2 1 3 2 1 1

2 1 1 5 1 1 1 8 1 2 1 1 11 1 3 2 1 1

1 4 3 2 1 1 7 2 1 1 10 3 2 1 1

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

z z z z z z z z

z z z z z z z z

z z z z z z z

       

   

  

         

         

       

Where:
2 1 1 3 2 1 4 3 1

( ); ( ); ( );...z z z z z z    
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The first cycle 1 2 3, ,z z z , are all different states observed at

the same time, and thus the cycle 4 5 6, ,z z z , it also consists

of 3 different states measured at the same time, and that will
be placed at a distance from the first time, δt. We can
imagine an operator  that translates the states of the first

cycle 1 2 3, ,z z z in time:

' ' ' ' ' '

3 6 3 9 1 6 12 2 9

' ' '

2 5 2 8 1 5 11 2 8

1 4 1 7 1 4 10 2 7

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

z z z z z z z

z z z z z z z

z z z z z z z

     

     

     

(19)

as well as an operator Φ, that moves the states spatially, for
which we have: (20)

1

1 2

2 '' 2 ' ' 2 ' ' 2
3 1 6 1 9 1 13 2 9

' ' '
2 1 5 1 8 1 12 8

1 4 1 7 1 4 11 2 7

( ) ( ( )) ( ( )) ( ( ))

( ) ( ( )) ( ( )) ( ( ))

( ) ( ) ( )

z z z z z z z z

z z z z z z z z

z z z z z z z

       

       

  

If we set:
3 2 1 32 1

       and
'

1 3 2 1 32
      

then the transformation Λ, applied to each cycle 
1 2 3
, ,z z z ,

4 5 6
, ,z z z , is commutant, in the S/T, only if they remain

distinct. In fact, in the case T S

S T
   , if

1 2z z and
4 5z z ,

then
32 1 1 32
    . If two cycle states become identical, for

example
4 5z z , then the transformed Λ will be such that

T S

S T
   . The system is not commutant, it is not isomorphic

to the S/T, in fact being 1 2z z , to have
4 5z z then

32 1 1 32
    . We can also say that if

1 2z z , for
4 5z z ,

will be
1 1( ) '( ( ))z z   , or 1' ( )   (21). [12]

4.2 The measure of identical entities through
transformed Λ 

In Appendix of work [13], we explain in brief the
operation of the transform Λ. It is nothing other than the
measure of the states of the cyclic, respect to a relativistic
reference system and in which applies the uncertainty
principle of Heisenberg. If we measure a state as in the
figure:

Fig.2
We take two states of bicyclic recursive (18) and embedded

in this relativistic system reference. We have from 1z to

measure the distance 2z , now if 2z is located in the upper

part of the dial (a <45), separated from the straight line of
light, the two states are different and synchronic, the
measured distance is given by the equation Lorentz:

2

'

2
1

v
L L L

c
   (22)

If, instead, is located at the bottom (a > 45), will be

measured
2z as identical to

1z , but for the exclusion

principle, will be diachronic to
1z . So this is what we have

to use the transformed Λ, and have the measures of bicyclic
operator. We measure, through Λ, state by state, and we are
able to determine whether the next state is above or below
the line of light. In the first case, states will be
differentiated; in the second case will be measured as

identical. But we can also say that
2z , is a virtual value of a

hypothetical value, corresponding real, i.e. iL. Is it possible
that this virtual value is the factor of incommensurability for
the identical elements? This, in terms of the measure of the
element, has no value, but it can make sense in the
composition of the system as a single system. As aggregate
of system, we have identical elements, but when measuring
a system as a single system, is it possible to show that this
factor of incommensurability emerges and contributes to
the formation of the measurement of the single system?

4.3 Analogy of recursive bicyclic with the
numerical model

The analogy between the recursive bicyclic and
numerical model, leads us to define a model of systems
where, if we consider the elements in the range Δt as the 
end of the cycle time, they will determine the aggregate of
elements forming the system. We can represent an
aggregate system as a translation operator  in Space and
as a translation operator  in Time. If the elements remain
distinct, then the two operators themselves can switch with

one another, from which: 4 3 3 4( ) ( )    , but this is in

turn equivalent to 3 4( ).  With the analogy of the

numerical model, we have systems of the type (Pattern A):
2 2 2 3 2 4 2 5

3 2 3 3 3 4 3 5

4 2 4 3 4 4 4 5

5 2 5 3 5 4 5 5

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

       

       

       

       

Fig.3
In terms of measure, in the S/T, this means that we have n
distinct measures, in the previous 12. Arranged as shown:

3 6 9 12

2 5 8 11

1 4 7 10

z z z z

z z z z

z z z z

Fig.4
It should be noted that the measurement of 12 elements is
possible only when they are all different in the S/T or
reconstructed on orbits distinct, they are not more so, when
the system is in superposition and their orbits can not be
distinguished.
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These elements, separated by an interval Δt, form the cycle
of the system, and it can be regarded as an aggregate system
of elements. Now if, in such a system, 2 elements become
identical, then the possible states will be no longer 12 but
11, and 11, being a prime number, can not be represented
through a recursive bicyclic. The system will no longer be
seen as a system in space/time, no longer belong to the
Pattern A, becomes a quantum singularity. [14]

4.4 Example of identity elements and energy
variation in the Model

In general, we can say that an element is
differentiated when it is locatable in space and time. A
quantum superposition occurs when two or more elements
are located at the same instant S/T, this determines the
increase of frequency of a certain state compared to other
measurable. Also means that identical items, of the same
state, can be measured only in chronological order, i.e. they

are diachronic. As we have seen, if we measure
2z as

1z , we

could say that there will still be a factor of
incommensurability, which presents itself as an imaginary.
The problem we have is: This factor can not be measured as
part of the system, as element. Can it become part of the
measurement system, as a single system?
To answer this question we need to define an energy
interpretation of the numerical model. Consider a system
consisting of 9 items by a recursive bicyclic in the S/T. 9
elements are all distinguishable even if in the first cycle are
synchronous, this may happen because the functions of
which they lie are distinguishable. Now we want to define
the elements of such a system from the point of view of
energy; give, each element, an energy value and see what
happens in the case of elements which are identical. We
construct a system of reference energy in the following way:
[15] Rotate the axis S / T of 45 degrees, so you have on the
Y axis the change in energy ΔE, and on the X-axis,
temporal variation ΔT. As shown below:

Fig.5
In a classic system (SC) all values will be distinguishable as
ΔT, to make the idea of this, we must consider the values

1 2 3; ;z z z are not perfectly aligned with those of

4 5 6; ; ;z z z in such a way that the measure 2z and 4z is

carried out on different points of T. Furthermore, if we

assume 1 5 9( ; ; )z z z , that have the energy level E, then

2 6( ; )z z they will have the energy level E+ΔE, and so level

4 8( ; )z z , E-ΔE. The result will be that systems SC, will

have elements (and orbits) differentiated, the whole energy
level will be 9totE E . But what happens if we have two

measured elements as identical? As in the previous case

of 2 1z z ? To explain this, let's see what happens if the

elements of such a system are all aligned (as shown). In this

case, the instant 2T we will measure or an element with

energy level E + ΔE or with value E - ΔE. This means that
states distinguishable are no longer 9 but 5. What happens
to the other possible states? Will be part of the system as a
single system?
In fact, it is as if these states are not in a real way, but in a
virtual way. In our model we measure a system with total
energy 5totE E with a delta of +ΔE and –ΔE. That

is 5 4totE E E   , but this is the energy of the system into

its components, the single system is the measure of the
system as a whole and not only the real part, but also of the
imaginary. And the imaginary part is represented by its
elements, can not be measured as elements, or i4E. [16]
Then:

U OB NOBE E iE  (23)

Where UE is the energy of the system, as a single system,

OBE is the energy observed in the component and NOBE the

energy is not observable. It is present only virtually in the
system but is realized when the system becomes one. In the
previous model, which will measure the energy in the single

system is not 5E, but 41 6, 403..

The case examined, is different entities measured at the
same time, but the same thing happens for the same entity at
the same time. In the instant T we will measure only one
element of the possible ones. The other elements are still
present in the system, but in a virtual way. If the instants are
the same, the presence may only be virtual, so if we have 1
double element and the others distinguishable, the energy
level of the single system will be:

2 8 64 1 8,062UE E iE     (24)

As you can see, the system should have an energy slightly
higher than that measured in its components, and this gap
will increase, with the rise of the virtual components, until
the configuration limit that is where all the elements are
aligned. We called SC, all the systems expressed through a
bicyclic in S/T, and this means that in analogy with the
model number, these systems are represented by numbers
divisible, within the Pattern A. So

2 8,062UE E it's still a

SC although it has a double element. We called Quantum
Systems Singular (or Entangled) (QSS) those systems where
the number of elements, of a cycle, is a prime number, then
no more representable by a bicyclic, and therefore no longer
present in Pattern A. Systems with 5E, then, no longer have
a measurable structure in the S/T, they are singular systems
in S/T, the energy value is assigned to a reference standard,
which we call q. Therefore the systems that have, as
components values of the whole, a prime number, must
have a singularity which we call q, but it is not said that this
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singularity is also present in the single system, in fact in the
former case we have:

5 5 4 41 6, 403UE E i E    (25)

This means that aggregate system is therefore a QSS, while
the single system is a QSC and is observable in the S/T
relativistic.
Let us summarize the key aspects of our model:
1) Identical elements of a recursive bicyclic generate a
superposition of states. The factor of incommensurability
that follows, presents itself, in terms of energy, as Energy
unobservable.
2) The bicyclic systems in S/T have analogy with the
numbers divisible, by a numerical model. The resulting
systems can be called SC-symmetric, in S/T.
3) Systems in the asymmetric S/T are singularities, tears in
the fabric S/T, have analogy with prime numbers and we
call them, Quantum Systems Singularities.
4) An aggregate system, representable by two cycles of a
recursive in the S/T, in analogy with the numerical model,
can be measured with respect to a reference system ΔE/T.
The elements in it distinguishable form the energy
observable, and the elements indistinguishable form the
energy not observable, expressed as a value imaginary.
5) The measurement of a single system will be given by the
norm of the complex number, obtained by the observable
energy and the unobservable energy.
6) If the resulting energy represents a number divisible, it
will be expressed by a bicyclic recursive in the S/T, if it is a
prime number, the system will be seen as a singularity in the
S/T, as an event entangled.
If such a model corresponds to reality, then we have a way
to explain the existence of the hidden energy. There must be
a way to generate power from a system, making observable,
energy that is not observable and must, therefore, exist an
efficient way to decide whether a number is prime or not.
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1 Introduction 

         The notion of bi-ideals in associative ring was 

introduced by  S. Lajos, F. Szasz in [12]. Chelvam and 

Ganesan in [4] define bi-ideals in near rings. Later Kuroki 

[11] introduced the notion of fuzzy bi-ideals in semi-groups 

and Liu [19] studied them in rings. A detail work about bi-

ideals and fuzzy bi-ideals in a ring can be found in [5]. Later 

Datta [5 -7] introduced the notion of anti fuzzy bi-ideal in a 

ring and characterize them in terms of lower level cut subsets.   

           The notion of intuitionistic fuzzy set (IFS) was 

introduced by Atanassov [1] as a generalization of Zadeh’s 

fuzzy sets. Hur, Kang and Song [8-9] define and study the 

notion of intuitionistic fuzzy subring. Basnet [3] study the    

(α, β)-cut of intuitionistic fuzzy ideals of a ring. Sharma [16-

17] study the translation of intuitionistic fuzzy subring and 

ideal. Here in this paper, we introduce the notion of 

intuitionistic fuzzy bi-ideal in a ring and study some of their 

properties.  

 

2 Preliminaries 

Throughout this paper, let R denote a ring unless other 

specified. 

 

Definition (2.1)[3, 13] Let R be a ring. An IFS A = { < x, 

A(x), A(x) >: x R} of R  is said to be intuitionistic fuzzy 

subring of R ( IFSR) of R if  

(i)  A(x-y)  Min{A(x)A(y)} 

 (ii) A(xy)  Min{A(x) A(y)}    

iiiA(x-y)  Max{A(x) A(y)} 

(iv) A(xy)  Max{A(x) A(y)}, for all x , yR 

Definition(2.2)[13] An IFS A ={< x, A(x), A(x)>: xR} 

of a ring R said to be  

 (a) intuitionistic fuzzy left ideal of  R ( IFLI ) of R if 

(i) A(x-y) in{ A(x), A(y)}   

(ii)  A(xy)  A(y) 

iii)A(x-y)  Max{A(x) , A(y)}  

(iv)  A(xy)  A(y)  , for all x , y R 

(b) intuitionistic fuzzy right ideal of R ( IFRI ) of R if 

(i) A(x-y)  Min {A(x) , A(y)}  

 (ii)  A(xy)  A(x) 

iii) A(x-y)  Max {A(x) , A(y)}    

(iv) A(xy)  A(x)  , for all x , y R 

(c) intuitionistic fuzzy ideal of R (IFI ) of R if 

(i) A(x-y) in { A(x) A(y)}  

(ii) A(xy)  Max {A(x)  A(y)} 

(iii) A(x-y)  Max{A(x), A(y)} 

        (iv) A(xy)  Min{A(x), A(y)}, for all x , y R 

Theorem (2.3)[ 13 ] If A = {< x , A(x) , A(x) > : x R} 

be IFSR of ring R , then  

(i) A(0)  A(x)  and  A(0)  A(x) 

(ii) A(-x)  A(x)  and  A(-x)  A(x)   , for all x , y  R 

(iii) If R is ring with unity 1, then A(1)  A(x) and          

A(1)  A(x) , for all x R 
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Definition (2.4)[3] Let A be Intuitionistic fuzzy set of a 

ring R. Then (  ,  )-cut of A is a crisp subset  C , (A) of the 

IFS A is given by C , (A) = { x  R : A(x)   , A(x)   } ,  

where  ,   [0,1] with  +   1 

Theorem(2.5)[3] Let A be a IFS of a ring R. Then A is 

IFSR ( IFI ) of R if and only if C , (A) is subring ( ideal ) of 

R , for all  ,   [0,1] with  +   1.  

 

Definition(2.5) ([12]) A subring S of a ring R is called a 

bi-ideal of R if SRS  S holds, where SRS is the additive 

subgroup of R generated by the set of all elements of the form  

srs ,  s  S  and  r  R. 

Definition (2.6) ([5]) A non-empty fuzzy subset μ of a 

ring R ( i.e. μ (x)  0 for some x  R) is called an  fuzzy bi-

ideal of R if 

(i) μ (x − y)  Min {μ (x) , μ (y)}, 

(ii) μ (xy)  Min {μ (x) , μ (y)}, and 

(iii) μ (xyz)  Min {μ (x) , μ (z)} for all x, y, z  R. 

Definition (2.7) ([6]) A non-empty fuzzy subset μ of a 

ring R ( i.e. μ (x)  0 for some x  R) is called anti fuzzy bi-

ideal of R if 

(i) μ (x − y)  Max {μ (x) , μ (y)}, 

(ii) μ (xy)  Max {μ (x) , μ (y)}, and 

(iii) μ (xyz)  Max {μ (x) , μ (z)} for all x, y, z  R 

 

3 Intuitionistic fuzzy bi-ideal of a ring 

Definition(3.1) An IFS A = {< x, A(x), A(x) > : x R} of 

a ring R is said to be intuitionistic fuzzy bi-ideal of R (IFBI) of 

R if 

iA(x-y) in { A(x) A(y)} 

(ii) A(x-y)  Max{A(x), A(y)}  x, y R 

iii) A(xy)  Min{A(x) A(y)}  

(iv) A(xy)  Max{A(x) A(y)}, for all x, y R  

(v) A(xry) in{A(x)A(y)}  

(vi) A(xry)  Max{A(x) A(y)},  r , x, y R  

Example1. Let R be the ring of all 2×2 matrices over the 

ring of integers with respect to the matrix addition and 

multiplication. Let A = {< x, A(x), A(x) > : x R} be a 

intuitionistic fuzzy subset of R defined as follows: 

1                      ,  if a = b = c = d = 0

1
,     if a 0, even and b = c = d = 0

2
   

1
,      if a 0, odd and b = c = d = 0

3

0,                           in all other cases

A

a b

c d




 

   
   

    




 

and  

0                      ,  if a = b = c = d = 0

1
,     if a 0, even and b = c = d = 0

3
 

1
,      if a 0, odd and b = c = d = 0

2

1,                           in all other cases

A

a b

c d




 

   
   

    




 

Then A is a intuitionistic fuzzy bi-ideal of R. 

Theorem(3.2) Every IFLI ( IFRI ) of a ring R is IFBI of R 

Proof. In view of (3.1), we need only to prove the condition 

(v) and (vi) Let A be IFLI of the ring R and x, y R and a A  

A(x a y) A((x a)y) A(y) in{ A(x) A(y)  and  

A(x a y) A((x a)y) A(y) ax{A(x) , A(y)}  

Hence A is IFBI of R. The right case is proved in an 

analogous way.  

                    Next, we give an example of a IFBI of the ring, 

which is neither  IFLI nor  IFRI 

Example2. Consider the ring R of real numbers under usual 

addition and multiplication operations. Define the IFS            

A= (A , A) of R by  

      

0.8 ,    is rational 
( )      

0.4 ,    is irrational

 and   

0.1 ,    is rational 
 ( )   

0.5 ,    is irrational

A

A

if x
x

if x

if x
x

if x






 



 


 

It is easy to check that A is neither a IFLI nor a IFRI of R. 

But A is a IFBI of R. 

 

Theorem(3.3) Let A= (A , A) be IFBI of a field F. Then 

A is of the form 
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(1) ,   0
( )       and

(0) ,   0

A

A

A

if x
x

if x







 


 

(1) ,   0
( )   

(0) ,   0

A

A

A

if x
x

if x







 


 

where A(1)  A(0) and A(1)  A(0). 

Proof. Let A = {< x, A(x), A(x) > : x F} be an IFBI of a 

field F. Let 0  xF  be any element. Then 

A(x) = A(1.x.1)  Min{ A(1) , A(1)} = A(1) = A(1.1) = 

A{(xx
-1

)(x
-1

x)} =A{x(x
-1

x
-1

) x}  Min{A(x) , A(x)}= A(x)   

i.e.  A(x) = A(1)   and 

A(x) =A(1.x.1)  Max{ A(1) , A(1)}= A(1) = A(1.1) = 

A{(xx
-1

)(x
-1

x)} = A{x(x
-1

x
-1

) x}  Max{A(x), A(x)}= A(x)   

i.e.  A(x) = A(1) 

Corollary (3.4) If A is IFBI of a field F such that A(0) = 

A(1) and A(0) = A(1), then A is constant. 

Theorem (3.5) If A and B be two IFBI’s of a ring R, then   

A  B is IFBI of ring R. 

Proof. Let A= (A , A) and B = (B , B) be two IFBI’s of a 

ring R. Let x , y A  B be any element. Then                                            

AB(x-y) = Min{ A(x-y) , B(x-y)}                                                                    

                  Min{in{A(x)A(y)}, in{B(x)B(y)}} 

               = Min{Min{A(x)B(x)Min{A(y)B(y)  

               =Min{AB(x) , AB(y)} 

 

Thus  AB(x-y)  Min{AB(x) , AB(y)} 

Similarly, we can show that                                                

AB(x-y)  Max{AB(x) , AB(y)} 

 

Also, AB(xy) = Min{ A(xy) , B(xy)} 

                           Min{in{A(x)A(y)}, in{B(x)B(y)}} 

                       = Min{Min{A(x)B(x)Min{A(y)B(y)  

                       = Min{AB(x) , AB(y)} 

Thus  AB(xy)  Min{AB(x) , AB(y)} 

 

Next, let x , y  A  B  and  r  R  be any element, then  

    AB (xry) = Min{ A(xry) , B(xry)} 

                       Min{ in{A(x)A(y)}, in{B(x)B(y)}}  

                      = Min{ Min{A(x)B(x)Min{A(y)B(y) 

                        = Min { AB (x) , AB (y)} 

Thus   AB (xry)  Min { AB (x) , AB (y)} 

Similarly, we can show that                                                         

AB (xry)  Max{AB (x) , AB (y)} 

Hence A  B is IFBI of ring R. 

 

Corollary (3.6) Intersection of an arbitrary family of IFBI’s 

of a ring R is again a IFBI of R. 

Theorem (3.7) Let A be IFLI and B be IFRI of a ring R , 

then A  B is IFBI of ring R. 

Proof. Let A= (A , A) and B = (B , B) be two IFBI’s of a 

ring R.  Let x , y  A  B be any element. Then  

       AB(x-y) = Min{ A(x-y) , B(x-y)} 

                        Min{in{A(x)A(y)}, in{B(x)B(y)}} 

                    = Min{Min{A(x)B(x)Min{A(y)B(y)  

                    = Min{AB(x) , AB(y)} 

 

Thus  AB(x-y)  Min{AB(x) , AB(y)} 

Similarly, we can show that                                               

AB(x-y)  Max{AB(x) , AB(y)} 

Also,  AB(xy) = Min{ A(xy) , B(xy)}     …………..(1) 

 

Since A is IFLI and B is IFRI of the ring R. Therefore, we 

have   A(xy)  A(y) and  B(xy)  B(x)  

Min{A(xy)B(xy)} Min{A(x), B(y)}…………….(2)   

As  A  B  A and A  B  B . So AB(x) A(x) and 

AB(y) B(y)    

 Min{A(x), B(y)}  Min{AB(x) , AB(y)}……….(3) 

Therefore from (1), (2) and (3) , we have  

            AB(xy) = Min{ A(xy) , B(xy)}

 Min{A(x), B(y)} 

                            Min{AB(x) , AB(y)} 

Thus, we have AB(xy)  Min{AB(x) , AB(y)} 

Similarly, we can show that                                              

AB(xy) ax{AB(x) , AB(y)}  

Further, let x, y  A  B and r R, then  

AB (xry) = Min{A(xry) , B(xry)}        ………………(4) 

But A(xry) A((xr)y)A(y) and B(xry)B(x(ry)) B(x) 

implies that 
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Min{A(xry) , B(xry)} Min{A(y) , B(x)}  …..………(5)  

As A  B  A and A  B  B . So AB(y) A(y) and 

AB(x) B(x)  

 Min{A(y) , B(x)} Min{AB(y), AB(x)} ..………(6) 

From (4), (5) and (6), we get                                                  

AB (xry)  Min{AB(y), AB(x)} 

Similarly, we can show that                                                   

AB (xry)  Max{AB(y), AB(x)} 

Hence A  B is IFBI of ring R. 

Theorem(3.8) Let A be IFS of a ring R, then A is IFBI of 

R if and only if C , (A) is bi-ideal of R, for all ,  [0,1] 

with  +   1, where A(0)   and A(0)  

Proof. Firstly, let A be IFBI of a ring R. Then by definition 

of  (, ) –cut of A, we have                                                      

C ,  (A) = { x R : A(x)   , A(x)   } 

Since A(0)    ,  A(0)       C ,  (A)   . 

Let x , y  C ,  (A) be any elements, then  

A(x)    ,  A(y)    ,  A(x)  . ,  A(y)   

 Min {A(x) , A(y)}      and   Max {A(x), A(y)}   

Now  A(x-y) in { A(x) A(y)}   and                    

A(x-y)  Max{A(x), A(y)}   

Also, A(xy) in { A(x) A(y)}   and                     

A(xy)  Max{A(x), A(y)}   

 x - y  C ,  (A)  and  xy  C ,  (A). Thus C ,  (A) is a 

subring of R.    

Next, let x , y  C ,  (A) and r  R be any element. Then 

A(xry) in{A(x)A(y)}    and  A(xry)  Max{A(x) 

A(y)}   

 xry  C ,  (A). Thus C ,  (A)RC ,  (A)  C ,  (A)  

Hence  C ,  (A) is bi-ideal of R.                              

Conversely, let C , (A) be bi-ideal of R, for all ,  [0,1] 

with +   1, where A(0)   and A(0) hen             

C ,(A) is a subring of R and C ,  (A)RC ,  (A)  C ,  (A). 

This implies that A is intuitionistic fuzzy subring of R (by 

Theorem (2.5))                                                                       

Let x, y, r R and such that A(xry) in{A(x)A(y)}   

Choose [0,1] such that  A(xry) in{ A(x) A(y)}, 

this implies that   A(x)   A(y)     A(x) A(x)  

1-  and  A(x) A(x)  1-.                                       

Thus, x, y C ,1-(A) and so  xry  C , 1- (A). i.e.         

A(xry)  a contradiction.                                                 

So, A(xry) in{A(x)A(y)}.  Similarly, we have            

A(xry)  Max{A(x), A(y)}                                              

Hence A is IFBI of the ring R.  

Theorem (3.9) If every bi-ideal of a ring R is a ideal of R, 

then every IFBI of R is IFI of R. 

Proof. Let A be IFBI of R. Then by theorem (3.8), C , (A) 

be bi-ideal of R, for all ,  [0,1] with +   1, which 

implies that C , (A) be ideal of R, for all ,   [0,1] with + 

  1 and so by theorem (2.5), A is IFI of R.     

4.     Intuitionistic fuzzy magnified translation 

of bi-ideal of a ring 

The notion of intuitionistic fuzzy magnified translation(IFMT) 

of intuitionistic fuzzy set has been defined and discussed by 

the first author in [16]. Here, in this section, we discuss the 

IFMT of IFBI of a ring and its homomorphic image.  

 

Definition(4.1)[16] Let A = (A, A) be an intuitionistic 

fuzzy subset of X and  [0,1] and     [ 0, 1– Sup{ A(x) + 

A(x) : xX, 0  A(x) + A(x)  1 }] . Then the intuitionistic 

fuzzy magnified translation (IFMT) T of A  is an object of the 

form : 

  T =   { < ( x , ( , ) ( , )( ) ,  ( )A Ax x     > :  x  X }or  briefly 

as  { < (x, T(x), T(x)> :  x  X }, Where the functions  

( , )

A

  = T  : X  [0,1]  and  ( , )

A

   =  T : X [0,1] are 

defined as : 
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T(x)= ( , ) ( )A x  = A(x)+ , T(x) = ( , ) ( )A x  = A(x)+  

,   for all x  X. 

Example(4.2): Let X = {1, , 
2
 }. Let                                      

A = {< 1, 0.3, 0.4 > , <  ,0.1, 0.25 > , < 
2
 ,0.5,0.3 >} be an  

IFS of  X. Then [ 0 ,1 - Sup{ A(x) + A(x): xX, 0  A(x) + 

A(x) 1}] = [0, 0.2]. Take  = 0.1 and   = 0.2.Then IFMT of 

the IFS A is given by T = {< 1, 0.16, 0.18>, < , 0.12, 0.15 >, 

< 
2
 , 0.2, 0.16 >} 

 

Theorem(4.3) : Let T is an IFMT of an IFBI A of a ring 

R, then T is also an IFBI of R. 

Proof: Assume that T is an IFMT of an IFBI A of a ring R.  

Let x, y, zR , we have  

               T(x - y ) = A(x – y
 
) +   

                               Min{ A(x)  A(y) }+   

                              = Min { A(x) +  ,  A(y) +  } 

                              = Min{ T(x)  T(y) }                                  

also 

               T(xy) = A(xy) +   

                               in{ A(x)  A(y) }+   

                              =  Min{ A(x) +  , A(y) +  } 

                              = Min {T(x)  T(y)}                                  .  

also     T(x - y) = A(x - y) +    

                             ax{ A(x)  A(y) } +   

                             = Max{ A(x) +  , A(y) +  }  

                             =Max{ T(x)  T(y)} 

And         T(xy) = A(xy) +    

                             ax{ A(x)  A(y) } +   

                             = Max { A(x) +  , A(y) +  }  

                             = Max{ T(x) , T(y) } 

 

T(xyz) = A(xyz) +   

               in{ A(x)  A(z) }+   

              =  Min{ A(x) +  , A(z) +  } 

              = Min {T(x)  T(z)}  

 And  T(xyz) = A(xyz) +    

                        ax{ A(x)  A(z) } +   

                        = Max { A(x) +  , A(z) +  }  

                        = Max{ T(x) , T(z) } 

                                                  

Hence T is also an intuitionistic fuzzy bi-ideal  of R. 

 

Example (4.4): Let T is an IFMT of an IFBI A of a ring R, 

then H = { xR : T(x) = T(0) and T(x) = T(0) } is bi- ideal 

of R. 

Proof: Easy exercise 

Example (4.5): Let T is an IFMT of an IFBI A of a ring R, 

then  H = {< x, T(x) > : T(x) = T(0) and T(x) = T(0) } is a 

fuzzy bi- ideal of R. 

 Proof: Easy exercise  

Example (4.6): Let T is an IFMT of an IFBI A of a ring R, 

then  H = {< x, T(x) > : T(x) = T(0) and T(x) = T(0) } is 

an anti-fuzzy bi- ideal of R            .                                            

 Proof: Easy exercise. 

Proposition (4.7):  Let R and R
׀
 be any two rings. Then 

the  homomorphic image of an IFMT of an IFBI  of R is an 

IFBI of R
׀
. 

Proof: Let R and R
׀
 be any two rings and f: R → R

׀
 be a ring 

homomorphism. 

Therefore        f(x + y) = f(x) +  f(y)   and  

                      f(x y) = f(x) f(y)      for all  x and yR. 

Let V = f (T), where T  is an IFMT of an IFBI A of R. We 

show that V is also an IFBI of R
׀
. 

Now,   for f(x) and f(y) in R
׀
, we have 

V[ f(x) - f (y)
 
) ] = V[f (x - y

 
) ]   

            ≥ T ( x - y
 
 )  

            = A ( x – y ) +   

                            ≥ Min{ A(x)  A( y
 
) } +    

                            = Min{ A(x) +   , A( y) +   }  

                            = Min{ V(f (x) ) ,  V(f (y)}  

Thus     V[f (x) - f (y) ) ] ≥ Min {V(f (x) ), V(f (y)}  

And  

V[ f(x) f (y) ] = V[f (xy
 
) ]   

        ≥ T ( x  y
 
 )  

        = A ( x y
 
) +   
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                        ≥ Min{ A(x), A( y
 
) } +    

                       = Min{ A(x) +   ,  A( y) +   }  

                       = Min{ V(f (x)), V(f (y)}  

Thus     V[f (x) f (y) ] ≥ Min {V(f (x) ), V(f (y) }      also 

         V[f (x) - f (y) ] = V[f (x -y
 
) ]  

                                     T (x - y
 
)  

                   = A ( x -  y
 
) +   

                    ax{ A(x)  A( y
 
 } +                      

                                   = Max{ A(x) +  A(y) + }  

                                   = Max{ V(f (x) , V(f (y)} 

Thus     V[f (x)- f (y)]  V(f (x) )  V(f (y)).         

also     

          V[f (x) f (y)
 
 ] = V[f (xy

 
) ]  

                                    T (x y
 
)  

                   = A ( x y
 
) +   

                    ax{ A(x) , A( y
 
) } +                      

                                   = Max{ A(x) + , A(y) + }  

                                   = Max{ V(f (x),  V(f (y)} 

Thus     V[f (x)(f (y)
 
 ] ax{ V(f (x), V(f (y))}   

And  

V[ f(x) f (y) f (z) ] = V[f (xy
 z
) ]   

        ≥ T ( xyz
 
 )  

        = A ( x yz
 
) +   

                        ≥ Min{ A(x), A( z
 
) } +    

                       = Min{ A(x) +   ,  A( z) +   }  

                       = Min{ V(f (x)), V(f (z))}  

Thus     V[f (x) f (y) f (z) ] ≥ Min {V(f (x) ), V(f (z) }      

also 

V[f (x) f (y)
 
f (z) ] = V[f (xyz

 
) ]  

                                 T (x yz
 
)  

                  = A ( x yz
 
) +   

                                 ax{ A(x) , A( z
 
) } +  

                                = Max{ A(x) + , A(z) + }  

                                = Max{ V(f (x)) ,  V(f (z))} 

Thus     V[f (x)(f (y)
 
f (z) ] ax{ V(f (x)), V(f (z))}   

              Therefore, V is an IFBI of a ring R
׀
.Hence the 

homomorphic image of an IFMT of an IFI  A of R is an IFBI 

of R
׀
. 
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  Abstract— This paper presents a review of creep deformation 

and rupture mechanisms of low Cr-Mo alloy for the 

development of its creep damage constitutive equations under 

lower stress level. The existing phenomenological type of 

creep damage constitutive equations, proposed and developed 

by Hayhurst, do suffer the deficiency of inaccuracy in 

predicting the creep strain under multi-axial situation. 

Furthermore, it was not developed specifically for low stress. 

The paper reports a critical review on the cavity nucleation 

and the cavity growth, the deformation mechanisms and the 

creep damage evolution characteristics of the low Cr-Mo 

alloy at the temperature ranging from 723K to 923K 

(450  ~650  ), particularly under low stress level 

(          ), to form the physical base for the development of 

creep damage constitutive equation. It covers the influence of 

the stress level, states of stress, and the failure criterion. 

Keywords: cavitation, creep damage, ductility, low Cr-Mo alloy, 

stress level, stress state 

 

1 Introduction 

        Low Cr-Mo alloy steel is widely used for steam 

pipeworks in the power generation industry, particularly in 

fossil fuel plants and nuclear reactors at elevated temperatures 

of 723K-823K (450 -550 ) and varying stress levels of 

40MPa-200MPa. This steel is selected since it offers the 

necessary creep strength at optimal cost. A number of service 

experiments were reported at the temperature range of 

723K-923K (450 -650 ) and at varying stress levels of 

30MPa-350MPa [1]. The lower stress level is associated with 

the expected long life of power generation installation. 

        Clearly evidences from the industry and institutions 

show that a new set of creep damage constitutive equations is 

required to be developed to depict the mechanical damage 

behavior and rupture lifetime [2-4]. 

        The most popular Kachanov-Robatnov-Hayhurst (KRH) 

formulation was not developed for low stress and cannot 

depict the creep strain accurately under multi-axial state of 

stress due to its three-dimensional generation method used 

 
 

[4-6]; moreover, its disadvantages have been reported in detail 

by Xu and his fellows [4- 6]. In 2004, the European Creep 

Collaborative Committee (ECCC) [2] established a new 

project to develop a new set of constitutive equations for low 

alloy steel because the previous creep model cannot present 

accurate results for the high temperature industry. Likewise, 

the same requirement raised by ECCC was raised by the 

Nuclear Research Index (UK) [3] to ensure the inspection of 

operated components. In 2012, the simulation results 

presented in Hosseini et al.’s work from the Swiss Federal 

Laboratories (SFL) shows by using the five predicting creep 

damage constitutive models the lifetime for lower stress is 

overestimated; moreover, these creep models cannot depict 

the tertiary stage which is closely related with lifetime fracture 

[7]. Therefore, it is important to conduct a critical review on 

the creep deformation process and rupture mechanisms to 

firmly establish the foundation for the development of a set of 

creep damage constitutive equations. At this current stage, the 

authors believe that for low alloy Cr-Mo steel there is a lack of 

clarity of the damage processes at low, intermediate, high 

stress levels and stress states, and also there is a lack of 

understanding of the microstructure changes during creep 

services.  

        In this paper, a critical analysis of creep deformation and 

rupture under creep stress levels and states at varying constant 

temperature on the low Cr-Mo alloy, such as 2.25Cr-1Mo 

(T/P22) steel is reported. It shows that the different stress 

levels and the stress states have a significant influence on the 

creep evolution, creep rupture and rupture ductility. Also the 

physical base for constitutive modeling of creep deformation 

and damage is given.  

2 Effect of stress level under uni-axial 

creep 

   The data of the specimens to analyze the creep 

deformation and rupture processes were extracted from 

published literatures and research institutions’ (universities, 

companies and high temperature industries) laboratories [1, 8- 

11].  
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2.1 Effect of the stress level on creep lifetime 

 

     Figure.1 shows the long-term performance of the 

transition from higher stresses (       ) to lower stresses 

(          ) for 2.25Cr-1Mo steel depends on the creep 

rupture time. This figure reflects that at higher stress levels the 

damage mechanism differs from the low stress levels; this 

observation indicates that the former constitutive equation 

modeling based on the analysis of short-term data 

extrapolation from high stress to low stress is not reliable.   

        Based on the experimental data of the stress versus time 

to the rupture, the mechanical relationship could be assumed 

as: 

   
 

    
                                    (1) 

       Where    is fracture time,    is the initial elastic creep 

stress. 

2.2 Effect of the stress level on strain at failure 

 
Fig. 2. Experimental data summarized from [11] at the temperature of 640  

(Dash line) and 620  (Solid line), data collected from ERA report   

        Figure. 2. shows the strain at failure is increasing as the 

stress level increases.  

        Based on the experimental data of strain at failure versus 

stress, the mechanical relationship could be assumed as: 

 

          
                                (2) 

        Where,    is fracture strain and   is external stress,    is 

the initial elastic creep stress. 

2.3 Effect of the stress level on creep rate 

 

 

 

 

 

 

 

 

 

 

          

        

         Figure. 3 shows the creep behavior of the alloy 

2.25Cr-1Mo at 450 -650  (minimum creep rate against 

stress). The above observation indicates that the stress level 

does influence the creep behavior of the alloy, having a larger 

effect on the minimum creep rate. A careful analysis was 

carried out with the creep data only to check the variation of 

the minimum creep rate with stress and verify the possibility 

of expressing the data according to this relation.  

        Based on the experimental data for stress versus 

minimum creep rate, the mechanistic relationship could be 

assumed as:  

  ̇    
   
                                         

        Where,   ̇ is minimum creep rate,   is external stress, n, 

m are materials parameter. 

2.4 Effect of the stress level on ductility 

        An investigation from experimental aspects shows that at 

different regime of rupture ductility varies with externally 

applied stresses [12, 13]. The various ductility regimes are 

associated with distinct rupture mechanisms which affect the 

accuracy in investigating the constitutive equation [12-14]. 

 

 

 

 

   

 

 

 

 

 

               

 

        Figure. 4 exhibited the ductile failure results of the 

sample under higher stresses; also, it exhibited low ductility 

results of the samples under lower stresses level. 

        ECCC proposed a general trend of elongation versus the 
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Fig. 1. Stress versus time to rupture at 450,475, 500,525, 550, 600 

and 650  for P22 steel Tubes, adapted from [1]  

 

Fig. 3. Stress versus minimum creep rate for P22 steel tubes [10] 

Fig. 4. The stress depends on reduction of area for 2.25Cr-1Mo steel (P22) [1] 
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log rupture time to depict the effect on ductility [14]. 

However, this analysis of the effect of the stress level on 

ductility has been carried out with the reduction of the 

specimen area, which is due to the effect on the estimate of the 

true stress based on elongation (likely to be inaccurate as 

regards the behavior of the region with ultimately failure; such 

as, necking behavior).  
TABLE. I 

The  summerised ductility equation for dominate mechanism under low stress, 
intermediate stress  and high stress has been slected from ECCC [2] 

 Stress level 

Domin
ate 

mecha
nism 

Model 

Develope
r 

Ductility Model 

Multi-

axial 

ruptur

e 
ductilit

y 

model 

Under High 

stress level 

       

Grain 

bounda

ry 
cavity 

growth 
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2.5 Effect on the characteristic and mechanism 

under high stress range  

        At high stress          the plasticity-controlled cavity 

growth mechanism is predominant, and there is an increasing 

rupture strain with the increasing creep strain rate [20, 21]. 

Under this stress level, the creep rupture occurs based on the 

wedge-type micro-crack which forms at a triple grain junction 

and the growth cracks will lead to local grain-boundary 

separation [20, 21]. Furthermore, failure occurs relatively 

quicker and is accompanied by elongation deformation at this 

stress level [20, 21]. The speed of the plastic strain increases 

rapidly after the external loading is applied. In this condition, 

the fracture is based on the transgranular cavities [20-22]. 

Further study shows the creep failure is associated with 

ductility because the reduction area of the specimens 

presented is around ¾ of the cross section under high strength 

condition [20-22]. 

2.6 Effect on the characteristic and mechanism 

under moderate stress range  

        Mohyla and Foldyna [23] report that at 873K (600 ) and 

at 110MPa (0.4-0.5  ), the microstructure of the experimental 

specimens has seen the elliptical creep cavities, wedge type 

creep cavities and grain boundary cavities. These results 

indicate that the creep deformation and rupture behavior is a 

mixture under the stress level of (0.4-0.5  ).  

2.7 Effect on the characteristic and mechanism 

under low stress range 

        At low stress (0.2~0.4   ; Parker and Parsons claimed 

that the nucleation controlled constrained cavity growth is the 

predominant mechanism [20, 21]; and the fracture is due to the 

intergranular cavities behavior. 

        The experimental data which has been plotted as the 

typical creep curve (creep strain versus lifetime) for low 

Cr-Mo alloy shows the primary creep stage often occupied 

approximately 10% of the total specimens’ lifetime; however, 

the tertiary creep stage takes the largest portion of about 80% 

of the total lifetime [20-22].  

         In 2004 Dobrazanski classified the creep evolution of 

low-alloy Cr-Mo steel as the development of cavities, the 

formation of microcracks and macrocracks which lead to 

eventual rupture [24, 25]. His research reflects that under low 

stress level,  the 1Cr-0.5Mo steel and T/P23 steel start to 

nuclei at 0.4~0.6  ; the report from EPRI shows similar result 

that T/P22 steel starts to nuclei at 0.25  [4]; these results 

seem to contradict the earlier assumption about instant 

nucleation cited and then used by Dyson [26]. Consequently, 

this leads to the question of the need to examine the 

applicability of Dyson’s creep damage constitutive equation 

under low stress.  

3 Effect of multi-axial stress state 

3.1 Effect of the stress state on notched bar 

(Tri-axial stress state) 

       Comparing with the specimens’ lifetime under the tensile 

stress and notched bar (which provide the tri-axial stress state) 

condition, the life under the tri-axial stress state has been 

extended due to the reduction of von Mises stress occurred 

when hydrostatic stress is imposed on uni-axial tension [27]. 

        Needham [28], by comparing smooth and notched 

specimens (under higher stresses), examined the effect of the 
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stress state on the nucleation rate in two Cr-Mo steels. He 

found that it is the maximum principal stress,    which 

controls the nucleation; likewise, von-Mises equivalent rate is 

usually less important at high stresses. Currently, the 

experiment of the creep deformation performance on the 

notched bar of 2.25Cr-1Mo steel under higher stresses is been 

conducted [29], the results illustrate that the cavity size around 

the crack tip increases dramatically, but the cavity number 

only increases slightly [29].  

3.2 Effect of the stress state on ductility 

        As has been reported by Longsdale and Flewitt [30] and 

Chuman et al. [31] the hydrostatic stress has great influence 

on the multi-axial stress; Also they [30, 31] have indicated that 

the domination multi-axial stress is hydrostatic stress which 

leads to final creep fracture under lower stresses [31], and the 

equivalent stress is dominant to evaluate the creep fracture 

under higher stresses [32]. Therefore, further work will focus 

on the experimental results which could show the dominate 

stress that could reflect the multi-axial state influence; If this 

has been carried out, a hypothesis will be made to derive 

uni-axial equations set to multi-axial equations set; this has 

been discussed in section    .   

4 Creep rupture criterion 

4.1 Summary of the existing creep rupture 

criterion 

TABLE. II 

Fuilure criterion been used for low alloy creep damage constitutive equaitons 

         

        Table II summarized the different creep rupture criterion 

which has been applied in creep damage constitutive 

equations for low alloy; nevertheless, these creep rupture 

criteria do not necessarily have clear physical meanings 

associated with the creep rupture behavior and rupture 

mechanism [32]. 

        The statistic creep rupture criterion do not have physical 

meanings and are not able to predict the accurate creep curve 

and creep deformation behavior [3-5]; therefore, a new 

consideration of the rupture criterion should be conducted.  

4.2 Effect of the low stress level on the cavity 

nucleation rate and cavity growth rate 

        Longsdale and Flewitt reported that under lower stresses 

(55.6, 60.6 and 70.6 MPa, at 873K (600 )) for 2.25Cr-1Mo 

steel, the cavity rate of accumulation increases monotonically 

with time and at a given time. It was greatest for the largest 

applied stress [30]; the density of the cavity observed on the 

grain surfaces increased continuously throughout the creep 

life; its cavity growth rate is slightly increased with the 

accumulation of time [30] From the experimental 

observations on the cavity nucleation and cavity growth, 

Needham [28] found that the functional relationship for cavity 

nucleation rate, cavity growth rate, and the rupture lifetime for 

2.25Cr-1Mo steel and 1Cr-0.5Mo steel are inversely related to 

maximum principal stress,  , by a power law, under lower 

stresses; the power law index number is presented in Table. III 

for these two Grades.   

TABLE. III 

Summary of stress index for power law behaviour under the low stress [28] 

Under low stresses (0.2~0.4 yield stress) MPa 

depends on maximum 
principal stress 

Cavity 
nucleation rate 

cavity 
growth rate 

rupture 
lifetime 

power law stress index 5~7 3.5~4.5 4.8 

 

4.3 Effect of the high stress level on the cavity 

nucleation rate and cavity growth rate   

        Kawashima and et al. reported that for 2.25Cr-1Mo steel 

the creep ruptures lifetime depends on the cavity nucleation 

rate and cavity growth size [42].  

TABLE. IV 

The cavity growth rate versus stress in low Cr-Mo alloy, under the high stress 
[42] 

cavity growth rate( m/s) stress (MPa) 

3.16228E-14 117.5 

5.62341E-14 127.5 

7.49894E-14 145 

1.77828E-13 160 

3.16228E-13 170 

1.77828E+12 190 

3.16228E-12 225 

Types of constitutive equation used for 
low Cr-Mo alloy 

Originat

ed from 

Year 
Failure Criterion 

Kachanov [33] 1958 
Critical damage 

D=1 

Kachanov Robatnov(KR) [34] 1969 Critical damage    

Lemaitre [35] 
 

1985 Critical damage    

Piques [36] 1989 f=porosity 

Kachanov –Robatnov-Hayhurst (KRH) 

[37] 
1995 Critical damage    

Dyson and McLean [38] 2000 
Critical strain at 

failure       

Qiang Xu’s [4] 2000 Critical damage    

Michel [39] 2004            ‖ ⃗      ‖ 

Lmaitre and Desmorat [40] 2004 Critical damage    

Whittaker, Wilshire [41] 2012 

Limited activity 

energy:   
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        Table. IV shows the growth rate increases with the 

increase of the applied stresses under higher stresses [30]. 

These results indicate that the cavity growth behavior is 

associated with the creep rupture behavior and mechanism. 

TABLE. V 

Summary of stress index for power law behaviour under the low stress [28] 

Under intermediate and high stresses (>0.4 yield stress) MPa 

depends on maximum principal 

stress and equivalent stress 

Cavity 

nucleation 
rate 

cavity 

growth 
rate 

rupture 

lifetime 

power law stress index 3.5~5 3.5~5 3.5~5 

        As the cavity nucleation rate is strongly dependent upon 

the maximum principal stress (under low stress conditions), 

and dependent upon both of the maximum principal stress and 

the equivalent stress (under intermediate and high stresses), 

the rupture lifetime could be predicted from knowledge of the 

nucleation rate determined under a uniaxial tensile [28].  

Therefore, further work will focus on the critical value of the 

void nucleation rate and the growth rate depending on the 

creep lives. If this has been carried out, a hypothesis of a new 

creep rupture criterion will be developed to conduct the 

physical–based creep rupture behavior and mechanism.   

5 Multi-axial stress rupture criterion 

        The multi-axial stress rupture criterion of low Cr-Mo 

alloy has been determined from analyses of hollow cylindrical, 

notched bar and hollow cruciform specimens [27, 30, 42].        

        From the analyses of the previous experimental data, the 

results show the maximum principal stress,   , Mises stress 

       and hydrostatic    are associated with creep damage 

process which leading to the rupture [31]. Moreover, the 

results indicate that the dominated stress system which 

leading to the intergranular fracture seems to be the 

hydrostatic stress, and the rupture behavior has a strong 

dependence on maximum principal stress  ; therefore, the 

equation of the multi-axial stress rupture criterion [30] could 

be expressed as: 

                                                   (9) 

      

6 Result and discussion 

        Based on the review of experimental data and the 

microstructure observation under varying stress ranges and 

stress states, the new set of creep damage constitutive 

equation to be developed should satisfy the following 

requirements which should be able to: 

1) represent the transition between lower-shelf intergranular 

rupture and upper-shelf ductile-transgruanlar rupture as a 

function of temperature, strain rate, stress and material 

pedigree;   

2) express the mechanistic relationship between applied 

stress versus time to rupture: 

   
 

    
                               (1) 

3) reflect the mechanistic relationship between the strain at 

failure versus stress: 

          
                             (2) 

4) show the mechanistic relationship between between 

minimum stress rate and applied stress: 

 ̇     
   

                                   (3) 

5) depict the dominated constrained cavity growth 

deformation mechanism under low stress level, 

           ; 

6) depict the dominated plastic hole growth deformation 

mechanism under high stress,       ; 

7) depict the diffusion deformation mechanism stress in 

between                 ; 

8) show the effect of the stress states on creep ductility, 

under multi-axial conditions; 

9) show, under lower stresses, the rupture criterion is 

amalgamated with the cavity density;  

10) show, under higher stresses, the rupture criterion is 

amalgamated with the cavity size;  

11) express the multi-axial stress rupture criterion: 

                                   (9) 

      

7 Conclusion 

        This paper provides a critical analysis of the obtained 

experimental observation on the creep deformation and the 

creep damage evolution mechanisms. The requirements of the 

creep damage constitutive equation in terms of lifetime and 

strain at failure under a range of stress states and stress levels 

have been investigated. Further work will focus on the 

development of the creep damage constitutive equations for 

low Cr-Mo alloy which could be used in engineering design, 

or with the finite element continuum damage mechanics 

methods.  
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Abstract— In this paper a combined algorithm for analyz-
ing structural controllability and observability of complex
networks is presented. The algorithm addresses the two fun-
damental properties to guarantee structural controllability
of a system: the absence of dilations and the accessibility of
all nodes. The first problem is reformulated as a Maximum
Matching search and it is addressed via the Hopcroft-
Karp algorithm; the second problem is solved via a new
wiring algorithm. Both algorithms can be combined to
efficiently determine the number of required controllers and
observers as well as the new required connections in order to
guarantee controllability and observability in real complex
networks. An application to a Twitter social network with
over 100,000 nodes illustrates the proposed algorithms.

Keywords: Complex networks, controllability, observability,
maximum matching, Twitter

1. Introduction
Classical dynamical system theory is based on the char-

acterization of systems via time-evolution models (e.g. dif-
ference or differential equations) [18], [24]. Such character-
ization can be employed to perform two fundamental and
dual tasks in dynamical system theory: on the one hand,
the estimation of system’s internal state from the measure-
ment of accessible system outputs, defining the so-called
observation problem; on the other hand, the modification of
system’s internal state via the injection of appropriate system
inputs, defining the so-called control problem [6]. These
problems have been thoroughly studied in the literature
so that observability and controllability conditions are well
defined, specially for linear systems [3], [8].

The study of complex systems composed by many in-
terconnected elements can be addressed by analyzing the

Corresponding author: Pedro J. Zufiria. Depto. Matemática Aplicada a
las Tecnologías de la Información, ETSI Telecomunicación, Universidad
Politécnica de Madrid (UPM), Ciudad Universitaria s/n, E-28040 Madrid,
Spain.

underlying network (or graph) which characterizes these in-
terconnections [1]. Such network gathers some fundamental
structural system properties which in general do not depend
on the specific system parameter values. In general, both
node dynamics and their connectivity are relevant in complex
systems control [4], [5], [22]; here in this paper we focus
on structural aspects to provide a fundamental reference
information for a detailed controllability analysis.

Along this line, structural controllability theory has been
developed [14], [15], [20], [21] in order to characterize the
implications of system internal connectivity in its state space
controllability. The existing results can be formalized via
either matrix algebraic structural properties or graph theoreti-
cal properties. Parallel results have also been obtained for the
dual structural observability problem [16], [23]. Supported
by this duality, the exposition of results in this paper will
mainly refer to the controllability problem.

System structural controllability becomes determined by
both its internal connection structure and the set of inputs
defined in such system. Given the network underlying the
system connectivity structure and a set of inputs, a system is
structurally controllable if and only if all nodes (or vertices)
are accessible from the inputs and the network does not have
dilations [14].

The first part of this paper addresses the problem of
guaranteeing system structural controllability by making use
of a minimum number of input controllers. Graph theoretical
tools are mainly employed to find such minimum number of
control inputs for avoiding dilations, where the concept of
Matching becomes crucial [15], [21]. In addition, the concept
of wiring is developed to guarantee accessibility of all nodes
preserving such minimum number of control inputs.

The second part of the paper illustrates the application of
the proposed algorithms to both the controllability and the
(dual) observability problems.

In the following section we summarize some of the basic
results concerning system structural controllability.
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2. Structural controllability fundamen-
tal results

As stated in Section 1, a network is structurally control-
lable if and only if all nodes are accessible from the inputs
and the network has no dilation [15]. We start addressing
the analysis of dilations.

2.1 Dilation and Matching
A graph (or network) is defined by G := (V,E), a pair of

sets where V is the set of vertices (or nodes) and E the set
of edges (or links). Every edge belonging to E is defined
as a pair of vertices (vi, vj) ∈ E where vi, vj ∈ V . For
directed graphs, the pair defining an edge is ordered.

A network has a dilation if we can find a subset S ⊂ V
of the vertices of the graph that verifies:

|S| > |T (S)| (1)

where T (S) represents the set of vertices that point to any
vertex vi ∈ S.

On the other hand, a bipartite graph is defined as Gb :=
(X,Y,Eb) where X and Y are two (potentially) different
sets, and Eb is the set of edges linking one element of X with
an element of Y , i.e Eb = {(vXi , vYj ) : vXi ∈ X, vYj ∈ Y }.
Given a set of nodes S ⊆ Y , we define T (S) ⊆ X such that
T (S) = {vXi ∈ X : ∃(vXi , vYj ) with vYj ∈ S}.

Graph Theory provides the following result:
Theorem 1 (Hall): A bipartite graph Gb := (X,Y,Eb)

has a matching which covers every vertex in X if and only
if

|T (S)| ≥ |S| , ∀S ⊆ Y (2)
Hall’s theorem provides a criterion for bipartite graphs to

have a perfect matching, as long as they also verify:

|X| = |Y | (3)

This condition on the existence of a perfect matching is
condensed in the following corollary:

Corollary 1.1: A bipartite graph Gb := (X,Y,Eb) has a
perfect matching if and only if it verifies both (2) and (3).

Given a graph G := (V,E) one can define its associated
bipartite graph Gb := (V +, V −, Eb) where V + = V − = V
and Eb is constructed as follows

Eb = {(v+i , v
−
j ) : ∃(vi, vj) ∈ E}

Defined this way, Gb : (V +, V −, Eb) will obviously verify
(3). Therefore, a network has no dilation if and only if it
has a perfect matching.

Alternatively, based on the pioneering work of [14], the
Maximum Matching (MM) Algorithm is proposed in [15]
as a good tool to determine the minimum number of inputs
required to guarantee that there are no dilations in a network.
Precisely, the number of required inputs would correspond
with the number of vertices not matched by an edge in the
maximum matching of the network.

2.2 Accessibility and wiring
However, as stated earlier, the matching criterion verifies

the condition of no dilation in the network, but not the
accessibility condition. The network might present some
internal structures that being matched by edges of the
maximum matching might not be accessible from the inputs.
This happens with matching solutions containing cycles. In
these cases, it is necessary to add new connection edges
from the calculated inputs to the non-accessible structures;
we call this process wiring. Note that this process keeps the
number of control inputs unchanged.

In the following Section, a version of the MM Algorithm
is proposed and analyzed. In addition, a new wiring algo-
rithm is developed, in order to find the structures matched
by the MM that are not accessible from the inputs, and to
create the required external edges from the inputs to a node
of such structures.

3. The combined MM and wiring algo-
rithm
3.1 The Hopcroft-Karp algorithm

Complex networks are usually formed by a very large
amount of nodes (or vertices) and links (or edges). Hence,
the time efficiency of the Maximum Matching (MM) de-
tection algorithm is very important when dealing with this
type of huge networks. For this purpose, the Hopcroft-Karp
algorithm has been selected which runs in O(

√
V E) time

[11].
The Hopcroft-Karp algorithm directly deals with non-

directed bipartite graphs; nevertheless it can also be applied
to general non-bipartite directed graphs, provided an appro-
priate transformation is previously performed. As mentioned
earlier, given the original graph G := (V,E) one can define
its associated bipartite graph Gb := (V +, V −, Eb) where
V + = V − = V . Note that the edges in the bipartite graph
adjacent to any v+i ∈ V + represent the out-links of vi ∈ V
and the edges adjacent to v−i ∈ V − represent the in-links of
vi.

Given a matching Mb of Gb, if (v+i , v
−
j ) ∈ Mb, then

(vi, vj) ∈M where M is the corresponding matching of G.
(v+i , v

−
j ) ∈ Mb makes nodes v+i , v

−
j to be matched on the

non-directed bipartite graph Gb while (vi, vj) ∈ M makes
vj to be matched on the directed graph G. Therefore, once
we compute the Hopcroft-Karp algorithm over Gb and obtain
a maximum matching M∗

b (where ∗ stands for maximum),
the unmatched nodes of the set V − will be the unmatched
nodes of the matching M∗ in G.

Following the minimum inputs theorem [15] the un-
matched nodes given a maximum matching will be the driver
nodes of the network, so a controller node must be linked
to each one of these driver nodes.
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3.2 The accessibility and wiring algorithms
As stated in section 2.2 it is not enough to obtain the

maximum matching M∗ of the graph G to find the nodes
that need to be controlled. Placing the controllers on the
unmatched nodes only guarantees the absence of dilations
on the graph; hence, it is necessary to additionally perform
a search for the inaccessible nodes from the controllers of the
network. From section 2.2 it follows that these inaccessible
nodes will be placed in the loops of the considered maximum
matching M∗ of G. The method proposed here consists
then on looking for loops on M∗ in order to determine
those which are not accessible from any controller node.
As we are dealing with a directed network, looking for
loops in the network given by the matching is equivalent
to looking for its strongly connected components [19]; thus,
it is possible to perform this search by applying the Tarjan
algorithm which runs in O(|V | + |E|) time [13]. Since we
are only interested in the strongly connected components
of the sub-graph given by M∗ (in which |E| = |M∗|
and |V | = |M∗| − 1 or |V | = |M∗| in the case of a
perfect matching, where |M∗| stands for the number of
links in the maximum matching), Tarjan’s algorithm will
run in O(|M∗|). Since the computational cost of this search
is much lower than the Hopcroft-Karp maximum matching
search over the whole graph, the running time of the Tarjan
algorithm is almost negligible.

Once the loops of M∗ have been found, an accessibility
analysis from the controller nodes must be done. A possible
strategy to accomplish this purpose is making a BFS (Breath-
First Search [13] for every found loop. Nevertheless, the
BFS algorithm must be modified in order to allow the root
and the goal of the search to be sets of nodes instead of
single nodes, the root set being the nodes of the loop under
analysis and the goal set being the unmatched nodes of
the network. In addition, an early termination mechanism
has also been implemented since once a controller node is
found, accessibility is guaranteed and therefore the search
can be finished. Based on these modifications, the original
BFS algorithm running time of O(|V |+ |E|) for each loop
can be significantly reduced. Note also that this modified
BFS algorithm will deal with short depth paths when dealing
with complex networks. The small world [25] property of the
network guarantees that if the loop is accessible it will likely
be at a short distance from a controller node. Furthermore,
it has also been proved that in this kind of networks a
giant component arises that contains most of the nodes in
the network; hence, if the loop is not accessible from any
controller node it will probably belong to a small component,
resulting also in a very short depth search.

Finally, a wiring process for the discovered inaccessible
loops is performed, adding links between a node of each
of these loops and a controller node. Putting all the steps
together, the search of the nodes that need to be controlled
on a graph G can be summarized in the following four steps:

1) Find the maximum matching M∗ of G and link a new
different controller node to each unmatched node.

2) Find the loops in M∗.
3) Find those loops of M∗ that are not accessible from

the controller nodes obtained at step 1.
4) For each found inaccessible loop select a node belong-

ing to it and wire it up to a controller node.

4. Controllability and observability on a
real complex network

During the latest years the study of social networks
using digital communication records as a proxy for human
interactions has enormously grown. Phone calls, texts, or
online communications allow researchers to analyze human
interaction in unprecedented scales. In order to provide a real
world example of controllability in complex networks we
have considered the interaction between users in the social
site Twitter. First, the data collection process is described and
some basic characteristics of the social network are provided.
Finally, a controllabillity (and observability) analysis using
the techniques explained in previous sections is performed.

4.1 Data description and network characteris-
tics

Our data-set consists of over 11 million tweets containing
interactions between users in the Madrid urban area during
February 2012. Interactions can be either mentions (user A
mentions B in a message) or re-tweets (user A broadcasts
to its followers a message from B). In both cases, the
interaction is modeled as a directed link from B to A.
This interaction network has been referred previously in
the literature as the dynamic network as opposed to the
static network where links represent a declared follower-
followee relationship. Data have been gathered using Twit-
ter’s Streaming API, which allows for geographic filtering;
users need to have authored at least one tweet in the data-
set to be considered as a node in the resulting network (i.e.,
re-tweets not authored in Madrid were discarded).

The resulting network consists of 119,217 nodes, whose
degrees distributions are presented in figure 1. Average
degree in the network is 〈kin〉 = 〈kout〉 = 7.83. Although
both distributions present a certain long tail, this tail is
longer for the out degree one. Precisely the maximum out
degree is 10,150 while the maximum in degree is 663. The
explanation for this difference lies on the limited cognitive
capacity of human beings: a person may influence millions
of people, but an individual cannot be influenced by the
behaviors of millions of people. This reasoning is supported
by empirical evidence in primates [7] and more recently in
Twitter itself [10]. Apart from an heterogeneous degree, the
network exhibits small-world behavior [25]: it presents a
high number of triangles (clustering coefficient 0.015, two
orders of magnitude more than the equivalent random graph)
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and short diameter (estimated 〈l〉 = 4.14 ± 0.23 using 100
random different origins to traverse the graph). Additionally,
21.01% of the relationships are mutual and 96.63% of the
nodes belong to a giant connected component. Overall, this
network presents general characteristics which are similar to
the ones observed in other complex networks [17].

4.2 Analysis of results

Applying the algorithms described on section 3 to the dy-
namic Twitter network we obtained a total of ND = 27.129
required controller nodes. This set of nodes is sufficient to
avoid dilations on the network; however in order to guarantee
full structural controllability all nodes must be accessible;
thus a search for inaccessible nodes is performed according
to the wiring algorithm described in Section 2.2. An average
of 800 wired nodes (with a standard deviation two orders of
magnitude smaller) are required for the network to satisfy
the accessibility condition, and therefore to be controllable.
From the above analysis one can see that this network needs
almost 25% of the nodes to be directly influenced by a driver
node; this means that it cannot be easily controlled.

Since the maximum matching of a network is not unique,
a Montecarlo analysis was performed in order to quan-
tify the importance of every node on the different control
configurations of the network. The algorithm described on
section 3 may provide a different set of controlled nodes
for each iteration; since we are interested in estimating
the frequency each node shows up in the controlled nodes
set, such algorithm has been run up to 40,000 times to
guarantee a low estimation variance. Gathering nodes with
the same frequency, Figure 2 is obtained. It can be seen
that almost all the nodes have a well defined role on the
control configuration, since they are either always (p = 0)
or never (p = 1) present in the controlled nodes set. An
interesting fact can also be observed: the histogram shows
high peaks for values of p = 1

4 , p = 1
3 , p = 1

2 , p = 2
3 ,

p = 3
4 , p = 4

5 . . . This phenomenon was explained in [23]
to be a consequence of the effect of some repetitive micro-
structures (motifs) that commonly appear on these networks.

A parallel study was made regarding the observability
of the network [23], obtaining similar results to the above
commented for controllability. However a significantly big-
ger amount of nodes was required on the wiring stage to
satisfy the accessibility condition. This difference comes
from the asymmetry between the in-degree and out-degree
distributions of the network.

In order to assess the information obtained by the con-
trollability and observability analysis, a cross-correlation
analysis of both indices with some usual metrics used in
complex networks was performed. Such selected metrics are

the PageRank [2], betweeness centrality1, out/in-degree, and
a physics based influence index proposed in [9]. Figure 3
displays the results of this analysis, where one can observe
that both controllability and observability are almost totally
uncorrelated with all the considered metrics; this means that
the information provided by this analysis can complemen-
tarily shed some new light in the node characterization of
complex networks.

5. Concluding remarks
An algorithm for analyzing structural controllability and

observability of complex networks has been presented. The
algorithm combines a Maximum Matching search and a
new wiring algorithm to efficiently determine the number
of required controllers and observers as well as the new
required connections in the network. The application to a
Twitter social network with over 100,000 nodes has illus-
trated the applicability of the algorithm on a real complex
network. The results suggest that these measures (number of
required controllers and observers) provide new metrics to
characterize the network structural properties.
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Abstract—In this paper, we provide a collocation 
method for the problem of steady flow of a third grade 
fluid in a porous half space. This problem is a non-
linear, two-point boundary value problem (BVP) on 
semi-infinite interval. We use two orthogonal functions 
namely Hermite and Sinc functions which will be 
defined as basis functions in this approach and compare 
them together. We also present comparison of these 
works with numerical solution that shows the present 
solutions are accurate and applicable.  

 
Keywords-component: Steady flow, Porous half space, 
Hermite function, Sinc function, Spectral methods, 
Semi-infinite. 

I. Introduction 

A. Introduction of the problem 
The flow of non-Newtonian fluids has several technical 
applications, especially in the paper and textile industries. 
Out of many models which have been used to describe the 
non-Newtonian behavior exhibited by certain fluids. The 
fluids of the differential type have received special 
attention. Fluids of the second and the third grade have 
been studied in various types of flow situations which 
form a subclass of the fluids of the differential type. 
Boundary layer theories for fluid similar to a second 
grade fluid have been formulated by Rajeswari and 
Rathna, Bhatnagar, Beard and Waiters, and Frater. 
Rajagopal et al. developed a boundary layer 
approximation for a second grade fluid [1]. 
The third grade fluid models even for steady flow exhibits 
such characteristics. The present study deals with the 
problem of non-Newtonian fluid of third grade in a 
porous half space. Due to the widespread applications, 
flow through porous media received substantial attention. 
The attempts to include porous media in the flows of the 
complex fluids need some new physical parameters 
besides non-Newtonian fluid parameters. Thus, Darcys 
equations or some generalization of it depending on 
pressure field, not neglecting porosity, are appropriate to 
study this type of flows thorough the porous media which 
is rigid or nearly rigid solid. Also the modeling of 
polymeric flow in porous space has essential focus on the 
numerical simulation of viscoelastic flows in a specific 

pore geometry models, including: capillary tubes, 
undulating tubes, packs of spheres or cylinders [2, 3]. 

 
B. Spectral method  

Many of the current science and engineering problems are 
set in unbounded domains. In the context of spectral 
methods such as collocation and Galerkin methods [4], a 
number of approaches for treating unbounded domains 
have been proposed and investigated. The most common 
method is the use of polynomials that are orthogonal over 
unbounded domains, such as the Hermite and Laguerre 
spectral method [5-12]. 
Guo [13-16] proposed a method that proceeds by mapping 
the original problem in an unbounded domain to a 
problem in a bounded domain, and then using suitable 
Jacobi polynomials such as Gegenbauer polynomials to 
approximate the resulting problems. The Jacobi 
polynomials are a class of classical orthogonal 
polynomials and the Gegenbauer polynomials, and thus 
also the Legendre and Chebyshev polynomials, are 
special cases of these polynomials which have been used 
in sevral literatures for solving some problems [17, 18]. 
On more approach is replacing infinite domain with 

],[ LL−  and semi-infinite interval with ][0, L  by 

choosing L , sufficiently large. This method is named 
domain truncation [19]. 
There is another effective direct approach for solving such 
problems which is based on rational approximations. 
Christov [20] and Boyd [21, 22] developed some spectral 
methods on unbounded intervals by using mutually 
orthogonal systems of rational functions. Boyd [21] 
defined a new spectral basis, named rational Chebyshev 
functions on the semi-infinite interval, by mapping to the 
Chebyshev polynomials. Guo et al. [23] introduced a new 
set of rational Legendre functions which are mutually 

orthogonal in )(0,2 ∞L . They applied a spectral scheme 

using the rational Legendre functions for solving the 
Korteweg-de Vries equation on the half-line. Boyd et al. 
[24] applied pseudospectral methods on a semi-infinite 
interval and compared rational Chebyshev, Laguerre and 
mapped Fourier sine methods. 
Parand et al. [25-30], applied spectral method to solve 
nonlinear ordinary differential equations on semi-infinite 
intervals. Their approach was based on rational tau and 
collocation methods. 
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In this paper, we are going to solve the model Eq. (1) 
numerically by using two orthogonal functions, namely 
Hermit function and Sinc function in collocation method 
and compare our result together. we also have a 
comparison with solutions of [31]. 
Sections III and V review the desirable properties of 
Hermit function and Sinc function with solution of the 
problem with collocation method by these functions, 
respectively. In Section VII we describe our results via 
tables and figures. Finally, concluding remarks will be 
presented in Section VIII. 
 

II. Mathematical formulation 
In this section we focus on Hayat et al. [2] who have 
discussed the flow of a third grade fluid in a porous half 
space. For unidirectional flow, they have generalized the 
relation [2] 
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for a second grade fluid to the following modified 
Darcy’s Law for a third grade fluid 
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where µ  is the dynamic viscosity, u  is the denote the 

fluid velocity and p  is the pressure, k  and ϕ , 

respectively represent the permeability and porosity of the 
porous half space which occupies the region 0>y  and 

1α , 3β  are material constants. Defining non dimensional 

fluid velocity f  and the coordinate z  
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where ν  and 0V  represent the kinematic viscosity, the 

boundary value problem modeling the steady state flow of 
a third grade fluid in a porous half space becomes [2] 
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Where 1b , 2b  and 3b  are defined as: 
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Note that the parameters are not independent, since 
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The homotopy analysis method for solution of Eq. (1) 
found in [2]. Later Ahmad gave the asymptotic form of 
the solution and utilize this information to develop a 
series solution [31]. 
 

III. Hermite function 
This section are devoted to elaborate the properties of 
Hermite functions. First of all, we should mention 
Hermite polynomials are generally not suitable in practice 
due to their wild asymptotic behavior at infinities [32]; 
therefore, we shall consider the Hermite function. The 
normalized Hermite functions of degree n  is defined by 
[33]  
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That }
~

{ nH  is an orthogonal system in )(2 ℜL . 

In the contrary to Hermite Polynomials, the Hermite 
functions are well behaved with the decay property:  
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 and, the three-term recurrence relation of Hermite 
functions implies [33]  
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For more details you can study [33-35]. 
Steady flow problem is defined on the interval )(0,+∞ , 

but Hermite functions are defined on the interval 
),( +∞−∞ . One of the approaches to construct an 

approximation on the interval )(0,+∞  is using mapping 

that is changing variable of the form [33]  

),(
1

=)(= zln
k

zw Φ  

where k  is a constant. 
The transformed Hermite functions are  

)),((
~
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 The inverse map of )(= zw Φ  is  

.=)(= 1 kwewz −Φ  

 Therefor, we may define the inverse images of the spaced 

nodes 
+∞

−∞

=

=}{ jx

jxjx  as [33]  
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 and  
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 Let )(xw  denotes a non-negative, integrable, real-

valued function over the interval Γ , We define [33]  
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 is the norm induced by the inner product of the space 
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 This system is complete in )(2 ΓwL . Therefore, for any 

function )(2 Γ∈ wLf  the following expansion holds [33]  

),(ˆ)(
=

xHfxf kk

N

Nk
∑
+

−

≅  

 with  

2

)(

)(

)(ˆ

)(ˆ),(
=

xw
k

xwk
k

xH

xHxf
f

〉〈 . 

Now we define an orthogonal projection based on the 
transformed Hermite function as given below [33]. 
Let  
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 The )(2 ΓL -orthogonal projection NN HL →Γ)(:ˆ 2ξ  is a 

mapping in a way that for any )(2 Γ∈Ly  [33],  
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IV. Solving the problem with Hermite 
function 

For solving Steady Flow Problem, we used )(
1

zln
k

 for 

changing variable. Also, because of boundary conditions, 
we set following function:  
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 and λ  is constant. 
Finally, we have  
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 To find the unknown coefficients ia ’s, we substitute the 

truncated series )(ˆ zfNξ  into Eq. (1). Also, we define 

Residual function of the form  
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By applying z  in Eq. (2) with the N  collocation points 
which are roots of transformed Hermite function, we have 
N  equations that generates a set of N  nonlinear 
equations. Now, all of these equations can be solved by 
Newton method for the unknown coefficients.  
 

V. Sinc function 
The Sinc function is defined by [36] 
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For each integer k and the mesh size h , the sinc 

functions are defined on ℜ by [37] 
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Steady flow problem is defined on the interval )(0,+∞ , 

but Sinc functions are defined on the interval ),( +∞−∞ . 

One of the approaches to construct an approximation on 
the interval )(0,+∞  is using mapping that is changing 

variable of the form 
)),ln(sinh()( xzw =Φ=  

The basis functions on )(0,+∞ are taken to be composite 

translates Sinc functions [36]: 
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Where )(),( xhkS Φo is defines by ))()(,( xhkS Φ . The 

inverse map of )(zw Φ= is [38] 
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Let )(xw denotes a non-negative, integrable, real-valued 

function over the interval ),0( +∞ . We define [36]: 
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VI. Solving the problem with Sinc 
function 

For solving Steady Flow Problem, we used ))ln(sinh(z  

for changing variable. Also, because of boundary 
conditions, we set following function:  
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To find the unknown coefficients ic ’s, we substitute the 

truncated series )( jN zf  into Eq. (1). Also, we define 

Residual functions of the form  
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We have 12 +N  nonlinear equations. Now, all of these 
equations can be solved by Newton method for the 
unknown coefficients.  
 

VII. Result 
In this paper, we present the results of our research about 
Hermite function by ,16=N ,2.1=k  and 678301.0=λ
and Sinc function by ,17=N ,1=h and 47.0=λ for 

solving this problem for some typical values of 
parameters, ,6.01 =b ,1.02 =b and 5.03 =b . In this 

problem the numerical solution of )0('f  is important. 

Ahmad [31] obtained )0('f  by the shooting method and 

founded correct to six decimal positions
-0.678301.)0(' =f  

We compare the present methods with numerical solution 
and Ahmad solution [31], also we compare them with 
each other in Table 1. Also, the solutions are presented 
graphically in Figure 1 and Figure 2. 
 
Table 1. Comparison between Hermite function, Sinc Function, 
Ahmad method [31], and Shooting method [31]. 
 

Shooting [31] Ahmad [31] Sinc 
function 

Hermite 
function 

z 

1.00000 1.00000 1.00000 1.00000 0.0 
0.87260 0.87220 0.87278 0.87261 0.2 
0.76060 0.76010 0.76035 0.76064 0.4 
0.66240 0.66190 0.66178 0.66243 0.6 
0.57650 0.57600 0.57597 0.57647 0.8 
0.50140 0.50100 0.50115 0.50139 1.0 
0.43590 0.43560 0.43583 0.43591 1.2 
0.32920 0.32890 0.32905 0.32917 1.6 
0.24840 0.24820 0.24802 0.24839 2.0 
0.17450 0.17440 0.17426 0.17459 2.5 
0.15160 0.15140 0.15141 0.15161 2.7 
0.12260 0.12250 0.12265 0.12270 3.0 
0.08024 0.08016 0.08025 0.08036 3.6 
0.06047 0.06042 0.06033 0.06060 4.0 
0.05250 0.05245 0.05233 0.05261 4.2 
0.04558 0.04553 0.04543 0.04567 4.4 
0.03957 0.03953 0.03948 0.03964 4.6 
0.03435 0.03432 0.03434 0.03440 4.8 
0.02982 0.02979 0.02987 0.02984 5.0 

-0.678301 -0.681835 -0.677843 -0.678301 )0('f  
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Figure 1. Graph of numerical approximate )(zf by Hermite 

function 
 

 
Figure 2. Graph of numerical approximate )(zf by Sinc function 

 

VIII. Conclusions 

In this paper, we applied the collocation method to solve 
the steady flow of the third grade fluid in a porous half 
space. This method is easy to implement and yields the 
desired accuracy. An important concern of collocation 
approach is the choice of basis functions. The basis 
functions have three different properties: easy 
computation, rapid convergence and completeness, which 
means that any solution can be represented to arbitrarily 
high accuracy by taking the truncation N  to be 
sufficiently large. We used two set of orthogonal 
functions as the basis function in this method and 
compared the results together. Through the comparisons 
among the numerical solutions [31] and the current 
works, it has been shown that the present works have 
provided acceptable approach for this type equation. 
Although both functions lead to more accurate results, but 
it seems that the accuracy and rapidity of Hermite 
function is better than Sinc function in this problem.  
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Abstract － This paper presents a review of creep 
deformation and rupture mechanism of P91 alloy for the 
development of its creep damage constitutive equations 
under lower stress level. Creep damage is one of the serious 
problems for the high temperature industries and 
computational approach (such as continuum damage 
mechanics) has been developed and used, complementary to 
the experimental approach, to assist safe operation. 
However, there are no ready creep damage constitutive 
equations to be used for prediction the lifetime for this type 
of alloy, partially under low stress.  
The paper reports a critical review on the deformation and 
damage evolution characteristics of this alloy, particularly 
under low stress, to form the physical base for the 
development of creep damage constitutive equations. It 
covers the influence of the stress level, states of stress, and 
the failure criterion.   
 
Keywords: creep deformation process, creep rupture mechanism, 
high Cr alloy, P91, low stress, brittle rupture  
 

 
I. INTRODUCTION 

Since high chromium alloy demonstrates considerable 
high temperature creep strength, high corrosion resistance, 
good weld ability and low oxidation speed, high 
chromium alloy such as 9Cr-1Mo-0.2V (P91 type) has 
been widely applied in advanced power plants as 
pipework components between 450oC and 650oC. 
Currently, most of the creep models are developed 
primarily based on the high stress tests at temperature 
range of 450oC-650oC. The models seem could also 
accurately predict the lifetime of materials [1-11]. An 
(2012) reviewed the current state of developing of 
advanced creep damage constitutive equations for high 
Chromium alloy (Grade 91). The new set of constitutive 
equations model should concern three aspects to improve 
the current models.  These aspects are the influence of 
stress level, the influence of stress state and the failure 
criterion for high Cr alloy [12].  
 
Nowadays, the life span under a low stress level has 
caught researchers’ attention, because it is the lifetime the 
power generation installations which are designed and 
expected to last for. Therefore, the models developed for 
high stress level have been applied into the low stress 
conditions. However, many researchers realized that the 
creep strength and the creep life span have been 
over-estimated [13-21]. Therefore, Bendick, et al. [10] 
re-assessed the database due to the significant increase in 
test data, and a predicted duration of 105h for P91 steels, 

the updated value is 90MPa at 600oC. Recently, Sawada 
et al. [18] also reported an investigation of the 
microstructural degradation under long-term creep 
condition.   
 
To re-analyze the real creep deformation and rupture 
mechanisms of Gr.91 steel under different stress levels is 
one of the aspects in order to improve or develop a new 
set of constitutive equation model. Through observing the 
creep deformation and damage mechanisms, Petry and 
Lindet [1] found two kinds of rupture mechanisms 
dominate the creep damage of 9Cr-0.5Mo-1.8W-VNb 
(P92) steel according to the applied stress levels. He 
reported that the ductile rupture mechanism and creep 
cavitation damage mechanism dominate the creep 
damage process under high and low stress levels 
respectively.  
 
In addition, Vivier and Panait et al. [3] also observed the 
ductile rupture mechanisms under high stress levels for 
P91 steel at 500oC. Masse and Lejeail [21] utilized these 
two different rupture mechanisms with a new constitutive 
model to re-assess the lifetime of P91 steel in order to 
cope with the influence of stress level on the rupture. 
However, even though the model could describe the 
behavior of P91 steel under different stress levels 
effectively, he also pointed out there are still some 
limitations: strain localizations and geometry effects 
could be improved [19]. It is an interesting and significant 
progression and the authors of this paper believe that 
further investigation of the coupling between creep 
damage and creep deformation and its validation are 
needed.  
 
A version of one of the most popular creep damage 
constitutive equations (KRH formulation) has been used 
to calculate the lifetime for P91 under a low stress level 
and it was found that it was overestimated [11]. All the 
above strongly show that further research work is needed 
to develop and validate the creep damage constitutive for 
a lower stress level.  
 
This paper reports the review of the creep deformation 
and creep damage and rupture mechanisms in order to 
provide the physical base for the developing of the creep 
damage constitutive equation for P91 material under low 
stress. This paper contributes to knowledge of the 
continuum creep damage mechanics.  
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II. THE CHARACTERICSTICS OF CREEP DEFORMATION 
AND RUPTURE OF GRADE 91 STEEL 

From the literature, the high stress range varies depending 
on the temperature. For example, at 600oC, the high stress 
range is around 130-200MPa; at 650oC, it is around 70 
-100MPa. Inversely, the stresses less than 130MPa belong 
to the low stress level at 600oC; the stresses less than 
70MPa belong to the low stress ranges at 650oC [11, 22].   
 
A. High stress creep deformation and rupture 

mechanism  
 
1) Dislocation deformation  
The dislocation deformation controls the creep 
deformation process under high stress level. An obvious 
dislocation structure could be clear observed before creep 
[16]. A research on the fractured specimens’ surface also 
shows a high dislocation density [8].  
 
2) Damage characteristics   
The creep damage process with time of P91 steels is 
divided into 3 stages: 1) the cavity nucleation along the 
grain boundary, mainly in stress concentration area; 2) the 
cavity growth; 3) the cavity or precipitates coalescence 
and material necking until a ductile fracture with low 
(≈10%) volume fractions of cavities. The experiment data 
of P91 base metal steels under 90MPa, 100MPa, 110MPa 
and 120MPa at 650oC come from Gaffard et al. [8, 9].  
 
Lim [23] who studied the tertiary behavior of P91 steel 
found that the necking with the creep softening behavior 
has a significant effect on the prediction of the material’s 
lifetime. Material’s necking is owing to the initial lath 
martensite recovery during the creep process. Without 
taking the necking effect into account, the model Haff 
constitutive equations overestimated the lifetime of the 
P91 steel. The microstructure softening will increase the 
strain rate during the tertiary creep stage, and necking 
damage will lead to a quick drop before the ductile 
fracture (only at the last 10% of the tertiary of stage). 
 
3) Rupture mechanism  
The trans-granular ductile failure with creep deformation, 
necking and the softening of material have been reported 
in the literature; for instance, the experiment data from 
Vivier et al. [2] under a high stress range of 
270MPa-310MPa at 500oC; Masse et al. [20] collected 
388 creep tests between 450oC-650oC; Gaffard et al. and 
Bendick et al. [10] under 90MPa, 100MPa, 110MPa and 
120MPa at 625oC.  
 
B. Low stress creep deformation and rupture mechanism  
 
1) Diffusion deformation  
The influence of the evolution of diffusion density, 
sub-grains size and precipitates (M23C6 carbides, Lave 
phase and MX-Type) in P91 steel presented here is based 
on many researchers observations [14-16, 21]. Although 
the dislocation creep happens during the whole creep 
process, the diffusion creep dominates the deformation 
mechanism under low stress levels. Nabarro-Herring 
creep is one of the diffusion ways. The strain rate of 
Nabarro-Herring creep is proportional to the stress levels; 

also the strain rate at the tertiary stage is proportional to 
the temperature due to its strong temperature dependence.  
The detailed diffusion angles during creep has been 
reported by Gaffard et al. [8] and also reported by Masse 
and Lejeail [20-21]. The Electron Back Scattered 
Diffraction (EBSD) map shows most of the boundaries 
rotation angle is >15o and some of the boundaries rotation 
angle is 5o < angle <15o.  
 
2) Damage characteristics  
The damage characteristics of P91 steels under low stress 
level are significantly caused by coarsening of M23C6 
carbides, precipitates and coarsening of Lave phase and a 
pre-recovery of matrix according to Panait et al. [15-16]. 
The study of microstructure of the P91 steels after more 
than 100,000h of creep exposure under 80MPa at 600oC, 
and the results show an abundant of Laves Phases and a 
few mount of modified Z-phases (only 41 precipitates out 
of 640 identified precipitates) have been observed during 
a long-term creep. The size of M23C6 carbides grows from 
150-180nm to about 300nm after creep and they mainly 
locates around the grain boundary. Some small MX type 
precipitates also observed in the martensite laths. The 
cavities nucleates next to Lave phase precipitates at grain 
boundary after creep 113,43h at 600oC, and the 
coalescence of M23C6 carbides and Lave phase 
phenomenon were observed at the fracture surface 
[15-16]   
 
3) Rupture mechanism 
The diffusion-assisted brittle rupture looks like the 
rupture mechanism under low stress level. A premature 
failure of P91 steel has been observed during a long-term 
creep. The Laves phase emerges and cavities rapid 
coalescence during the tertiary creep stage causing a 
premature failure during the long-term test. The different 
preferential recovery mechanisms of martensite at the 
prior austenite grain boundary (PAGB) are homogenous 
and inhomogeneous recovery under high stress and low 
stress levels respectively. Due to the inhomogeneous 
recovery, a premature of tertiary creep stage happens in 
advance of rapid the failure [17]. Besides, NRIM creep 
data sheet [19] shows the elongation (EL) and reduction 
of area (RA) of P91 steel tubes at 600oC under different 
stress levels. There are no EL and RA when the material 
ruptured under 100MPa at 600oC. The values of 
elongation and reduction of cross area under 110MPa are 
23% and 84%, respectively [6].  
 
One typical experiment of P91 steels was conducted by 
Sawada et al. [18] during a long-term creep under 70MPa 
at 600oC. The microstructure changes may take the main 
responsibility for the premature failure during a long-term 
creep, whereas, the failure may not depends on the 
martensite recovery and particles coarsening. The 
sub-grain size and the density of dislocation gradually 
increase with time; however, they sharp increase after 
70,000h until rupture (80,7368 hours) under 70MPa at 
600oC. This agrees with the experiment results from K. 
Kimura et al. [17], that the Z-phase formation or the 
disappearing of MX particles just happens after a long 
time of creep.   
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C. Stress state effect 
The most popular topic is about the stress state effect on 
the lifetime span of materials. Some small-punch tests 
were conducted by Nagode et al. [24] under 350N-550N 
at the temperature range 650OC-690OC at the high stress 
range, used minimum deflection rate to replace the 
minimum creep strain rate, it shows that the minimum 
deflection rate is almost inversely proportional to the 
time-to-rupture, i.e. the minimum strain rate is inversely 
proportional to the time-to-rupture. Moreover, the 
minimum strain rate is proportional to the stress levels. 
For the weldment, the life span of P91 not only depends 
on the stress state and levels, but also depends on the 
notched size as well [22].  
 
1) P91 steels 
The relative higher creep strain rate is not only because of 
the high stress level, but also effected by the stress state. 
The lifetime of P91 steel is also reduced by the high creep 
strain rate. The larger the creep strain rate, the shorter the 
life span will be [25-26]. The number and size of cavities 
in 9-12% Cr steels (E911 and P91) under the multi-axial 
stress state increases compared with the smooth 
specimens. The multi-axiality of stress state will increase 
the creep strain rate, and the creep cavity densities; such 
as the quotient of multiaxiality q≈1.2 and q≈1.0, the creep 
cavity densities are less than 30mm-2 and around 40mm-2 
respectively for P91 steel at 600oC [8]. The cavities 
nucleation has been detected if the creep deformation is 
greater than 1%, and the cavity densities are less than 
50mm-2 up to 2%. The higher cavity densities were 
observed with a lower deformation and with a relatively 
low quotient of multi-axiality.  
 
2) P91 steel weldment  
Creep failure by Type IV cracking in P91 steel weldments 
is likely to be the main failure mechanism in high 
temperature for advanced power plant applications. 
Heat-affected zone (HAZ) is the weakest area compared 
with the parent material. The creep rupture time in HAZ 
is approximately 1/5 of the parent material. The number 
of creep cavities per area increases with the creep damage 
process and the highest density of creep cavities is located 
in the mid-thickness (or the center of the fine-grained 
heat-affected zone) region which is about 60% creep 
damage rather than the surface region of the fine-grained 
heat-affected zone [7-8, 27-29]. The tri-axial stress state 
will accelerate the creep damage evaluation in the HAZ. 
However, it may not affect the growth and coarsening of 
precipitates rates during the creep phenomena [7-8, 
27-29]. 
  
The cavities preferentially nucleate at grain boundaries 
near the coarser carbides and Laves phase particles or at a 
triple conjunction [22]. A relatively high density of 
cavities in Type IV region was observed after a long-term 
creep exposure under 600oC at 90Mpa (Tr=8853 hours).  
The interrupted experiment result shows: 1) there is no 
creep voids when t/tr=0.2; 2) a relatively high density of 
cavities observed when t/tr=0.7; 3) the cracks are only 
apparent until t/tr=0.9 [30]. Ogata [31] reported that the 
diffusion mechanism of creep deformation controls the 
void growth for a 9% Cr welded specimens (HAZ region).  

Two interrupted specimens were 32% and 56% 
respectively under 650oC with an internal pressure at 
21.7Mpa. The results show that a very small amount of 
cavities was observed during 32% creep damage, and still 
a small amount of cavities was observed at 56% creep 
damage. The creep cavities have already nucleated on 
grain boundaries at less than 25% creep damage [31]. 
Moreover, the size of cavities only slightly increased 
during creep as mentioned by Gaffard [32].  
 
The multi-axial state of stress is important; however, it is 
difficult to achieve systematically in the experiment. The 
information about the effect of states of stress on the 
creep deformation and creep damage evolution, including 
the cavity nucleation, growth, and coalescence should and 
can be extracted and distilled from the literature. This is 
still ongoing and will be reported in due course.  
 
D. Strain at failure  
The results of experiment conducted by Masse and 
Lejeail [18] show the creep strain at failure under 
different stress levels at 625oC and 500oC. Under high 
stress levels at 500oC, the creep strain at failure is about 
10%-12%, the creep strain at failure is around 1% under 
low stress levels. At 625oC, the creep strain at failure is 
around 2% and 0.4% under high stress levels and low 
stress levels, respectively. The creep strain at failure at 
600oC under 70MPa is about 0.33% according to Sawada 
(2011) [18]. Therefore, the strain at failure varies 
depending on the different stress levels and temperature.    
 

III. SUMMARY 
This paper focuses on three fundamental aspects for 
developing a new set of constitutive equations of P91 
steel. The following conclusions have been reached.   
− Influence of stress levels 

The dislocation creep deformation with necking and 
the trans-granular ductile rupture mechanism are 
observed under high stress levels. The diffusion 
creep deformation and the cavity nucleation, growth 
and coalescence brittle rupture mechanism are 
observed under low stress level. 

− Influence of stress state 
For the base material, the influence of stress state 
depends on whether the creep strain rate is 
proportional to the time-to-rupture or not. For the 
weldment, it not only depends on the stress rate and 
level, but also depends on the radius of notched bar.   

− Strain at failure  
A varying range of values to describe the different 
strain at failure are reported under either high or low 
stress levels 
 

The progress made in the current literature review, plus 
further analysis on the process of cavity nucleation, 
growth, and coalesces under the lower stress level, the 
coupling of creep damage and deformation, and the effect 
of states of stress will form a firm foundation for the 
development of physically-based creep damage 
constitutive equations which will be reported in due 
course. 
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Abstract - Supersonic combustion using liquid 
hydrocarbon fuel is characterized by high temperature, 
high speed and complicated multiphase flow. It is very 
hard to measure its detailed reaction and flow structure. 
Therefore, in the present study, a computational model, 
adopting the SST-k-ω turbulent model and the finite-rate 
combustion model, is developed for the supersonic 
turbulent spray-combustion flow. The results obtained from 
the present study show that the predicted pressure 
distributions of combustion flow are in good agreement 
with the experimental results. The interesting phenomenon 
observed by the experiment that the combustion initiates 
upstream of the injection point has been successfully 
predicted in the present study. However, there are 
discrepancies on the shifted position of combustion and the 
peak of pressure between the simulation and the 
experiment. An improvement on the chemical reaction 
model for the hydrocarbon-fueled supersonic combustion 
is addressed.   
Keywords: Supersonic Combustion, Numerical Simulation, 
Hydrocarbon Fuel 
 

1. Introduction 
 
Supersonic combustion is extremely complex, since 

the fuel has to be injected, mixed, ignited, and burned with 
the air in a supersonic stream within a millisecond. The 
numerical simulation is thus a vital approach for the 
understanding of supersonic combustion which is 
characterized by the high-temperature and high-speed 
combustion and very hard to measure. The use of the 
numerical simulation for the study of supersonic 
combustion is able to reduce the cost and risk of the 
experimental work. Nevertheless, the numerical simulation 
has to be validated by the experimental data before it can 
be applied to the detailed analysis of supersonic 
combustion. 

 
In the present study, the CFD software Fluent [1] 

adopting the SST-k-ω turbulent model and the laminar 
finite-rate combustion model is employed for the 
simulation of the supersonic combustion flow using liquid 
hydrocarbon fuel of Yu et al. [2]. The combustor is 
composed of four sections, including section 0 of constant 
area, section I of 1o divergence,  section II of 3o divergence, 

and section III of 4o divergence, as shown in Fig. 1. A 
cavity is located in section I with the dimension of 12 mm 
deep, 88 mm long, and a ramp inclined at 45o. Kerosene is 
injected into the flow at 49 mm upstream of the cavity. The 
inlet conditions are shown in Table 1.  
 

 
Fig. 1 The supersonic combustion chamber using liquid 

hydrocarbon fuel [2] 
 

Table 1 Inlet conditions [2] 
 

Air 

Inlet pressure(MPa) 1.06 
Total temperature(Ｋ) 1810 

Inlet Mach number 2.5 

The composition 
      O2：0.2504 
      N2：0.6063 
    H2O：0.1433 

 

Fuel 

Hydrogen Kerosene
Mass flow rate(g/s) 3.25 46 
Equivalence ratio 0.08 0.45 
Temperature(Ｋ) 250 300 

 

2. Results and Discussion  
 
The predicted wall-pressure distributions, where 

kerosene is injected at 0.242 m, are shown in Fig. 2, in 
comparison with the experimental data of Yu et al.[2] and 
the simulation result of Chakraborty [3]. The present 
predictions are qualitatively in agreement with the 
experimental data and the published numerical results. The 
interesting phenomenon observed by the experiment that 
the combustion initiates upstream of the injection point has 
been successfully predicted in the present study. As shown 
in Fig. 2, the predicted wall pressure starts rising at 0.085 
m, 0.157 m ahead of kerosene injection. This is due to the 
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fact that the flow expands as the kerosene stream is ignited, 
resulting in local high pressure in the chamber. This is 
further evidenced by the sequential pressure-contour 
variations, as shown in Fig. 3.  The pressure wave is 
predicted to transmit upstream. It interacts with the 
boundary layer, yielding a separation region for kerosene 
to mix and burn with air.  
 

 
Fig. 2 Comparison of the predicted wall pressure with the 
experimental data [2] and published numerical results [3] 
 

 
(a) 

 
(b) 

 
(c) 

Fig. 3  The sequential pressure-contour variations (a)1.2 
ms (b) 2.2 ms (c)3.2ms after kerosene injected (Unit: Pa) 

 
The CO2 mass-fraction contours (Fig. 4) also show 

that the burning of kerosene does take place upstream of 
kerosene injection, since CO2 mass exists well ahead of the 
location of kerosene injection. Similar predictions were 
also obtained by Chakraborty [3]. However, there are some 
discrepancies on the shifted position of combustion and the 
peak of pressure between the present simulation and the 
experiment. As the pressure rise is related to the burning of 
kerosene, the discrepancies may be due to the slower 
mechanism of chemical reaction adopted in the present 

study. Therefore, more accurate finite-rate chemistry for 
the combustion of hydrocarbon fuel should be accounted 
for in the combustion model for the hydrocarbon-fueled 
supersonic combustion.  

 
(a)  

 
(b) 

 
(c) 

Fig. 4   The sequential CO2 mass-fraction variations (a)1.2 
ms (b) 2.2 ms (c)3.2ms after kerosene injected  
 

3. Conclusions 
 
In the present study, a computational model has been 

successfully developed for the supersonic spray-
combustion flow. The predictions are qualitatively in 
agreement with the experimental data. The interesting 
phenomenon observed by the experiment that the 
combustion initiates upstream of the injection point for a 
supersonic combustion chamber has been successfully 
predicted in the present study. However, there are 
discrepancies on the shifted position of combustion and the 
peak of pressure between the simulation and the 
experiment. More accurate finite-rate chemistry for the 
combustion of hydrocarbon fuel should be accounted for in 
the combustion model for the hydrocarbon-fueled 
supersonic combustion. 
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Abstract— In this paper, (G′/G)−expansion method is em-
ployed to derive the exact travelling wave solutions of a cou-
pled Korteweg-de Vries equation. Three types of solutions
are obtained, namely, hyperbolic function solutions, trigono-
metric function solutions and rational solutions. These so-
lutions include the soliton solutions also.

Keywords: (G′/G)−expansion method, coupled KdV equation,
travelling wave solutions

1. Introduction
The well-known celebrated Korteweg-de Vries (KdV)

equation [1]
ut + 6uux + uxxx = 0 (1)

describes the dynamics of solitary waves. Initially, it was
derived to describe shallow water waves of long wavelength
and small amplitude. It is an important equation in the field
of theory of integrable systems. It has infinite number of
conservation laws, gives multiple-soliton solutions, and has
many other physical properties. See for example [2], [3] and
references therein.

The coupled Korteweg-de Vries equations, recently, have
been the focus of attraction for scientists, because of their
many applications in scientific fields and many studies have
been reported in the literature. See for example [4]–[7].

In this paper, we study the coupled Korteweg-de Vries
equation [7],

ut + 6uux − 6vvx + uxxx = 0,

vt + 3uvx + vxxx = 0. (2)

It is well known that nonlinear evolution equations
(NLEEs), such as (2), are widely used to model many physi-
cal phenomena in different fields of applied sciences. So it is
important to find exact solutions of NLEEs. Many powerful
methods have been developed to find exact solutions of
NLEEs. These include, the variable separation approach [8],
inverse scattering transform method [9], Bäcklund transfor-
mation [10], Darboux transformation [11], Hirota’s bilinear
method [12], the reduction mKdV equation method [13],
the tri-function method [14], [15], the projective Riccati
equation method [16], the Jacobi elliptic function expansion

method [17], [18], and the exp-function expansion method
[19].

Wang et.al. [20] in 2007 proposed a new method called
(G′/G)−expansion method for finding exact solutions of
NLEEs. Since then this method has been used by various
researchers. See, for example, the papers [20]- [23].

In this paper, we derive the travelling wave solutions of the
coupled KdV equation (2) by using the (G′/G)−expansion
method.

2. Solutions of (2)
In this section we employ the (G′/G)−expansion method

and construct the travelling wave solutions of the coupled
KdV equation

ut + 6uux − 6vvx + uxxx = 0,

vt + 3uvx + vxxx = 0, (3)

where u and v are real-valued scalar functions, t is time and
x is a spatial variable.

As a first step we transform the coupled KdV equation (3)
to a nonlinear ordinary differential equation (ODE) using the
traveling wave variable

u(t, x) = U(z), v(t, x) = V (z), where z = x− ct. (4)

Using the above transformations, equation (3) transforms to
the nonlinear ODEs

−cU ′ + 6UU ′ − 6V V ′ + U ′′′ = 0,

−cV ′ + 3UV ′ + V ′′′ = 0, (5)

where the primes denotes the derivative with respect to z.
The (G′/G)−expansion method assumes the solutions of

equation (5) to be of the form

U(z) =

M∑
i=0

αi(G
′/G)i and V (z) =

M∑
i=0

βi(G
′/G)i, (6)

where αi, βi, i = 0, 1, · · · ,M are parameters to be deter-
mined and G(z) satisfies the second-order linear ODE with
constant coefficients, viz.,

G′′ + λG′ + µG = 0, (7)

where λ and µ are constants.
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The balancing procedure yields M = 2, so the solutions
of the ODEs (5) are of the form

U(z) = α2(G
′/G)2 + α1(G

′/G) + α0, (8)
V (z) = β2(G

′/G)2 + β1(G
′/G) + β0. (9)

Substituting (8) into (5) and making use of (7), and then
collecting all terms with same powers of (G′/G) and equat-
ing each coefficient to zero, yields a system of algebraic
equations. Solving this system of algebraic equations, using
Mathematica, we obtain the following two cases:
Case A

α0 =
1

3
(c− λ2 − 2µ), α1 = −2λ, α2 = −2

β0 = ±
√
−cλ2 + λ4 − 4λ2µ√

6
, β1 =

2β0

λ
, β2 = 0.

Case B

α0 =
1

3
(c− λ2 − 8µ), α1 = −4λ, α2 = −4

β0 = ±
√

c2 − 2cλ2 + λ4 − 16cµ+ 64µ2

3
√
2

,

β1 =
12λβ0

−cλ2 + 8µ
, β2 =

β1

λ
.

Substituting the values of α’s and β’s from Case A and the
corresponding solutions of ODE (7) into (8), we obtain the
following three types of travelling wave solutions of equation
(3):

Case 1: When λ2 − 4µ > 0, we obtain the hyperbolic
function solutions

u1(t, x) =
1

3
(c− λ2 − 2µ)

−2λ

[
− λ

2
+ δ1

(
C1 sinh (δ1z) + C2 cosh (δ1z)

C1 cosh (δ1z) + C2 sinh (δ1z)

)]
−2

[
− λ

2
+ δ1

(
C1 sinh (δ1z) + C2 cosh (δ1z)

C1 cosh (δ1z) + C2 sinh (δ1z)

)]2
,

v1(t, x) = ±
√

−cλ2 + λ4 − 4λ2µ√
6

+
2β0

λ

[
− λ

2
+ δ1

(
C1 sinh (δ1z) + C2 cosh (δ1z)

C1 cosh (δ1z) + C2 sinh (δ1z)

)]
,

where z = x−ct, δ1 = 1
2

√
λ2 − 4µ, C1 and C2 are arbitrary

constants.
Case 2: When λ2 − 4µ < 0, we obtain the trigonometric

function solutions

u2(t, x) =
1

3
(c− λ2 − 2µ)

−2λ

(
− λ

2
+ δ2

−C1 sin (δ2z) + C2 cos (δ2z)

C1 cos (δ2z) + C2 sin (δ2z)

)
−2

(
− λ

2
+ δ2

−C1 sin (δ2z) + C2 cos (δ2z)

C1 cos (δ2z) + C2 sin (δ2z)

)2

,

v2(t, x) = ±
√

−cλ2 + λ4 − 4λ2µ√
6

+
2β0

λ

(
− λ

2
+ δ2

−C1 sin (δ2z) + C2 cos (δ2z)

C1 cos (δ2z) + C2 sin (δ2z)

)
,

where z = x−ct, δ2 = 1
2

√
4µ− λ2, C1 and C2 are arbitrary

constants.
Case 3: When λ2 − 4µ = 0, we obtain the rational

solutions

u3(t, x) =
1

3
(c− λ2 − 2µ)− 2λ

(
− λ

2
+

C2

C1 + C2z

)
−2

(
− λ

2
+

C2

C1 + C2z

)2

,

v3(t, x) = ±
√

−cλ2 + λ4 − 4λ2µ√
6

+
2β0

λ

(
− λ

2
+

C2

C1 + C2z

)
,

where z = x− ct, C1 and C2 are arbitrary constants.
In a similar fashion, using the results of Case B we obtain

three types of travelling wave solutions of equation (3) as
follows:

Case 1: When λ2 − 4µ > 0, we obtain the hyperbolic
function solutions

u1(t, x) =
1

3
(c− λ2 − 8µ)

−4λ

[
− λ

2
+ δ1

(
C1 sinh (δ1z) + C2 cosh (δ1z)

C1 cosh (δ1z) + C2 sinh (δ1z)

)]
−4

[
− λ

2
+ δ1

(
C1 sinh (δ1z) + C2 cosh (δ1z)

C1 cosh (δ1z) + C2 sinh (δ1z)

)]2
,

v1(t, x) = ±
√

c2 − 2cλ2 + λ4 − 16cµ+ 64µ2

3
√
2

+
12λβ0

−cλ2 + 8µ

[
− λ

2
+ δ1

(
C1 sinh (δ1z) + C2 cosh (δ1z)

C1 cosh (δ1z) + C2 sinh (δ1z)

)]
+
β1

λ

[
− λ

2
+ δ1

(
C1 sinh (δ1z) + C2 cosh (δ1z)

C1 cosh (δ1z) + C2 sinh (δ1z)

)]2
,

where z = x−ct, δ1 = 1
2

√
λ2 − 4µ, C1 and C2 are arbitrary

constants.
Case 2: When λ2 − 4µ < 0, we obtain the trigonometric
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function solutions

u2(t, x) =
1

3
(c− λ2 − 8µ)

−4λ

(
− λ

2
+ δ2

−C1 sin (δ2z) + C2 cos (δ2z)

C1 cos (δ2z) + C2 sin (δ2z)

)
−4

(
− λ

2
+ δ2

−C1 sin (δ2z) + C2 cos (δ2z)

C1 cos (δ2z) + C2 sin (δ2z)

)2

,

v2(t, x) = ±
√
c2 − 2cλ2 + λ4 − 16cµ+ 64µ2

3
√
2

+
12λβ0

−cλ2 + 8µ

(
− λ

2
+ δ2

−C1 sin (δ2z) + C2 cos (δ2z)

C1 cos (δ2z) + C2 sin (δ2z)

)
+
β1

λ

(
− λ

2
+ δ2

−C1 sin (δ2z) + C2 cos (δ2z)

C1 cos (δ2z) + C2 sin (δ2z)

)2

,

where z = x−ct, δ2 = 1
2

√
4µ− λ2, C1 and C2 are arbitrary

constants.
Case 3: When λ2 − 4µ = 0, we obtain the rational

solutions

u3(t, x) =
1

3
(c− λ2 − 8µ)− 4λ

(
− λ

2
+

C2

C1 + C2z

)
−4

(
− λ

2
+

C2

C1 + C2z

)2

,

v3(t, x) = ±
√
c2 − 2cλ2 + λ4 − 16cµ+ 64µ2

3
√
2

+
12λβ0

−cλ2 + 8µ

(
− λ

2
+

C2

C1 + C2z

)
+
β1

λ

(
− λ

2
+

C2

C1 + C2z

)2

,

where z = x− ct, C1 and C2 are arbitrary constants.
It should be noted that the solutions obtained in this paper

by (G′/G)−expansion method are more general than the
solutions obtained in [7].

3. Conclusion
In this paper, we analyzed a coupled KdV equation that

appears in many scientific fields. The (G′/G)−expansion
method was effectively used to derive exact travelling wave
solutions of the coupled KdV equation. The solutions ob-
tained were expressed in the form of hyperbolic function,
trigonometric function and rational solutions.
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Equations

Shihchung Chiang

Department of Applied Statistics, Chung Hua University, Hsinchu, Taiwan, R.O.C.

Abstract— This study presents analytical solution and nu-

merical solution to a dynamical system, introduced by Herd-

man and Turi [10], that consists of an integro-differential

equation with a weakly singular kernel.

Keywords: Integro-differential equation, weakly singular kernel.

1. Introduction

This study presents the solutions for a system of integro-

differential equations. This system first appeared in a con-

ference paper by Burns, Cliff, and Herdman [1] in 1983. It

describes the motion of a high-speed thin airfoil in a two-

dimensional, incompressible flow, and contains eight integro-

differential equations. One of the equations has a weakly

singular kernel. Previous studies have focused on this scalar

equation, and presented the discussions regarding the well-

posedness of this problem in the Cauchy problem with a

semigroup setting [13], a numerical solution by discretizing

an associated partial differential equation and using uniform

and nonuniform mesh points [5], an associated numerical

optimal control problem with the integro-differential equa-

tion as a constraint [6], [7], [14], and solutions to variations

of this equation [8] (e.g., integro-differential equation of

the second kind and its possible extensions). Papers [3],

[4] introduced the method of steps to solve the scalar

singular integro-differential equation. This study extends the

method of steps and applies it to the exact solution of this

system. This study applies the proposed method to find the

solution to the system introduced by Herdman and Turi [10]

by choosing the time step and solving coupled equations

alternatively. The second section of this study presents the

development of the original airfoil system. The third section

presents the application of the method of steps to find the

analytical solution of the typical example in the Herdman

and Turi system. Then fourth section presents a numerical

method to find the numerical solution of the Herdman and

Turi system. Finally the fifth section presents a conclusion

to this study.

2. Problem Description
The following system describes the original aeroelasticity

problem:

d

dt

[

Ax(t) +

∫ 0

−∞

A(s)x(t + s)ds

]

=Bx(t) +

∫ 0

−∞

B(s)x(t + s)ds + f(t),

where t > 0, and with initial conditions: x(0) = [η, φ(0)]T

and the eighth component of the unknown x(t) satisfies

x8(s) = φ(s) for −∞ < s ≤ 0, and φ ∈ L1,g, where

L1,g is a weighted Hilbert space with weight g =
√

−1
s

,

s < 0. The matrices are defined as follows:

A =

[

I7×7 07×1

01×7 01×1

]

,

A(s) =

[

07×7 A12(s)7×1

01×7 A22(s)1×1

]

,

B =

[

B17×7 B27×1

B31×7 01×1

]

,

B(s) =

[

07×7 B12(s)7×1

01×7 01×1

]

.

Matrices A12(s) and B12(s) are smooth vector functions.

The scalar function A22(s) =
(

Us−2
Us

)
1
2 , constant U is the

speed of far away fluid flow, and f(t)8×1 is a forcing term.

Consider the "finite delay" version of the system:

d

dt

[

Ax(t) +

∫ 0

−b

A(s)x(t + s)ds

]

=Bx(t) +

∫ 0

−b

B(s)x(t + s)ds + f(t),

by defining the linear operators D1, D2, L1, and L2 as

D1(η, φ) = IηT +

∫ 0

−b

A12(s)φ(s)ds7×1 ,

L1(η, φ) = B1ηT + B2φ(0) +

∫ 0

−b

B12(s)φ(s)ds7×1 ,

D2(φ) =

∫ 0

−b

A22(s)φ(s)ds1×1,

L2(η) = B3ηT
1×1,
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the finite version of the system can be written as an operator

system [2]:

d

dt
D1(x1(t), [x2]t) = L1(x1(t), [x2]t) + f̄(t)7×1,

d

dt
D2([x2]t) = L2(x1(t))1×1, t ≥ 0,

where x1(t) and [x2]t(·) = x2(· + t) are variables.

3. Typical example

This section demonstrates the method of steps to solve

the system of integro-differential equations proposed by

Herdman and Turi [10] for t ∈ (0, 2] and b = 1:

d

dt

[

x1(t) +

∫ 0

−1

x2(t + s)ds

]

= x2(t), t > 0, (1)

d

dt

[
∫ 0

−1

(−s)−
1
2 x2(t + s)ds

]

= x1(t), t > 0, (2)

with initial conditions

x1(0) = 1,

x2(s) = 0,−1 ≤ s ≤ 0.

The exact solution for this system is as follows:

x1(t) =

{

1 : 0 < t ≤ 1,

1 + 4
3π

(t − 1)
3
2 : 1 < t ≤ 2,

and

x2(t) =

{

2
π
t

1
2 : 0 < t ≤ 1,

2
π

+ 4
π
(t

1
2 − 1) + 1

2π
(t − 1)2 : 1 < t ≤ 2.

This section presents a process to find the solution: first, to

find the solution for 0 < t ≤ 1, integrate Equation (1) with

respect to t ∈ (0, 1] to obtain

x1(t) +

∫ 0

−1

x2(t + s)ds − x1(0) −
∫ 0

−1

x2(s)ds

=

∫ t

0

x2(u)du.

After substituting the initial conditions of x2(t) for t ∈
[−1, 0], this equation becomes

x1(t) = 1 −
∫ 0

−1

x2(t + s)ds +

∫ t

0

x2(u)du.

After changing variables, x1(t) can then be obtained for t ∈
(0, 1] as follows:

x1(t) = 1 −
∫ t

t−1
x2(τ )dτ +

∫ t

0
x2(u)du

= 1 −
∫ 0

t−1 x2(τ )dτ −
∫ t

0 x2(τ )dτ +
∫ t

0 x2(u)du

= 1.

For the solution x2(t) for t ∈ (0, t], integrate Equation (2)

with respect to t to have
∫ 0

−1

(−s)−
1
2 x2(t + s)ds−

∫ 0

−1

(−s)
1
2 x2(s)ds = t,

since x2(t) = 0 for t ≤ 0, this equation becomes
∫ 0

−1

(−s)−
1
2 x2(t + s)ds = t.

According to the theorem in [3], x2(t) can be obtained as

follows:

x2(t) =
Γ(2)

Γ(1
2 )Γ(3

2 )
t

1
2 =

2

π
t

1
2 ,

for 0 < t ≤ 1.

For the second step, consider 1 < t ≤ 2: after integrating

Equation (1) with respect to t, for 1 < t ≤ 2, the equation

becomes

x1(t) +
∫ 0

−1 x2(t + s)ds − x1(1)

−
∫ 0

−1
x2(1 + s)ds =

∫ t

1
x2(u)du,

since
∫ 0

−1
x2(t + s)ds

=
∫ t

t−1
x2(τ )dτ

=
∫ 1

t−1
x2(τ )dτ +

∫ t

1
x2(τ )dτ

=
∫ 1

t−1
2
π
τ

1
2 dτ +

∫ t

1
x2(τ )dτ

= 2
π
· 2

3 · τ 3
2 |1t−1 +

∫ t

1 x2(τ )dτ

= 4
3π

− 4
3π

(t − 1)
3
2 +

∫ t

1 x2(τ )dτ.

From this result, choosing t = 1, then
∫ 0

−1

x2(1 + s)ds =
4

3π
.

Therefore,

x1(t) = 1 +
4

3π
(t − 1)

3
2 , 1 ≤ t ≤ 2.

Next, integrate Equation (2) with respect to t, for t ∈ (0, 2].
Then,

∫ 0

−1
(−s)−

1
2 x2(t + s)ds −

∫ 0

−1
(−s)−

1
2 x2(1 + s)ds

=
∫ t

1
x1(τ )dτ

=
∫ t

1
(1 + 4

3π
(τ − 1)

3
2 )dτ

= (τ + 4
3π

· 2
5(τ − 1)

5
2 )|t1

= t + 8
15π

(t − 1)
5
2 − 1.

Since x2(t) is known for t ∈ [0, 1] from the first step,

the second term of the left hand side can be simplified as

follows:
∫ 0

−1
(−s)−

1
2 x2(1 + s)ds

=
∫ 0

−1
(−s)−

1
2 · 2

π
· (1 + s)

1
2 ds

=
∫ 0

1
λ− 1

2 · 2
π
· (1 − λ)

1
2 · −dλ

= 2
π
·
∫ 1

0
λ

1
2
−1 · (1 − λ)

3
2
−1dλ

= 2
π
· Γ(1

2
)Γ(3

2
)

Γ(2)

= 2
π
·

π

2

1·1
= 1.
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Therefore, the equation becomes

∫ 0

−1

(−s)−
1
2 x2(t + s)ds = t +

8

15π
(t − 1)

5
2 , 1 ≤ t ≤ 2.

By changing variables, the left hand side of the above

equation can be rewritten as

∫ t

t−1(t − τ )−
1
2 x2(τ )dτ

=
∫ 1

t−1(t − τ )−
1

2 · 2
π
· τ 1

2 dτ +
∫ t

1 (t − τ )−
1

2 x2(τ )dτ

=
∫

1
t

1− 1

t

t−
1

2 (1 − λ)−
1

2 · 2
π
· t 1

2 · λ 1

2 · tdλ

+
∫ t

1 (t − τ )−
1

2 x2(τ )dτ

= t · 2
π

∫
1
t

1− 1
t

(1 − λ)−
1
2 · λ 1

2 dλ +
∫ t

1
(t − τ )−

1
2 x2(τ )dτ

= 2t
π

[

sin−1
√

λ −
√

λ
√

1− λ
]

1
t

1−1
t

+
∫ t

1
(t − τ )−

1
2 x2(τ )dτ

= 2t
π

[

sin−1
√

1
t
− sin−1

√

1 − 1
t

]

+
∫ t

1 (t − τ )−
1

2 x2(τ )dτ.

Therefore,
∫ t

1
(t − τ )−

1
2 x2(τ )dτ

= 2t
π

[

sin−1
√

1 − 1
t
− sin−1

√

1
t

]

+ t + 8
15π

(t − 1)
5

2 .

To solve for x2(t), change the variable to obtain

∫ t−1

0 (t − s − 1)−
1

2 x2(s + 1)ds

= 2t
π

[

sin−1
√

1 − 1
t
− sin−1

√

1
t

]

+ t + 8
15π

(t − 1)
5
2 .

Again, by changing variables, the equation becomes

∫ t̄

0
(t̄ − s)−

1
2 y(s)ds

= 2(t̄+1)
π

[

sin−1
√

1 − 1
t̄+1

− sin−1
√

1
t̄+1

]

+t̄ + 1 + 8
15π

t̄
5
2 .

If t̄ = t, then
∫ t

0
(t − s)−

1
2 y(s)ds

= 2(t+1)
π

[

sin−1
√

1 − 1
t+1

− sin−1
√

1
t+1

]

+t + 1 + 8
15π

t
5
2

= h(t),

and

h(0) =
2

π
[− sin−1 1] + 1 = − 2

π
· π

2
+ 1 = 0.

Therefore, by the method discussed in [11],

x2(t + 1)
= y(t)

=
sin( π

2
)

π
d
dt

[

∫ t

0
(t − s)−

1
2 h(s)ds

]

= 1
π

d
dt

[

∫ t

0
(t − s)−

1
2 ·

(

2(s+1)
π

· (sin−1
√

s
s+1

− sin−1
√

1
s+1

)

+(s + 1) + 8
15π

s
5
2

)

ds
]

= 1
π

d
dt

[I − II + III + IV ],

where

I =
∫ t

0
(t − s)−

1
2 · 2(s+1)

π
· sin−1

√

s
s+1ds

= 2
π

∫ t

0
(t − s)−

1
2 · s · sin−1

√

s
s+1

ds

+ 2
π

∫ t

0 (t − s)−
1

2 · sin−1
√

s
s+1ds

= 2
π

[

s · sin−1
√

s
s+1

· (−2)(t − s)
1
2 |t0

+
∫ t

0
(sin−1

√

s
s+1 + s · 1

2
√

s(s+1)
) · 2 · (t − s)

1
2 ds

]

+ 2
π

[

sin−1
√

s
s+1

· (−2)(t − s)
1
2

]t

0

+ 2
π

∫ t

0
1√

s(s+1)
· (t − s)

1
2 ds,

II =
∫ t

0
(t − s)−

1
2 · 2(s+1)

π
· sin−1

√

1
s+1

ds

= 2
π

∫ t

0 (t − s)−
1

2 · s · sin−1
√

1
s+1ds

+ 2
π

∫ t

0
(t − s)−

1
2 · sin−1

√

1
s+1ds

= 2
π

[

s · sin−1
√

1
s+1

· (−2)(t − s)
1
2 |t0

+ 2
∫ t

0
(sin−1

√

1
s+1 −

√
s

s+1 ) · (t − s)
1
2 ds

]

+ 2
π

[

sin−1
√

1
s+1

· (−2) · (t − s)
1
2 |t0

−
∫ t

0
1√

s(s+1)
· (t − s)

1
2 ds

]

= 2
π

[

2 ·
∫ t

0 sin−1
√

1
s+1 · (t − s)

1

2 ds

−
∫ t

0

√
s

s+1
· (t − s)

1
2 ds

]

+2t
1
2 − 2

π

∫ t

0
1√

s(s+1)
· (t − s)

1
2 ds,

III =
∫ t

0
(t − s)−

1
2 · (s + 1)ds

=
∫ t

0
(t − s)−

1
2 · s · ds +

∫ t

0
(t − s)−

1
2 ds

=
∫ 1

0 t−
1

2 (1 − λ)−
1

2 · λt2dλ − 2(t − s)
1

2 |t0
= t

3
2

∫ 1

0
(1 − λ)−

1
2 λdλ + 2t

1
2

= t
3
2

Γ( 1
2
)Γ(2)

Γ(2 1
2
)

+ 2t
1
2

= 4
3t

3
2 + 2t

1
2 ,

and

IV =
∫ t

0
(t − s)−

1
2 · 8

15π
· s 5

2 ds

= 8
15π

∫ 1

0
t−

1
2 (1 − λ)−

1
2 · t 5

2 · λ 5
2 · tdλ

= 8
15π

t3
∫ 1

0 (1 − λ)−
1

2 · λ 5

2 dλ

= 8
15π

t3
Γ( 1

2
)Γ(7

2
)

Γ(4)

= 1
6 t3.
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Therefore,

y(t) = 1
π

d
dt

[I − II + III + IV ]

= 1
π

d
dt

[

4
π

∫ t

0
(t − s)

1
2 (sin−1

√

s
s+1

− sin−1
√

1
s+1

)ds

+ 4
π

∫ t

0
(t − s)

1
2 ·

√
s

(s+1)
ds − 2t

1
2

+ 4
π

∫ t

0
(t − s)

1
2

1√
s(s+1)

ds + 4
3 t

3
2 + 2t

1
2 + 1

6 t3
]

= 2
π2 ·

∫ t

0
(t − s)−

1
2 (sin−1

√

s
s+1

− sin−1
√

1
s+1

)ds

+ 2
π2 ·

∫ t

0 (t − s)−
1

2 ·
√

s

s+1ds + 2
π
· t 1

2

+ 2
π2 ·

∫ t

0
(t − s)−

1
2 · 1√

s(s+1)
ds + 1

2π
· t2

= 2
π2 ·

∫ t

0 (t − s)−
1

2 · sin−1( s−1
s+1 )ds

+ 2
π2 ·

∫ t

0
(t − s)−

1
2 · s+1√

s(s+1)
ds + 2

π
· t 1

2

+ 1
2π

· t2.

However,

∫ t

0
(t − s)−

1
2 sin−1( s−1

s+1
)ds

= −2(t − s)
1
2 · sin−1( s−1

s+1 )|t0 + 2
∫ t

0
(t − s)

1
2

1√
s(s+1)

ds

= 2 · t 1
2 · (−π

2
) + 2

∫ t

0
(t − s)

1
2

1√
s(s+1)

ds

= −π · t 1
2 + 2

∫ t

0
(t − s)

1
2

1√
s(s+1)

ds

= −π · t 1
2 + 2

∫

√
t

0
(t − u2)

1
2

1
u(u2+1)

2udu

= −π · t 1
2 + 2

∫

√
t

0
(t − u2)

1
2

2
u2+1

du

= −π · t 1
2 + 4 ·

[√
t + 1 · sin−1( u

√
t+1√

t
√

u2+1
)

− sin−1 u√
t

]

√
t

0
(by an integration formula in [9])

= −π · t 1
2 + 4 · [

√
t + 1 · sin−1 1 − sin−1 1]

= −π · t 1
2 + 4 · π

2 [
√

t + 1 − 1]

= −π · t 1
2 + 2π

√
t + 1 − 2π,

and

2
π2 ·

∫ t

0 (t − s)−
1
2 · s+1√

s(s+1)
ds

= 2
π2 ·

∫ t

0
(t − s)−

1
2 · s− 1

2 ds

= 2
π
.

Therefore,

y(t) = 2
π2 · (−πt

1
2 + 2π

√
t + 1 − 2π) + 2

π

+ 2
π
t

1
2 + 1

2π
t2

= − 2
π
t

1
2 + 4

π

√
t + 1 − 4

π
+ 2

π
+ 2

π
t

1
2 + 1

2π
t2

= 4
π

√
t + 1 − 2

π
+ 1

2π
t2,

and

x2(t) = y(t − 1) =
4

π

√
t − 2

π
+

1

2π
(t − 1)2,

for 1 ≤ t ≤ 2. Thus the system proposed by Herdman and

Turi is solved for 0 ≤ t ≤ 2.

4. Numerical Methods

The proposed methods in this study use the nonconform-

ing finite element method to approximate the solution of the

system (3)-(4):

d

dt

[

x1(t) +

∫ 0

−1

x2(t + s)ds

]

= x2(t), t > 0, (3)

d

dt

[
∫ 0

−1

(−s)−
1
2 x2(t + s)ds

]

= x1(t), t > 0, (4)

with initial conditions

x1(0) = 1,

x2(s) = φ(s) = 0,−1 ≤ s ≤ 0.

For the numerical approach, define a new functional ξ such

that

ξ(t, s) = x2(t + s),−1 ≤ s ≤ 0, t > 0. (5)

Reformulate Equations (4) and (5) as a first-order hyperbolic

partial differential equation

∂

∂t
ξ(t, s) =

∂

∂s
ξ(t, s),−1 ≤ s ≤ 0, (6)

with the condition
∫ 0

−1

|s|− 1

2
∂

∂s
ξ(t, s)ds = x1(t). (7)

Next, assume that the solution x2(t + s) has the form

x2(t + s) = ξ(t, s) =

n
∑

i=0

ai(t)Bi(s), (8)

where the bases, Bi(s), for i = 0, · · · , n, are

Bi(s) =







1
δi+1

(s − τi+1) , s ∈ [τi+1, τi],
1
δi

(τi−1 − s) , s ∈ [τi, τi−1],

0 , otherwise.

Specifically, Bi(s), i = 0, 1, · · · , n, are piecewise linear

functions. The mesh points, τ0, τ1, · · · , τn are defined by

−1 = τn < τn−1 < · · · < τ1 < τ0 = 0 and δi = τi−1−τi >

0, for i = 1, · · · , n. After substituting the special form of ξ

in Equation (8) into Equation (7), the governing equations

for ai(t), i = 0, · · · , n, become the following equations [12]:

d

dt
ai(t) =

1

δi

(ai−1(t) − ai(t)), i = 1, · · · , n, (9)

and
∫ 0

−1

|s| 12
n

∑

i=0

ai(t)
d

ds
Bi(s) = x1(t). (10)

Rewrite Equation (10) as

n
∑

i=1

∫ τi−1

τi

|s|− 1
2

1

δi

(ai−1(t) − ai(t))ds = x1(t), (11)

Int'l Conf. Scientific Computing |  CSC'13  | 199



Equation (11) can be further simplified to

n
∑

i=1

2

δi

((−τi)
1
2 − (−τ

1
2

i−1)(ai−1(t) − ai(t)) = x1(t). (12)

Define

di =
2

δi

((−τi)
1
2 − (−τi−1)

1
2 ), i = 1, · · · , n, (13)

and Equations (9) and (12) then become

d

dt
ai(t) =

1

δi

(ai−1(t) − ai(t)), i = 1, · · · , n, (14)

and
n

∑

i=1

di(ai−1(t) − ai(t)) = x1(t). (15)

After applying Equation (15) to Equation (3) and simplify-

ing, Equation (3) becomes

ȧ0(t) · d1 + ȧ1(t) · (d2 − d1) + · · ·
+ȧn−1(t) · (dn − dn−1) − ȧn(t) · dn = an(t),

(16)

where ȧi(t) = d
dt

ai(t), for i = 0, 1, · · · , n. This produces

the following system of linear first-order ordinary differential

equations:

L ·
(

d

dt
X(t)

)

= D ·X(t)(n+1)×1, (17)

where

X(t) = [a0(t)a1(t) · · ·an(t)]T ,

L =















d1 d2 − d1 · · · · · · dn − dn−1 −dn

0 1 0 · · · 0 0
0 0 1 · · · 0 0
...

...
...

...
...

...

0 0 0 · · · 0 1















D =















0 0 · · · · · · 0 1
1
δ1

− 1
δ1

0 · · · 0 0

0 1
δ2

− 1
δ2

· · · 0 0
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...
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...

0 0 0 · · · 1
δn

− 1
δn















The procedure for obtaining the initial conditions ai(0), i =
0, 1, · · · , n, for the first-order ordinary differential system

(17) is as follows: After combining Equations (5) and (8),

and fix t = 0, the state becomes

x2(s) =

n
∑

i=0

ai(0)Bi(s) = φ(s) = 0,

for −1 ≤ s ≤ 0. The structure of B0(s), B1(s), · · · , and

Bn(s) indicates that ai(0) is equal to φ(τi) when i =
0, 1, · · · , n. Next, to find a0(t), a1(t), · · · , an(t), apply an

ordinary differential equation solver (Matlab ’ode45’) to the

System (17). Two methods can be used to solve x2(t), for

0 ≤ t ≤ 1, depending on the setting of variables: fix t = 1

or fix s = 0 in Equation (8). According to the property

Bj(s) = 1 at s = τj , j = 0, 1, · · · , n, the two choices

become two cases for the solution x2(t), 0 ≤ t ≤ 1:

Case 1:

x2(1 + τi) =

n
∑

j=0

aj(1)Bj(τi) = ai(1),

and Case 2:

x2(1 + τi) =

n
∑

j=0

aj(1 + τi)Bj(0) = a0(1 + τi).

In Case 1, solve for ai(t), i = 0, 1, · · · , n, from System (17)

using the Matlab software command ’ode45’ and set t = 1.

In this case, ai(1) represents the corresponding solutions

x2(1 + τi), i = 0, 1, · · · , n. In Case 2, solve for a0(t) from

System (17) using the Matlab software command ’ode45’.

Then, set t = 1+τi to obtain a0(1+τi), for i = 0, 1, · · · , n.

Therefore, a0(1 + τi) is the solution x2(1 + τi), for i =
0, 1, · · · , n. After substituting the corresponding values of

ai(t), i = 0, 1, · · · , n into Equation (15), x1(t) can be

solved. A similar method can be used to solve x1(t) and

x2(t), for 1 < t.

Figure 1 shows a comparison of the numerical solution

and analytical solution for 0 ≤ t ≤ 2. The errors for

the numerical solutions represent the maximum value of

differences with the analytical solution at all mesh points.

5. Conclusion
This study presents a standard process to solve a system

of integro-differential equations from the aeroelasticity prob-

lem. This system contains an integro-differential equation

with a weakly singular kernel. This study suggests a method

of steps to solve the solution from one time step to another

time step analytically and numerically. In other words, for

(i − 1) · b < t ≤ i · b, where i is a positive integer and

b is a positive number, and after solving the solutions in

this time step, the process moves to the next time step for

i·b < t ≤ (i+1)·b, and applies the previous time step results

as initial conditions. This study demonstrates this process of

finding solutions to the system proposed by Herdman and

Turi [10] for t ∈ (0, 2] and b = 1.
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Abstract - This paper claims that the achievements of Alan 

Mathison Turing in computer science and informatics are 

comparable to those of Albert Einstein in physics. Turing‘s 

contributions are presented through his most important events 

and achievements, particularly through the concept of the 

hyper computer; that is, computers that are stronger than the 

Universal Turing Machines. The paper analyzes several 

essential AI and human-intelligence concepts that Turing 

introduced. The project focuses on the ability to compare 

these models of different disciplines on similar grounds and 

goes further to give a few new ideas pertaining to the field. 

Because these models cannot currently be implemented, 

forming a comparison technique is again practically difficult 

to achieve contributions to Turing‘s career. 

Keywords: Church–Turing thesis, effective computation, hyper 

computation.  

1 Introduction 

Alan Mathison Turing (23rd June 1912–7th June 1954) 

was a British mathematician and computer scientist. He 

invented a formalization of the concepts of ―algorithm and 

―computation with the Turing machine, which can be 

considered a model of a general purpose computer. He also 

decoded the German Enigma machine (a corresponding book 

cover is presented in Figure 1). In 2012, the centenary of 

Turing‘s birth, a number of Turing-related events was held 

around the world. Lectures and publications about Turing 

were made in Slovenia in the first half of 2012, such as [9, 

10], but the most essential event was a conference in October, 

dedicated to Alan Turing and 20 years of Slovenian Artificial 

Intelligence Society, entitled ―100 Years of Alan Turing and 

20 years of SLAIS (http://is.ijs.si/is/is2012). Among the 

world-renowned researchers who presented at the conference 

were Stephen Muggleton, Natasa Milic-Frayling, Albert Bifet, 

Claude Sammut, and Joao Gama. At the opening ceremony, 

Professor Dr. Ivan Bratko received an award for life-long 

achievements in artificial intelligence, both in Slovenia and 

internationally. The following are some of the key dates 

related to Turing from our perspective: 

 1912 – Turing‘s birth  

 1936 – Creation of the Turing machine  

 1932–42 – Enigma decoded  

 1950 – Creation of AI, Turing test  

 1954 – Turing‘s death  

 2007 – Death of Donald Michie  

 2009 – Turing‘s official rehabilitation  

 2012 – Centenary of Turing‘s birth  

 

 

Figure 1: A book about Alan Turing, published in 2012 

 

This paper analyzes some of these events with a depth 

view on stronger machine. Alan Mathison Turing is often 

considered the father of modern computer science [1]. His 

works formed the basis of practical computer science being 

responsible for the computers built today. In his paper "On 

Computable Numbers, with an Application to the 

Entscheidungs problem" [2], Turing reemphasized Kurt 

Gödel‘s results [3] on the limits of proof and computation, 

substituting Gödel‘s universal arithmetics-based formal 

language by what are now called Turing machines, formal and 

simple devices. He proved that such a machine would be 

capable of performing any conceivable mathematical problem 

if it were representable as an algorithm, even if no actual 

202 Int'l Conf. Scientific Computing |  CSC'13  |

mailto:Dmp@znu.ac.ir
mailto:Shiveex@Gmail.Com
mailto:Saber.mesgari@aut.ac.ir


Turing machine would be likely to have practical applications, 

being much slower than alternatives [4].  

Turing also introduced his famous Halting Problem as 

an undecidable problem. The Halting Problem talks about the 

possibility of algorithmically determining whether a given 

Turing Machine will halt on a given number of inputs in a 

given defined time. Turing‘s logical computing machines1 [5] 

were also discussed to be extended to universal (Turing) 

machines. The importance of the universal Turing machines is 

that it could be used to simulate any given Turing machine 

and as a result be more powerful than the prior ones. Turing‘s 

work focused more on the philosophy of mind and most of his 

works focused on the applications of artificial intelligence by 

computers. 

 

2 Computability Theory 

 Author in [6] discusses computational complexity theory 

as identifying problems and working to find the best possible 

programmatic solutions to them. The field focuses on the 

existing fact that there are problems for which it was 

mathematically proved that effective algorithms for solving 

them do not exist. Investigating such problems forms the core 

of the discipline of computability, which is also known as 

recursion function theory.  

The theory focuses on working out steps to solve a given 

problem, on a computer, staying within the boundaries of 

computation, thereby solving the problem algorithmically. In 

computer science, different models of computation have been 

suggested for solving various problems. Computability theory 

focuses on predicting the most efficient model and defining a 

formal system in which the problem could be most easily 

understood. 

 

3 Models of Computation 
 Authors in [7] describes models of computation as 

abstract mathematical models of stored programs that 

encapsulate intuitive notions of a computer operation. The 

algorithms, formed in Computability Theory, are general and 

not related to particular characteristics of a computer such as 

overpowering or exhausting resources. Models of 

computation are used to model a more general approach to 

functions ignoring external factors. Examples of common 

theoretical models include finite-state machines; push down 

automata and Turing machines. Markov algorithms are more 

complicated examples of such computation models. 

Figure 2 illustrates the above stated definition for a 

model. The model is anything that can compute a given 

function f, on a given set of inputs stored on a computer. 

These inputs are the domain at which the function f can apply 

to. The output values produced are the range of data 

produced. This scenario addresses the issue of which 

functions can be used to solve particular problems on a 

computer, or indirectly Which functions can be computed? 

The domain and range can be interpreted in different ways 

depending on the sort of the functions being processed. If a 

compiler was running, the inputs would be lexicons and 

outputs assembly code tags. Another program of a quadratic 

function would take as input, x values and output x2. Thus the 

meanings of domain and range can be varied according to the 

given functions. 

 

 

 
 

Figure 2: Functions that can be computed 

 

3.1 The Church Turing Thesis 

The Church-Turing (CT) Thesis, also referred to as 

Church‘s Thesis, defines the ideas of effective computability 

and solvable problems. The Thesis asserts the behavior of a 

computer to be exactly similar to a human with a pen or pencil 

following a set of certain rules. Turing [8] asserted these ideas 

saying "A function is said to be effectively calculable if its 

values can be found by some purely mechanical process. 

These functions were described as general recursive by Gödel. 

Another definition of effective calculability has been given by 

Church who identifies it with lambda-definability. We mean 

by a purely mechanical process one which could be carried 

out by a machine". The development of this concept leads to 

the definition of a computable function, and to an 

identification of computability with effective calculability. 

The CT Thesis defines methods which satisfy the 

following arguments [9]:  

 

 The method consists of a finite set of statements which 

can be described using a finite number of symbols.  

 After carrying out the method, if no error encountered, 

will produce the desired result in a finite number of 

steps.  

 The method can be carried out in practice by a human 

accompanied with just a paper and a pencil.  

 The method requires no extra intelligence on part of the 

human, except for the understanding of how to carry 

out the instructions.  

 

The Thesis has been subject to various remarks which 

have led to its different interpretations. Turing [10] himself 

remarked about the equivalence of a man with a machine when 

he said that the idea of digital computer was intended to be 

similar to the work done by a human computer.  

Some classical works have strengthened the idea that the 

behaviour of a mechanical discrete system evolving according 

to local laws is recursive. Such works have shown the 

relations between the classical computation theory and the 

physical deterministic systems. In particular, it can be noted a 

strong analogy between a TM‘s asymptotic unpredictable 

behaviours and deterministic chaos; in both cases the local 

rules do not imply a long-term predictable behaviour, indeed 
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[28, 10, 27, 15]. Different strategies have been proposed to 

apply such computational scheme to the continuous language 

of differential equations [11]. 

The general reasons taken into consideration to justify 

the use of TM (Turing Machine) in physics can be 

summarized as follows: 

(a) A fundamental discretisation of the physical world 

(for example Beckenstein limit: a system cannot handle more 

information than that it contains); 

(b) Relativity: the whole tape is not available in its 

whole at each computational instant, and, finally: 

(c) The infinity of the tape lets we suppose that there are 

no limitations to the possible implementations of the Kleene 

Theorem (for example: asynchronous and parallel 

computation, cellular automata and so on). 

We note, in particular, that the first point refers to a 

generic discrete structure of the world, but contains no 

specific information on the proper dynamics of quantum 

processes, and point (b) is connected to a locality principle. 

Finally, point (c) stresses the universality of the Turing 

scheme, with respect to other kinds of computation formally 

equivalent to the first one, but with a different attitude 

towards the space-time patterns [12]. 

In general, the question, if any physical model is Turing 

computable, collides with a large number of counter 

examples. These are rather sophisticated questions related to 

exotic limit-cases of classical, relativistic and gravitational 

physics (see, for example, [13]), but strong enough to suggest 

to us that perhaps it would be useful to substitute CT Thesis 

with a computational paradigm for each specific class of 

physical problems with the suitable modifications to the (a), 

(b) and (c) conditions: for example the Friedkin–Toffoli 

billiard-machine class for mechanical processes, or the class 

of space time topologies for relativistic computers, or the 

class of differential equations showing ―pathological 

boundary conditions with respect to computability. 

 

4 What is Hyper Computing? 

The term ―hyper computation was introduced by 

Copeland and Proudfoot in 1999 [2]. Machines are referred to 

as hyper computers or super-Turing computational models if 

they are, in principle, stronger than the Turing machine, which 

means that they can solve tasks that the Turing machine 

cannot. The term super-Turing computing usually denotes 

physically realizable mechanisms. Hyper computers and 

super-Turing computational models include the computation 

of non-Turing-computable functions, following super 

recursive algorithms. Turing himself introduced stronger 

machines than the universal Turing machine. An example is a 

Turing machine that includes an oracle capable of correctly 

answering any question with Yes or No. However, the 

purpose of this paper is simply to analyze machines or beings 

that do not need a superficial component, but are stronger 

than Turing machines. 

Hyper computing is related to several issues, including 

the question of human computing power compared to 

computing mechanism and computers. Consider, for example, 

the Church-Turing thesis [24]. It states that any function that 

is algorithmically computable can be computed by a Turing 

machine. Hyper computers compute functions that a Turing 

machine cannot, which mean that they are not computable in 

the Church-Turing sense. Some publications have indicated 

that no physical machine can be designed to surpass the 

Turing machines and that it is not possible to construct a 

counterproof. In other words, the hyper computer ideas could 

be hypothetical and physically non-existent. In principle, 

however, there is no proof that hyper computers are 

impossible in mental computational issues, just because they 

are not physically realizable. Accepting philosophical 

viewpoints such as dualism is sufficient for hyper computers 

to become theoretically possible, if ever a concrete version 

were not designed in the form of a computing machine. 

For a hyper computing model, the author of the present 

paper introduced the Multiple Turing Machine, as presented 

in Figure 3. Unlike the multi-tape Turing machine, this model 

consists of two universal Turing machines, each of which 

writes on each other program, while at the same time 

obtaining information from the open outside world. The 

model is based on the principle of multiple knowledge [5]. 

The weak version of this principle states that a sensibly 

integrated model (or computing mechanism) generally 

outperforms each single model constituting the basic set of 

models. The strong version of the principle states that real or 

human level intelligence can be achieved only when using the 

multiple algorithms that apply the principle.  

Current computer mechanism in digital computers 

cannot provide the multiple computations. This means that 

current computers are not as strong as humans in principle, 

although they are much faster at computing single operations 

and tasks that do not demand multiple computations. It is 

important to note that multiplicity may or may not include 

parallelism; rather, it resonates the interaction concept [23].  

The principle of multiple knowledge has several 

representations and confirmations. In terms of the physical 

world, it demonstrates a strong similarity to the multiple-

worlds theory [3] or the multiverse theory [4]. In both 

theories, there are a huge number of universes like ours in the 

super-universe. The open question remains where these 

universes are. Are they physical or just mental? If they are 

physical, where are they exactly? Besides the evidently non-

problematic mental existence, there are also theories related to 

the physical existence of multiple worlds. 

The concept of privacy is frequently used in legal, 

political, philosophical and technical literature and multiple 

privacy definitions have been proposed. However, there exists 

no common definition since its meaning changes with the 

discipline in which it is used and even with the different 

viewpoints within a field of study. In fact, the concept of 

privacy differs depending on the context to which it is 

applied. Therefore, a common approach to define privacy 

considers several privacy categories [9]. 

 Body privacy relates to protection against body exposure 

and seeks to prevent intrusions into an individual’s physical 
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space or solitude. Compulsory medical treatments or 

collection of biometric data are within the scope of body 

privacy. 

 

 Behavior privacy extends such protection to any aspect of 

an individual’s behaviour, including thoughts, feelings and 

beliefs. Political affiliation, sexual preferences and religious 

practices are important aspects of behavior privacy. 

 

 Organization privacy refers to groups, corporations or 

societies that wish to conceal their secrets or activities from 

other individuals or organizations. 

 

 Communication privacy protects individuals’ freedom to 

communicate among themselves without monitoring or 

interception by other individuals or organizations. 

 

 

 
Figure 3: The Multiple Turing machine 

 

 

5 Computing Mind 

The mind is the most complex organ of the human body 

being attempted to be simulated on machines. If all physical 

processes could be modeled on Turing machines computing 

the mind would also be possible. This would be a crucial step 

to computing artificial intelligence. 

 

5.1 Electronic Brain 

When considering the processes of the brain, regulating 

the body processes, thoughts, learning and dreams form an 

important part of its abilities. 

Turing [9] discussed how simulating the behavior of a 

child would be simpler than an adult. Analyzing this concept, 

does provide logical evidence as a child is still in its learning 

phase whereas an adult is at a higher level of complexity of 

thought, simulating which would be very difficult. Turing [3] 

has also discussed this concept of advancing intelligence 

through learning by the example of a computer learning how 

to play chess. Learning in the initial stages the computer, 

through mistakes learns and eventually becomes a good player 

of chess. Authors in [24] agrees with Turing along the lines of 

not being perfect by saying that humans are not infallible and 

are prone to mistakes. Authors in [22] however argues that, 

applying particular mechanisms for counteracting influences 

of "idiotic" features is typical for concentrated human thought 

but irrelevant for the artificial machine, making mistakes 

become an integral part the human thought process. Would 

this imply that if a machine was to implement proper artificial 

intelligence it would be required to make mistakes to prove its 

equality to the human brain? 

Intelligence is attained through learning and mistakes 

and eventually as intelligence increases mistakes would 

reduce but this theory introduces a limit to the capacity of 

learning and intelligence. What limit defines when the 

machine would stop making mistakes is unclear. If the 

machines never stop making mistakes it is in continuous 

learning phase bringing it closer to becoming human. 

 

5.2 Minds Being Hyper computational 

The works of Penrose and Lucas brought the concept of 

the brain having hyper computational abilities into view. 

Lucas argues, using Gödel‘s Incompleteness Theorem, that 

human beings could not be Turing machines [27]. Over the 

years different philosophers have criticized or approved of 

this idea. Bringsjord and Authors in [28] argues that ‗human 

minds have powers exceeding those of Turing machines and 

their equivalents when compared with the incompleteness 

theorem. They argue that since it is mathematically impossible 

that human's minds are hyper computers, such minds are in 

fact hyper computers. 

6 Conclusions 

 Turing‘s definition of effective calculability leads to the 

widely accepted notion of the power of an algorithm. Every 

process could be described in a number of steps. These steps, 

as the Church-Turing Thesis argues could be performed on a 

Turing machine. The question then is the existence of 

undecidable problems. 

 The impact of hyper computation to the society would 

open more boundaries for logic and computation. Solving the 

halting problem could allow numbers to be factorized quicker. 

Computations might be able to achieve true randomness in the 

numbers they generate or possibly the implementation of a 

supercomputer which would be able to do the work of every 

other computer. 

 The possibility to build a different approach for 

information is not surprising. The two ways — quantum gates 

on Qbits and author Hamiltonians with constraints — are not 

in contrast, but complementary. Qbits are more useful when 

we are interested in individuating a specific state (in Haley's 

words: Shannon information will appear only when we 

consider a source that could be prepared in one of a number 

of orthogonal wave functions, each of which could be 

transferred separately), and shows a natural vocation for the 

problems — for instance — typical of nanotechnologies. 

Conversely, as Brown describes models as metaphors saying 

that models form the basis of theories be it a plum-pudding 

model for the atom or the working model for engineering 

software's, models are essential in extending theories. Logic 

plays role in computability theory, and the proof of the hyper 

computational models could provoke a rethinking of fifty year 

old computing ideas to newer extending ones. 
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“Software is hard. It’s harder than anything else I’ve ever had to do.”
—Donald Knuth, 2002

Abstract— Multi-dimensional numerical arrays are a staple
of many scientific computer programs, where processing may
be intricate but where data structures can be simple. Data
for these arrays may be read into the program from text
files assembled in advance, often laboriously from multiple
sources or from large-scale databases. Notwithstanding sim-
plicity in the structure of such files, their multi-dimensional
nature and the very regularity of their data makes it difficult
or impossible to know by inspection that they are assembled
exactly as required by the processing programs. Moreover,
data errors inadvertently may appear through unintended
alteration of some parts of a file while other parts intention-
ally are being edited. Verifying the correctness of scientific
programs is hindered by such difficulties. Here we describe
how we have applied the Centinel archival data format
to such problems. Centinel (1) provides a format that can
be read without difficulty by both people and computers,
(2) keeps all metadata locally in the same files as the data
themselves, and (3) optionally protects the data with error
correcting codes on each row, from the time the data are
prepared until they are finally processed. In addition, we
show how we have used the Centinel format to produce
prototypes of large datasets for initial program testing before
the actual data have been prepared. This effort is one step
in the uncompromising process of ensuring that complex
scientific programs rigorously perform the tasks they are
intended to do.

Keywords: data and metadata, code and metacode, scientific
programming, software validation, database, data archives

1. Introduction
Consider the following two files made available to a com-
puter program, each containing an 8×8 matrix of hypothet-
ical average temperature measurements at points along a
latitude line and at times throughout a season. The program
expects distances to be represented in successive matrix

rows and time in successive columns. In this example, the
temperatures increase north to south (top to bottom in the
array) and also increase as the season progresses (left to right
in the array).

The two files below are identical, just with rows and
columns transposed. Suppose one is correct and the other is
not. Once read by the program, the data act as parameters,
so that verifying the correctness of the program includes
knowing the correctness of this data. The question is, how
can one verify by inspection which of the two matrices has
the correct format and will generate legitimate results in the
program?

Input File 1:
18.9 20.7 22.4 24.9 21.7 24.0 23.1 24.9
21.1 24.0 24.2 21.6 25.0 23.0 23.8 24.2
21.7 20.9 24.8 22.7 26.4 25.0 24.8 28.4
23.9 21.7 22.9 24.1 27.0 25.8 28.3 27.6
23.8 22.5 24.8 26.3 25.1 26.9 29.6 29.1
24.3 27.0 25.3 26.2 26.0 25.9 27.0 29.9
25.1 27.2 26.3 28.8 27.4 28.3 29.7 28.6
27.7 27.5 28.2 25.8 29.5 26.5 27.3 30.6

Input File 2:
18.9 21.1 21.7 23.9 23.8 24.3 25.1 27.7
20.7 24.0 20.9 21.7 22.5 27.0 27.2 27.5
22.4 24.2 24.8 22.9 24.8 25.3 26.3 28.2
24.9 21.6 22.7 24.1 26.3 26.2 28.8 25.8
21.7 25.0 26.4 27.0 25.1 26.0 27.4 29.5
24.0 23.0 25.0 25.8 26.9 25.9 28.3 26.5
23.1 23.8 24.8 28.3 29.6 27.0 29.7 27.3
24.9 24.2 28.4 27.6 29.1 29.9 28.6 30.6

The answer is simple. One cannot. Without digging deeper
into the processes that created the data files, one cannot know
whether rows in the file represent distance and columns
represent time, or vice versa. Nor can one be certain of what
temperature units are represented. Celsius is plausible if this
is a temperate region, but Fahrenheit is equally plausible if
this is the subarctic. How the axes are scaled and other basic
information about the data are also missing. In the absence
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of such information, data development becomes undesirably
coupled with software development.

The problems are ameliorated but not solved with
“database connectors”—software to access databases from
within processing programs. Careful discipline beyond the
basic requirements of the database is needed at every step
to guarantee that the encoding of the data is known, data
transformations are specified, units are clear, and a variety
of other items are documented that can otherwise remain
underspecified.

Associated mistakes can be spectacular. An unmanned
spacecraft vanished in 1999 after a ten-month interplanetary
journey, breaking into pieces and burning in the Martian
atmosphere in part because some of the units expected by the
program did not match those provided in the data (conflicts
between English and metric systems) [1]. “Our inability
to recognize and correct this simple error has had major
implications,” according to then-director of JPL, Edward
Stone [2]. Results in other scientific programs may be less
spectacular but of equal or greater moment. Simulations
informing national programs for vaccination and disease
control, for instance, or estimating potential climate change
from biophysical parameters, can affect millions of people.

In this paper we illustrate the problem and its solution with
basic software we developed to connect data that is stored
in the Centinal archival format [3]. This software may be
used directly in C programs or transcribed to serve other
languages. The principles apply to programs that connect to
any database.

2. Methods and results
2.1 Problem details
The two sample matrices above are an idealization of an
actual situation we confronted in a large-scale scientific
simulation developed by one of us (A.K., mathematical
model for tuberculosis in the UK [4]). The first version of
the simulation program had a standard input specification,
represented below in a C-like programming language. The
plausible correctness of the program can be verified by
inspection.

define N 8
float a[N ][N ]; //Celsius array, a[g][t].
for (g=0; g<N ; g++)

for (t =0; t<N ; t++) (1)
if (scanf ("%f", &a[g][t]) < 1)

ExitMsg(1);

The input (File 1) can also be inspected—eight lines with
eight numbers on each—which matches the program above.
The doubly nested loop reads each number on a line into
the t dimension, then reads subsequent lines into the g
dimension of the array a. Inspection of the code shows that
the input file cannot overflow the array, and that missing
or non-numeric values will be detected and the subroutine

ExitMsg will be notified to handle them, typically by issuing
an error message and terminating the operation.

However, the reason we said plausible correctness is that
one cannot know by inspection of the data and the code
that the order of the loops is correct, nor that the units are
indeed Celsius as the program expects. The danger is easy
to identify in this basic example, but the dimensionality of
arrays in practice commonly grows to five or more and the
dangers of undetected errors compound.

2.2 A basic solution
We sought general ways of decoupling the processes of
(1) creating the data and verifying the correctness of the
created data, and (2) writing the computer program and
verifying the correctness of the program’s code. Our solution
was simple in concept and not difficult to accomplish.
We inserted a “decoupling step” between the data and the
program, with two components: (1) computer- and human-
readable metadata maintained within the file and (2) software
that processes not only the data but parts of the metadata as
well. Below is an example of File 1 in Centinel format.

Centinel Version of File 1:

2976573 Dataset: Seasonal omega-transformed temperatures.
6519832 Description: This is purely a sample dataset constructed
0823811 for illustration. The data are quite imaginary.
3097624 Label a: Average temperature over time t, location g,
6421009 in degrees Celsius, omega-transformed.
2347567 Label t: Time, two-week intervals from March 21.
2785463 (0=Mar21–Apr03, 7=Jun27–Jul10)
1127554 Label g: Geographic location, half-degree quadrangles
5437743 from the 45th parallel north centered on
8620815 the 100th meridian west.
6584390 (0=45.0–45.5◦N, 7=49.0–49.5◦N)
9307204 g a:t=0 a:t=1 a:t=2 a:t=3 a:t=4 a:t=5 a:t=6 a:t=7
8217764 7 18.9 20.7 22.4 24.9 21.7 24.0 23.1 24.9
6802135 6 21.1 24.0 24.2 21.6 25.0 23.0 23.8 24.2
1493093 5 21.7 20.9 24.8 22.7 26.4 25.0 24.8 28.4
7564407 4 23.9 21.7 22.9 24.1 27.0 25.8 28.3 27.6
4186572 3 23.8 22.5 24.8 26.3 25.1 26.9 29.6 29.1
3622154 2 24.3 27.0 25.3 26.2 26.0 25.9 27.0 29.9
5894658 1 25.1 27.2 26.3 28.8 27.4 28.3 29.7 28.6
9717717 0 27.7 27.5 28.2 25.8 29.5 26.5 27.3 30.6

Centinel files are ASCII text with three parts: (1) An
optional column of numbers at the far left above, which
represent error-correcting codes called “centinels.” They
guard each line against accidental alterations [3]. If the first
character of a Centinel file is not a digit ‘0’ to ‘9’, then the
column is not included and the file consists only of data and
metadata. (2) Metadata, at the top of the example above and
to the right of the column of centinels. Metadata describes
the data to people and, in certain cases, to computer pro-
grams that may process parts of it. Metadata have “keyword–
colon–data” format, with indented lines continuing the line
above. The last line of metadata contains headings that define
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the contents of each column of data. (3) Data, with data
elements separated by vertical bars. In this case a column at
the left defines the index for each row.

The column of numbers labeled ‘g’ defines the geographic
location of each data element on the line, as described in the
metadata above it. Each of the 64 data elements in the array
is identified with its geographic location, in column ‘g’, and
with its time, in the column headings marked ‘a:t=0’ through
‘a:t=7’. Each such column heading contains the value of the
label to the left of the colon (‘a’) indexed by the label to the
right of the colon (‘t’) at the index specified to the right of
the equal sign. Thus the value in the upper left corner of the
data block is a[g][t] = a[7][0] = 18.9, the value immediately
to its right is a[7][1] = 20.7, and so forth until the value in
the lower right corner is a[0][7] = 30.6. In this way the file
is self-defining and the following call to subroutine Centinel
is sufficient to read it into the array.

define N 8
float a[N ][N ]; //Celsius array, a[g][t].
char b[ ] = "a[g=0~7][t=0~7]"; (2)
if (Centinel (a, b, "omega.txt") 6= 0) ExitMsg(1);

The second line in the code above specifies the array
a and its indexes for the compiler, as before. The third
line specifies the array and its indexes for the subroutine
Centinel, which reads the file. Thus the second line says,
“The array a has eight rows indexed by label g in the file
and eight columns each indexed by label t in the file.” The
third line calls the subroutine Centinel to read the file. Its
first parameter specifies the array to receive the data, in this
case a, its second parameter defines the structure of the array
and names the index values, and its third parameter is the
name of the file to be read. Free source-code copies of the
software are available from the authors upon request.

2.3 Equivalent transposed format
We have shown a sample matrix and its transposition, which
could not be reliably distinguished, then showed how the
first form of the matrix could be reliably represented. For
completeness, below is the transposed form of the same
matrix, which can also be read with the same call to the
subroutine Centinel. No changes to the program are needed.

3515117 t a:g=7 a:g=6 a:g=5 a:g=4 a:g=3 a:g=2 a:g=1 a:g=0
7125262 0 18.9 21.1 21.7 23.9 23.8 24.3 25.1 27.7
0961535 1 20.7 24.0 20.9 21.7 22.5 27.0 27.2 27.5
3303666 2 22.4 24.2 24.8 22.9 24.8 25.3 26.3 28.2
9369193 3 24.9 21.6 22.7 24.1 26.3 26.2 28.8 25.8
8881518 4 21.7 25.0 26.4 27.0 25.1 26.0 27.4 29.5
2627646 5 24.0 23.0 25.0 25.8 26.9 25.9 28.3 26.5
2756293 6 23.1 23.8 24.8 28.3 29.6 27.0 29.7 27.3
9655049 7 24.9 24.2 28.4 27.6 29.1 29.9 28.6 30.6

All lines of metadata but the heading line are identical
and therefore not shown again here. Notice that the only
differences in the remainder are in the labels on the heading

line and in the column for ‘t’, and in the centinels. Those
are sufficient to allow the software to load the data into the
proper locations of the program’s array.

2.4 Equivalent relational format
Any format that properly specifies the data will work. In
particular, an ordinary relational database format can be used
with the subroutine Centinel, as depicted below. We have
not used this format in our work nor in this explanation,
however, since it is much less compact and therefore harder
to examine visually.

2393973 g t a
9788239 0 0 27.7
3291521 0 1 27.5
0461845 0 2 28.2
8743319 0 3 25.8
2912616 0 4 29.5
5291316 0 5 26.5
6321936 0 6 27.3
1876497 0 7 30.6
4415933 1 0 25.1
2860027 1 1 27.2...

...
...

0270284 7 5 24.0
2154910 7 6 23.1
2712213 7 7 24.9

2.5 Over and under specification
The datafile may contain more data than the array contains.
Data corresponding to array indexes that are out of bounds
are ignored, as defined in the specifier b. An error indicator
will be returned if requested. Also, any labels in the file
that are not part of the array are ignored. These are “over-
specified” files that contain more information than needed.
They allow different parts of a single file to be loaded into
different arrays, for example.

Files may also be “underspecified,” in that they do not
contain enough information to fill the array. For example,
any of the three files above could be divided into eight
separate files, one for each column of the matrix. When
each was read, it would fill in only its column of the array.
Multiple files may thus be combined into a single array—
convenient for some organizations of data. Of course, in all
cases care must be taken not to leave parts of the array
undefined.

2.6 Prototyping
The datasets we have shown thus far have single integer
indexes in each location. In addition, sequences and ranges
of integers can be used in each location, for the purpose
of prototyping. Often a program will be ready for partial
testing before its data are fully available. We included basic
prototyping in the Centinel algorithm to allow this.

A set of indexes can be a range of integers separated
by a tilde, written ‘n1~n2’, where the ni are integers, or a
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sequence, written ‘m1,m2,m3, . . . ,mk’, where the mi are
integers or ranges of integers. Here are some examples:

Specification Indexes represented
1 1
0, 1 0 1
0~1 0 1
0, 3~9, 40~38, 2 0 3 4 5 6 7 8 9 40 39 38 2

The example below is related to an actual dataset we
used, where a collection of probabilities, p, is indexed
in four dimensions by a region 0≤ region≤ 2, a relative
year 0≤ year≤ 95, a state 0≤ q≤ 8, and a class 0≤ c≤ 3.
This is an array of 3 · 96 · 9 · 4= 10,368 elements. When the
data became available and completely encoded, each array
element had its own distinct probability value, but in the
meantime program development needed to continue. A file
like the following, with appropriate additional descriptive
metadata, sufficed for initial testing.

region year q p:c=0 p:c=1 p:c=2 p:c=3
0~2 0~95 0 0 0 0 0 (line 1)
0 0~95 1~7 0.80 0.60 0.79 0.89 (line 2)
1, 2 0~95 1~7 0.84 0.71 0.88 0.99 (line 3)
0~2 0~95 8 1 1 1 1 (line 4)

When the above file is read, every subarray for q=0
is set to zero (by line 1) and every subarray for q=8 is
set to one (by line 4). Of the remaining elements in the
array, every subarray for region=0 is set to the vector
0.80, 0.60, 0.79, 0.89 for c=0, 1, 2, 3 (by line 2), and the
remainder is set to the vector 0.84, 0.71, 0.88, 0.99, for
the same values of c (by line 3). Thus the array can be
filled initially with appropriate “placeholders.” As data are
developed, the file can be filled out and the program further
tested, until all placeholders are withdrawn and the full
10,368 array entries are individually specified.

2.7 Error correction

The optional error-correcting codes represented by num-
bers to the left of the lines of data and metadata are
“Hamming codes” [5], originally designed for 0–1 bits but
redesigned in Centinel for symbols. They allow (1) any
single-character error on a line to be corrected, (2) any
double-character error to be detected, and (3) the overwhelm-
ing majority of multi-character errors also to be detected.
The codes are created by the Centinel algorithm [3] or by a
text editor that supports the Centinal algorithm.

As mentioned earlier, they guard against accidental mod-
ification of one piece of data while editing another. They
also make printed copies of the data into reliable long-
term storage media for archiving the data. Printed copies
of the data can be scanned and verified long into the future,
with no intervening migration or maintenance of the data
necessary [3].

3. Discussion
3.1 Correctness of scientific programs
Writing software that works is one of the most difficult
of human endeavors, and scientific software is at a special
disadvantage. Whereas commercial and engineering software
can be very complex, its desired behavior can be specified in
advance. For example, if a spreadsheet operation is intended
to produce the sum of a column of numbers, it is possible
to determine whether it is actually doing so. That is, testing
is possible. In scientific software, however, testing is often
impossible. The program’s behavior is often not known
because the behavior of the natural system being simulated
is not known. Indeed, the whole purpose of the simulation
program is to determine how the system behaves.

One aspect among several is “correctness proving.” [6] [7]
[8] This topic has been well discussed but less well practiced.
An essential part is partitioning the software into manageable
pieces and documenting each piece so that its correctness can
be verified. The ideas discussed in this paper are part of that
process—because data read by the program as parameters
become part of the program, the program’s correctness in
turn depends on the data’s correctness. Thus the data must
also be partitioned into manageable pieces and documented.

The goal is to restrict the range of attention to what can
be understood by the human mind in one review session. In
software, this can be accomplished by adding “metacode”
to the code, describing, among other things, full entry and
exit conditions for every module, no matter how small.
For data, it can be accomplished by partitioning the data
and encapsulating each partition with metadata, as described
here.

3.2 Centinel and other forms
This approach can be applied to any database and any
programming language that can connect with that database.
However, methods such as we have described for partitioning
the data into manageable pieces, for documenting it, and
optionally for guarding it against unintended alteration, are
important with any database. Column names and row names
are not required by common spreadsheet software, and
spreadsheets for important data are sometimes prepared with
little more information than in the sample matrix files shown
at the beginning of this paper.

Centinel files may be constructed directly with a text
editor. More commonly they are assembled by collections of
programs and scripting languages, from databases or from
spreadsheets. When created from spreadsheets, column 1
of the spreadsheet can be used solely for metadata, with
all actual data beginning in column 2. Then when the files
are saved, for example as tab-separated text files, and after
the tabs are translated to vertical bars, each actual data line
will begin with a vertical bar. Centinel formats can thus be
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transferred back and forth to spreadsheet programs without
loss of data in either direction.

3.3 Database labels
It is useful to label data elements in the file so that they
exactly match corresponding variable names in the program.
Doing so means restricting labels to letters and digits, begin-
ning with a letter, and possibly supplemented with optional
characters such as underscores. That way no confusion will
arise between variables in the program and labels in the
database. There is a tendency to try to include metadata in
the names of data elements in the database, especially with
spreadsheets. For example, a spreadsheet column might be
named “%cover-no litter”. This is inadvisable for several
reasons: (1) even a moderately large amount of metadata
in the label is still insufficient to understand what the field
really contains; (2) the label will need special characters
such as period, hyphen, percent sign, and blank, which have
special meanings in most programming languages; and (3)
the long label induces a wide column, or alternatively forces
part of the label to be hidden.

The approach we use and recommend here is to make
a small distinct label, such as in this case “pcover”, with
metadata like, “Label pcover: Percentage of the area covered
by the species in question, when viewed from directly above,
relative to the area occupied by living plants (the area not
occupied by leaf litter or bare soil).” Not much less than that
amount of metadata is necessary for someone familiar with
the data to understand what that data element represents,
and that amount is too long for a label. Therefore, the better
strategy is to use short data labels with ample metadata
descriptions carried separately in the file.

3.4 Database metadata
In popular database management systems such as MySQL
[9], metadata of the type we advocate can be added, though
often not in the same file as the data. At the time of this
writing, metadata elements that can be stored as comments
in MySQL files are limited to one line of text each and
thus are difficult to use for complete metadata. It is always
possible to set up special tables to contain the metadata, but
that presents other difficulties, for it is harder to maintain
metadata when it is in a separate file.

We feel it is important to specify the metadata while
creating the data. That is, after all, when the structure and
meaning of the data are known. Writing it down then is
only incremental time; writing it down later is re-creating
a thought process that has already been completed once.
Fine details of data and code evaporate from the mind with
disappointing ease. Data structures should be defined as
carefully as possible beforehand, although achieving good
data structures, like good computer programs, can be an
iterative process. The best practice is that documentation of
the data be maintained at each step of the iteration.

3.5 Database connections versus files
Even when working with a large-scale database that can
connect to the program, there is merit in creating files of the
Centinel type for communication with the program. Those
files fully document the data that will lead to conclusions
drawn from the program, and can be used in supplemen-
tal material submitted with any publications that result.
Recorded in Centinel format, they will be ready for long-
term archiving, along with the scientific publication itself.
(See example in Appendix.)

Too often, when such files are not created, subsequent
changes in the dataset used to draw the conclusions will
make it difficult for anyone, including the original authors, to
replicate precisely the results. This can make it impossible to
precisely compare former conclusions with new conclusions
that may arise as conditions change, and may occasionally
call into question the original results.

Many other considerations in constructing databases and
documenting them lie beyond the scope of our purposes here,
but appear in other publications [10] [11] [12].

3.6 Non-relational data
Up to this point we have emphasized ordinary scientific data
as stored in relational databases, but any kind of data can
be represented in the form we have described. That form
allows the data to be written and read directly by simple
computer programs and to take forms that adapt to various
requirements. As an example, the Centinel format has been
applied to large-scale photographic radar images, which can
have 105 or more levels per spectral band and more than
three spectral bands, and exceed the limits of simple image
formats such as JPEG and PNG. An image can be represented
as a rectangular array of colors, with each color being a set
of numeric values. Below is an excerpt from a large array
of satellite radar elevation measurements from public NASA
databases.

Title: Earth at maximal ice melt
Contents: Pixel array, 4320 x 2160
Spectral bands: 3
Bits per band: 32
Wavelengths: RGB standard
Resolution: 1/12 degree, latitude and longitude
Data source: NASA STMR30 database
Produced by: flood.c
Label Lat: Latitude band in 1/12 degree resolution.

Elevation in meters, Lat0=90N, Lat2160=90S.
Label Lon: Longitude band in 1/12 degree resolution.

Elevation in meters, Lon0=180W, Lon2160=0,
Lon4320=180E

Lat Lon0 Lon1 Lon2 Lon3 Lon4 Lon5 . .
0 0,10,880 0,10,880 0,10,880 0,10,880 0,10,880 0,10,880 . .
1 0,10,880 0,10,880 0,10,880 0,10,880 0,10,880 0,10,880 . .

539 0,10,880 0,10,880 65.66 67.93 85.21 129.23 . .
540 0,10,880 0,10,880 76.52 100.53 109.73 129.9 . .

:
2159 2605.37 2605.95 2606.52 2607.23 2607.79 2608.44 . .
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Ellipsis symbols in the example above (‘:’ and ‘. .’) rep-
resent material in the file that is not shown here for brevity.
Each data element consists of a string of comma-separated
numbers following a vertical bar, each number specifying a
spectral band. If there are fewer numbers than spectral bands,
the last number is taken to be repeated. Thus single numbers
represent monochromatic pixels. In this example colors were
only used to represent blue water and red coastlines, the
remainder representing elevations in meters as monochrome
intensities.

The full file is approximately 80 MB uncompressed.
Converted to a pixel image, it appears as the following map.
As a point of interest, the data represent the results of a
flood-fill algorithm estimating coastlines of the planet if all
the glacial ice were distributed as water to the oceans.

The point of the example above is that data of many kinds
can be treated by the methods we describe in this paper,
beyond data that are usually considered relational database
material.

4. Conclusions
By applying methods of judiciously organizing data and
metadata, the processes of data development and software
development can be separated. The consequence is data that
are better defined, programs that are more often correct,
and results that are replicable. Based on the problems and
solutions discussed in this paper, we make the following
suggestions and recommendations.

A) Use metadata to disentangle data construction from data
usage, including data input to scientific programs.

B) Maintain data formats that people can read with ease
and computers can access with simple algorithms.

C) Develop metadata concurrently with data collection.
D) Store metadata in the same files as the data themselves.
E) Use data prototyping to test programs before all data

are available.
F) Resist the temptation to embed metadata within data

labels. Keep labels simple.
G) Maintain archival copies as snapshots of evolving

data—especially data used in reaching published sci-
entific conclusions.

H) Include error-correcting codes in archival data to assure
integrity independent of changing storage media.

This method has been practical and useful in reducing
or eliminating data errors in large-scale simulations [4] and
we recommend it for use and extension by others. Code
for the functions described here and for related query and
maintenance operations on the Centinel format is available
free in compilable source files from the authors upon request.
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7. Appendix
Below is a sample excerpt of a file in Centinel format,
used as input to scientific analyses and showing the style of
metadata and data specification. At the left of each line are
the optional “centinels,” error detecting and correcting codes
that accompany the file as it is transferred across media,
supplementing any such codes that may be part of specific
computer media. Thus even printed copies of the file that may
be retained indefinitely into the future can be subsequently
scanned and the data recovered with the full reliability of
any computer medium. Lines beginning with a vertical bar

to the right of the centinel codes are data, in columnar format.
Other lines are metadata, describing the data sufficiently
well to be understood by a worker in the field who may
be accessing the data from a remote place or time. Metadata
have “keyword–colon–data” format, with indented lines con-
tinuing the line above. Keywords are chosen to fit the data
and the needs of processing programs. For example, “Label”
is used by query and other database management programs
that process the Centinel format. An automatic summary line
at the end guards against missing or duplicate lines.

3255845646594753 Dataset: Peatland dates and depths
8969865226586934 By: Art Dyke, Eville Gorham, Jan Janssens
8286898747137843 Date: September 15, 2012
0000000000000000
1314776168875326 Contents: Age, depth, and location data for North American
8620213562356287 peatlands. Please consult the publication below for
0901842416681217 details.
0000000000000000
5827730880685764 Publication: This is the archival dataset for "Long-Term
1520774603075243 Carbon Sequestration in North American Peatlands," Gorham,
7259216113317888 Lehman, Dyke, Clymo, and Janssens, Quaternary Science
7505773863167388 Reviews, 2012, doi 10.1016/j.qsciref.2012.09.018.
0000000000000000
1884884179373648 Format: This file is recorded in Centinel format, which is
1043670634366401 for immediate use and long term archiving. The numbers at
6812166714427858 the left are error-correcting and error-detecting codes to
4037101440275922 help ensure that inadvertent alterations of the file will
7313760841625847 not go undetected. See Lehman, Williams, and Keen (2012),
4508626531434354 "The Centinel Data Format: Reliably Communicating through
6206860589148901 Time and Place," International Conference on Information
1864531348064250 and Knowledge Engineering, IKE 12:47-53, Proceedings.
0000000000000000
7770288188098974 Label ID: Unique identifier for the sample.
0000000000000000
7740581166254016 Label Lat: Latitude, degrees north of the equator.
6908751974650935 Negative is south latitude.
0000000000000000
6204302802774740 Label Lon: Longitude, degrees east of the prime meridian.
4064257255528647 Negative is west longitude.
0000000000000000
6239741042826543 Label Depth: Depth of the peatland in centimeters.
0000000000000000
4325213022514926 Label CalBP: Date of peatland initiation, calendar years
2283760574804679 before present, reckoned as 1950. Calculated
5705568955445847 using 2004 international calibration methods.
0000000000000000
4024078842187041 Label Line: Serial line number.
0000000000000000
5384013588094368 |ID |Lat |Lon |Depth |CalBP |Line
8963026933143738 |A-1112 |41.5 |-113.5 | 707.5 |14367 | 1
2355144908347452 |A-2143 |63.33 |-149. | . |14046 | 2
3055234629388956 |A-2147 |63.33 |-149. | . | 6643 | 3
4680358064467548 |A-2163 |63.33 |-152. | 30. | 1840 | 4
6020894830527075 |A-219 |42.2 | -88.6 | 175. |13713 | 5
5124434961658461 |A-9338 |55.15 |-162.95 | . |10491 | 6
4450355574122328 |AA-10925 |42.667 | -70.883 | 179. |13760 | 7
2609664440071317 |AA-20755 |68.02 |-158.73 | . |11903 | 8
8704316082120318 |AA-20756 |68.02 |-158.73 | 300. |10996 | 9

-2047 LINES OMITTED-| : | : | : | : | : | :
3187374887671188 |Y-2464 |45.08 | -71.08 | . |11618 |2056
0513875673303111 |Y-416 |49.62 | -99.43 | . | 8878 |2057
4553882162706867 |Y-418 |51.17 |-100.25 | 10. | 1316 |2058
6580606639747581 |Y-526 |40.025 | -82.975 | . |13351 |2059
1002595983626604 |Y-527 |54.8 | -60.82 | 115. | 4300 |2060
4600813124741886 |Y-762 |46.02 | -61.565 | . |12618 |2061
0000000000000000
4314701862316530 Summary: 2061 data lines, 41 metadata lines, Centinel V2.
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Abstract    Recently, massive data growth and data dupli-
cation in enterprise systems have led to the use of dedupli-
cation techniques. Since we keep multiple versions of files, 
there may be a large volume of mostly or exactly identical 
data. Deduplication is a powerful storage optimization 
technique that can be adopted to manage maintenance 
issues in data growth. We evaluated deduplication efficiency 
by analyzing how block length affects deduplication 
efficiency for variable-length blocks. We clarify that dedu-
plication efficiency is affected by the computational 
complexity of creating blocks and the number of created 
blocks. We traced the change in the deduplication rate, 
which reduces the ratio of file data volume, by changing the 
block length in a range less than 4 Kbytes. The result shows 
that the optimum block length is around 500 bytes and that 
the 4-Kbyte block length that frequently being used is too 
large and unable to increase deduplication efficiency. 
 
Keywords    data deduplication, variable-length block,  
Rabin-Karp algorithm, optimum block length 
 

1. Introduction  
In recent years, the volume of file data in enterprise 

systems has greatly increased due to the growing 
popularity in handling multimedia data including 
animation or video. This rapid and ongoing growth in 
handling file data may increase business operation costs. 
Although storage cost has been decreasing slightly, 
making data more compact is vital to maintain lower 
data storage costs. In file systems, multiple versions of a 
file that are exactly or mostly identical might exist and 
deduplication techniques may be used to minimize the 
file data volume by eliminating redundant data. Dedupli-
cation is a file compaction technique that is commonly 
used in general enterprise systems by removing dupli-
cates within and across a file. This general concept has 
been successfully applied to back up, virtual machine 
storage, and WAN replication.  

Data deduplication is a process that calculates the 
similarity in record pairs and merges them if similarity is 
detected. It can also reduce a huge amount of data by 
eliminating overlapping data (redundant data) in large-

scale servers or data storage. Using deduplication, only 
one representative of two or more overlapping data files 
or the same areas of similar data is preserved, while the 
overlapping data is replaced with links that point to the 
representative data (as shown in Fig. 1.1). By replacing 
multiple overlapping data with links, data storage size 
can be largely reduced. As a result, the efficiency of data 
storage can be highly improved and cost in data 
maintenance and storage will be also decreased. 

There are two types of deduplication techniques, file-
level and block-level (Fig. 1.2 (a)(b)). In block-level 
deduplication, files are divided into several blocks and 
any duplicate blocks are eliminated. File-level dedupli-
cation is simple and the deduplication execution time is 
short. High deduplication efficiency, however, cannot be 
achieved unless many files are exactly the same. On the 
other hand, by using block-level deduplication, high 
deduplication can be achieved since the files are not 
required to be strictly the same. The deduplication 
execution time, however, is longer due to the fact that 
more execution time is required for creating blocks. 
There are two types of blocks in block-level dedupli-
cation, fixed-length block whose length is constant, and 
variable-length block whose length can be changed.  

 

Fig. 1.1 Data deduplication 
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2. Related Works 
 

We investigated the optimal block length range for 
achieving the highest deduplication efficiency. In large 
file systems, there are many large files that exceed 
mega-bytes or giga-bytes, while many small files whose 
sizes are smaller than kilo-bytes also exist. Regardless of 
these extreme gaps in file size, block length is often set 
to 4 Kbytes to achieve high deduplication efficiency. 
When block length is set to be larger, deduplication can 
be easily completed, but the resolution of detecting 
blocks will be lower and deduplication efficiency will 
worsen. 

Block-level deduplication regarding fixed-length 
blocks with lengths between 4~16 Kbytes has been 
investigated [1]. The difference between fixed-length 
and variable-length blocks with lengths over 4 Kbytes 
has also been analyzed [2]. For our study, we analyzed 
variable-length blocks and determined the most effective 
block length for deduplication in a range equal to or less 
than 4 Kbytes. 
 
 

 

(a) File-level deduplication 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(b) Block-level deduplication 
 

Fig. 1.2 Two types of deduplication 

3. Block-level deduplication 
 
3.1  Two types of blocks 

We can consider two types of blocks in block-level 
deduplication. The following example and Fig. 3.1 
explains these two types. Consider an error in the sample 
sentence, “I am goin to Rome tomorrow.” When “g” is 
inserted to correct the sentence, the sentence becomes “I 
am going to Rome tomorrow.” In the fixed-length block 
method, since the characters after inserting “g” are 
shifted by one character, blocks after inserted “g” will 
not be recognized as duplicate blocks in the original 
sentence. On the other hand, in the variable-length block 
method, block length can be changed. Therefore, blocks 
after inserting “g” can be recognized as duplicate blocks 
and considered for deduplication since the block length 
can be adjusted to the insertion. Thus, in the variable- 
length block method, the effect of deduplication can be 
maintained even if a character has been inserted or deleted. 
 
 
 
 

Fig. 3.1 Sample sentence 
 
 
 

Fig. 3.2 Fixed-length block 
(seven- character block) 

 
 
 

 Fig. 3.3 Variable-length block 
        (beginning at “m”) 

 
 

 
 
 

 
 

 
 
 

 
 

Fig. 3.4 Breakpoint search 
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3.2.  Variable-length block 
A Rabin-Karp algorithm is used for generating a 

variable-length block. The following parameters are 
used in the algorithm.  
(1) Minimum file size (default is 40 bytes) 
    Files that are smaller than this size will not be targeted 

for deduplication.  
(2) Minimum block length (default is 4,000 bytes)  
(3) Maximum block length (default is 16,000 bytes) 
(4) Window size (default is 32 bytes) 

Window is a unit that is changed to a hash value. 
(5) Singularity (default is (123)16)  

When the singularity is included in the bit pattern of a 
hash value of a window, a block is generated at the 
position of the window.  

 
For files that are larger than the minimum file size and 

smaller than the minimum block length, the whole file is 
generated as a block. However, if the files are larger 
than the minimum block length, a breakpoint will be 
determined. In searching for the breakpoint, a hash value 
is first created for the window at the location of the 
minimum length block, and is checked up if it includes 
the singularity, or not. If the hash value includes the 
singularity, a breakpoint is found and a block is 
generated at the position. On the other hand, if the hash 
value does not include the singularity, the window is 
shifted one byte and the breakpoint search is repeated. If 
the breakpoint is not found until the maximum block 
length, a maximum length block is generated at this 
position. 
 
4. Verification of optimal block length 
 
4.1  View of verification 

Deduplication efficiency is affected by computational 
complexity of creating blocks and the number of 
generated blocks. The effect of deduplication is 
considered high if a large amount of data is reduced by 
deduplication. The effect of deduplication is represented 
as the deduplication rate equal to “1‐(file size after 
deduplication / original file size)”. On the other hand, 
the disadvantage of deduplication is the computational 
complexity of creating blocks. This factor is measured 
with deduplication execution time. Deduplication 
efficiency is defined as the ratio of the deduplication rate 
to deduplication execution time. When deduplication 
efficiency is high, we can expect to achieve a high effect 
of deduplication with short deduplication execution time. 
As mentioned earlier, we tested and clarified the optimal 
minimum or maximum block length for high dedupli-
cation efficiency. 

Since the common default block length is between 
4,000~16,000 bytes, files having lengths of 4,000 bytes 
or less are not deduplication targets. When the minimum 
block length becomes smaller, the deduplication rate can 
be improved since the smaller files will be included as 
deduplication. However, once the block length becomes 
smaller, the number of blocks will increase and 
deduplication execution time will also increase. With the 
traded-off relationship between deduplication rate and 
deduplication execution time, we can expect that the 
optimal block length range, which maximizes dedupli-
cation efficiency, exists. The aim for this study was to 
check and verify this relationship. 

Since a smaller part than the minimum block length is 
not the target of breakpoint search, we call this range the 
skip part. On the other hand, since the range from the 
minimum block length to the maximum block length is 
the target of breakpoint search, we call this range the 
search part. When the minimum block length is changed, 
keeping the ratio of skip part length to search part length 
constant (Fig. 4.1) (therefore, the maximum block length 
is changed), the block length can be changed while the 
type of block length distribution remains unchanged (if 
the block length becomes smaller, many small blocks are 
generated, and if the scale of block length is enlarged, 
very few large blocks are generated). We clarified how 
deduplication efficiency can be maximized by analyzing 
how block length affects deduplication efficiency. 
 
4.2  Experimental Analysis 
 
4.2.1  Parameters 

Two datasets, A and B, were used for our experiment 
(Table 4.1). The total amount of each dataset was almost 
equal. While dataset A included many smaller files, 
dataset B included many larger files (the average file 
size of dataset B was about 83 times that of dataset A). 
Since  the  ratio  of  duplicate  data  differed  between  
 

 

 
Fig. 4.1  Skip and Search parts 

(for 1:3 ratio) 
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Table 4.1  Dataset features for experiment 
 

Name 
Total file 
Size [KB] 

Number 
of files 

Average file
Size [KB]

Data set A 4,668 23,419   199   
Data set B 4,606 279   16,512   

 
datasets A and B, the deduplication rate of dataset B was 
considerably high. 
 
4.2.2  Experimental Method 

We conducted deduplication when the ratio of the 
skip part length to the search part length was fixed at 1:3  
or 1:2 and the minimum block length was changed from 
4,000 bytes to 250 bytes (the maximum block length 
was changed from 16,000 to 1,000 bytes or from 12,000 
to 750 bytes). We investigated the deduplication rate, 
number of blocks, deduplication execution time, and 
deduplication efficiency (= deduplication rate / dedupli-
cation execution time). 

 
4.3  Experimental Results 
 
4.3.1  Deduplication Rate 

The deduplication rate, keeping the ratio of the 
minimum block length to the maximum block length 
constant, is shown in Fig. 4.2. By changing the 
minimum block length to a small range, the number of 
smaller blocks increased and the deduplication rate 
improved. This was clear in dataset A in which there 
were mostly smaller files (the deduplication rate of data 
A improved around 1.4 times from 21 to 30% and that of 
dataset B improved around 1.04 times from 78 to 81%). 

 
4.3.2  Number of blocks 

The number of blocks is shown in Fig. 4.3. By 
changing the minimum block length to a small range and 
keeping the ratio of the minimum block length to the 
maximum block length constant, the number of blocks 
clearly increased. This is natural since many smaller 
blocks are generated. The number of blocks, however, 
increased only 8.8~9.5 times while the minimum block 
length changed by 16:1 (from 4,000 to 250 bytes). This 
means that the generated block length becomes smaller 
and relatively slower when the minimum block length 
becomes smaller. That is, when the minimum block 
length is 4,000 bytes, many blocks are generated by 
detecting the singularity in their hash values before they 
reach maximum length and are smaller than the 
maximum block length. On the other hand, when the 
minimum block length is 250 bytes, many blocks are 
generated without detecting the singularity in their hash 
values and their lengths reach the maximum block length. 
 

Fig. 4.2  Deduplication rate 
 

Fig. 4.3  Number of blocks 

 

Fig. 4.4  Deduplication execution time 
 

 
Fig. 4.5  Deduplication efficiency 
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4.3.3  Deduplication execution time 
The deduplication execution time is shown in Fig. 4.4. 

According to this figure, the execution time is relatively 
shorter in the range of 4,000~1,000 bytes of the 
minimum block length and becomes relatively longer in 
the range of 1,000~125 bytes. This is believed due to the 
fact that the time for detecting the singularity in the hash 
value of the block becomes longer and the deduplication 
execution time also becomes longer since the search part 
is long in a wide range of minimum block length and 
many long blocks are also generated. On the other hand, 
since many more short blocks are generated in the short 
range of the minimum block length, the time for 
searching the same block to the just generated block 
becomes longer. 
 
4.3.4  Deduplication efficiency 

Deduplication efficiency is shown in Fig. 4.5. As 
mentioned in previous sections, as the minimum block 
length becomes short, the deduplication rate slightly 
increases and the deduplication execution time changes 
from decreasing to increasing. As a result, the minimum 
block length changes from 4,000 to 250 bytes, dedupli-
cation efficiency increases in the range of 4,000~500 
bytes and decreases in the range of 500~250 bytes. 
Therefore, deduplication efficiency reaches maximum 
when the minimum block length is around 500 bytes. 
Thus, the optimal minimum/maximum block length 
exists which marks the maximum deduplication effi-
ciency. 
 
5. Conclusion 
 

We investigated the relationship between deduplication 
efficiency and the minimum/maximum block length in the 
variable-length block method. We clarified that as the 
minimum/maximum block length decreases, the deduplica-
tion efficiency changes from increasing to decreasing; thus, 
deduplication efficiency has a maximum value and the 
minimum/maximum block length is the optimal range at 
this point.  

We are planning to investigate the optimal singularity 
length which boosts deduplication efficiency to the 
maximum. 
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ABSTRACT

Cellular automata provide a valuable platform for exploring
complex and emergent behaviour. We explore the sensitiv-
ity to different neighbourhoods and different number of cel-
lular states of the Cyclic Cellular Automata. This model pro-
duces complex kaleidoscopic repeating patterns a short tran-
sient period after being initialised randomly. We use compo-
nent labelling metrics and appropriately chosen ratios to char-
acterise the different model regimes for nearest, next-nearest
and Moore neighbourhoods and for a range of allowable cel-
lular states ranging Q = 2, 3, ..., 20. We discuss the emergent
macroscopic behaviours averaged over many independent tra-
jectories through model space and the transition in behaviours
observed around the critical Q∗ ≈ 4− 5.

KEY WORDS
cyclic automata; cellular automata; complexity; emergence;
spirals.

1 Introduction
The Cyclic Cellular Automaton model was first suggested
by Griffeath [12] who investigated a two dimensional square
grid with Moore neighbourhood and up to ten distinct cellular
states. We extend this model to different neighbourhoods and
up to twenty distinct allowable cellular states.

Cellular automata CA) models [28] have a long history for
showing complex macroscopic phenomena and behaviours
that are not trivially anticipated from their localised micro-
scopic rules. Wolfram [35] and many other researchers have
reported emergent complexity from such models in one di-
mension systems [33] or in two dimensional automata [25]
including the well known Game of Life(GoL) system [10].
Conway’s GoL has been extended to have a whole family of
different microscopic rules [15] and also to have more than
just two states [17].

Generally these models are investigated computationally and
can be simulated with a range of synchronous and asyn-
chronous update approaches [4, 23] and data structures [29].

Figure 1: Q = 8, N = 2562 Cyclic CA at times 0, 4, 8, 16,
24, 128

CA exhibit sophisticated growth behaviours [22, 32] and also
even more complex physical phenomena [11] such as phase
transitions [31], non-equilibrium thermodynamical properties
and sometimes also universal properties [5, 34].

Automata that aim to mimic some physical properties or be-
haviours can be studies on a range of different lattice struc-
tures, beyond simple two dimensional square lattices [2, 24].

Certain forms of fluid dynamics [3, 36] and lattice gases
[19, 21] can be modelled using CA systems. Other appli-
cations of CA systems include: artificial life models [1];
game theoretic models [9]; non linear ratchet systems [13];
predator-prey ecological models [16]; and other growth and
decay systems [7]. These models often spontaneously exhibit
spatially rich structures such as spirals [18].

The Cyclic Cellular Automata (CCA) model was first identi-
fied by Griffeath [12] as a self organising system in which long
range structure emerges from a random initial state including
spirals [26]. Various studies have been reported in the litera-
ture on the CCA [27, 30] with most work on the square two
dimensional lattice , the Moore neighbourhood and a limited
number of different allowable species states [6, 8]. Figure 1
shows the Cyclic Cellular Automaton model at various times
with 8 allowable states.
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In this present work we use extensive computer simulations to
explore how the CCA model behaves when the lattice geom-
etry and neighbourhood size are varied. We speculate that the
kaleidoscopic patterns observed and reported for the model
are due to cyclic repetitions of the Q-long cycle of Q differ-
ent species present as they adapt and adjust to fit long range
structures into the available lattice space and geometry. We
experiment with nearest, next-nearest and Moore neighbour-
hoods on the square lattice as well as also hexagonal and
triangular lattice geometries. We vary Q over a range of
Q = 2, 3, ..., 20 and demonstrate a transition in behaviour at
around Q∗ ≈ 4− 5 depending upon the particular lattice.

Our article is structured as follows: In Section 2 we sum-
marise the Cyclic Cellular Automaton model and the proce-
dure we used for the numerical experiments – the results of
which are presented in Section 3. We discuss some of the
metrics and macroscopic patterns we observed in Section 4
and offer some conclusions and areas for further work in Sec-
tion 5.

2 Method
The cyclic cellular automaton (CCA) model is initialised with
an equal proportion of the Q different species being inves-
tigated. An update algorithm is applied to all the cells si-
multaneously based upon their current value and that of their
neighbours. The size and shape of the neighbourhood can be
varied and also depends upon the lattice being studied. We in-
vestigated square lattices with nearest(N1), next-nearest(N2)
and Moore (both N1 and N2) neighbourhoods and we also
investigated hexagonal and triangular systems. We adopt the
common convention and refer to a hexagonal system with 6
nearest neighbours even although it consists of triangle) and a
triangular lattice with 3 nearest neighbour which when drawn
looks as though it is made of hexagons. The hexagonal and
triangular lattice are mutual adjoint structures and so crystal-
lographers and physicists often refer to these the other way
around in different literature communities. The square lattice
is its own adjoint - when bonds and sites are swapped.

Algorithm 1 shows the algorithmic process for the numerical
experiments reported.

The model is implemented using a simple array structure to
hold the individual cells and a small integer value suffices to
model the range of species studied.

Since we needed to average over multiple independent con-
figurations (least ten) we implemented a custom simulation
program rather than using a commodity simulator. The model
code was generated using a fluent simulation interface as de-
scribed in [14] and generated Java code which ran adequately
on a multi-cored desktop computer. There is scope for im-
proving the simulation performance using data parallel com-
puting techniques as described in [20] however.

Algorithm 1 Q-State Cyclic Cellular Automaton Model.
choose lattice size, shape, eg square 2562

choose neighbourhood N eg Nearest
choose number of allowed states Q
for all sample runs eg 10 or 100 do

initialise N sites randomly
for all steps, eg 200 do

for all cells i = 1..N do
newvValue = (oldValue + 1) modulo Q
for all neighbouring site j ∈ N do

if sites i and j are same species then
record cell i to take newValue

end if
end for

end for
update all cells i
record bond populations and cluster sizes

end for
end for
normalise averaged measurements

3 Selected Results
It is useful to study snapshots of the model configuration to
make sense of the measurements. Figure 1 shows how the
model typically evolves in time when it is first initialised ran-
domly with each of the Q species having an equal popula-
tion. After initialisation small clumps of species form and
how large these become, appears to depend upon Q. Unlike
other models, the CCA model quite rapidly forms these initial
clusters which them give rise to long range kaleidoscopic pat-
terns of interleaving and periodically repeating structures. We
have artificially coloured the states and have tried to choose
colours and shades that are visually distinct.

Most of the work reported in this present paper made use of
a simulated system size of N = 1282 and we found that the
transient early phase usually lasted less than 50 time steps.

The configurations shown in Figure 2 were all run for 200
time steps and show how the behaviour changes with varying
the number of states Q. These snapshots are all for a Moore
neighbourhood and a square lattice. The range of Q we inves-
tigated was from 2 up to 20. At low Q < 5 only relatively
short length scales appear and although clumps and cluster ar-
range them selves with repeating patterns – which oscillate
through the characteristic Q cycles of the CCA model - they
remain relatively small with respect to the lattice length. At
higher Q values we see the repetition structure forming over
longer length scales and it appears to grow as we run the sys-
tems for more time steps. As Q increases we obtain very large
scale repetitive structures that will typically have all Q states
present in spiral patterns.

The figures show that the spirals interfere with one another
and overlap and with time larger ones dominate smaller ones
and the “kinks” are ironed out of these long range spatial
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Figure 2: N = 1282, t = 200 Cyclic CA with Q = 2, 3, ..., 19

structures.

The prevailing neighbourhood conditions affects the patterns.
Moore neighbourhood with 8 neighbours gives rise to square
shaped spiral patterns. If with use Nearest neighbour (N1)
only we obtain diamond shaped spirals reflecting the symme-
try of the four nearest neighbours of the square lattice. Choos-
ing only next-nearest neighbours (N2) gives rise to checker-
board repetitions. Similarly in hexagonal and triangular lat-
tice we observe spiral patterns that reflect the underpinning
symmetry of the lattice.

There are various properties we can measure. One useful met-
ric is the fraction of the bonds that have the same species at
both ends. For a lattice of N sites there are 2N such bonds for
N1 and N2 square lattices and 4N such bonds using a Moore
neighbourhood and 3 or 1.5 for hexagonal and triangular with
nearest neighbours. We normalise accordingly and obtain the
plots shown in Figure 3. We have shown both periodic and
fixed boundary conditions. There is a subtle difference be-
tween these with some shifting of the crossover points for the
five neighbourhood and lattice shown.

We observe that at low Q the hexagonal and Moore cases -
having the highest numbers of neighbours show a flat and un-
changing number of like-like bonds with time. The nearest
and next nearest neighbour cases, with the same coordination
number come next and initially drop to a then steady state
value within around 40-50 time steps. The triangular lattice,
with the smallest number of neighbours takes longer to reach
(a smaller) steady like-like bond fraction.

There is a significant change as we increase Q. The middle
two plots shows periodic and fixed boundaries when Q = 10.
The system is able to establish better fitting repetitive struc-
tures with the triangular lattice and it rises, then falls before
heading to a steady state. Similarly nearest and next-nearest
both rise then fall. We show the fraction of like-like bonds on
a logarithmic scale to emphasise the changes at different time
scales. Straight line regions therefore correspond to exponen-
tially falling trends. The Moore and hexagonal cases are the
only two that show long term very steady state values.

Finally at higher Q the Q-repetitive structures show a different
behaviour again. We plot the curves of the fraction of like-like
bonds for Q = 20. In this case it is the Moore and hexago-
nal curves that show aberrant behaviours and the other curves
appear to reach roughly steady states - although note the in-
creased variances shown by the growth in plotted error bars.

There is clearly a significant change when we vary the spatial
repeat length parameterised by Q. It is useful therefore to plot
the fraction of like-like bonds as a function of Q.

Figure 4 shows the fraction of like-like bonds - this time on
a linear scale - for the various values of Q and for a fixed
Moore neighbourhood square lattice with periodic boundary
conditions. The very low Q systems remain steady state but
a peak appears at higher Q and occurs at later and later times
and with varying sizes as Q is increased. We speculate that
this behaviour is in fact periodic and is determined by the ratio
of Q to the lattice length of the system.
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Figure 3: Log of the fraction of bonds that are the same plotted against time for fixed (left) and periodic (right) boundary conditions
for the square 1282 system, averages over ten independent configurations, at Q=3,10,20 (top to bottom).

Other numerical metrics show similar transitional behaviour
as we vary Q.

Figure 5 shows... shows the ratio between the smallest state
population present and the highest. This is expected again to
reflect the changing spatial structure as Q is varies. The plot

shows how at low Q this curve remains constant but exhibits
a structural transition with increasing Q as different repetitive
structure adjust to fill the lattice. The position of the minima
is quite noisy even when averaged over ten separate run con-
figurations, but does exhibit a systemic variation with Q.
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Figure 4: Fraction of bonds that are the same, plotted against
Q = 2, 3, ...20 for Moore neighbourhood on square, periodic
system.

Figure 5: The ratio between minimum and maximum state
populations plotted against time for the Moore neighbourhood
with square lattice and periodic boundary conditions.

We can also study the component clusters of like-like species
that form in the model.

Figure 6 shows the number of connected component clusters
that are found in the system for the same series of systems
as shown for Figure 4. Again at low Q = 2, 3, 4 (red, green
and blue curves) the number of small clusters rapidly reaches
a stable equilibrium value. For high Q we obtain a series of
curves that start as nearly straight lines - indicating a power
law on the log-log plot - but which each has its own cutoff
point beyond which it remains steady.

The cutoff points could be used to determine a systematic vari-
ation law with Q but identifying cutoffs to good precision is

Figure 6: Log-log plot of the number of connected clusters
plotted against time for the Moore neighbourhood with square
lattice and periodic boundary conditions.
difficult numerically and instead we use the changing maxima
in the fraction of like-like bonds to study this.

Returning to the fraction of like-like bonds counted in the sys-
tem, we can identify the position and value of the peaks as
seen in the data in Figure 4.

Figure 7: The maximum value of the fraction of the bonds that
are the same plotted against Q for the Moore neighbourhood
with square lattice and periodic boundary conditions.

Figure 7 shows a plot of the peak values plotted against Q.
This gives us a means of identifying Q∗ - the critical Q value
where the behaviour changes.

We can perform this analysis for all the neighbourhoods and
lattice under consideration.

Figure 8 shows that the three square lattice structures with
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Figure 8: The maximum value of the fraction of the bonds
that are the same plotted against Q for the various neighbour
hoods tested.
Moore (red), nearest (green) and next-nearest (blue) all have
similar shapes although the positions of the minima and max-
ima are different. The triangular is different in that it does
not have an identifiable minimum trough but does still have
an identifiable and significantly differently located maximum
peak. The hexagonal system is closest to the Moore square
system in shape but has a trough minimum nearer to that of
the N1 and N2 square lattice cases.

4 Discussion
We have seen that the CCA model is dominated by the growth
of Q-species repeat length structures. These can dominate if
Q is high enough - compared to the neighbourhood distance
that is being used. It appears that the triangular system is inca-
pable of sustaining structure at low Q due to its lowest neigh-
bourhood size. The remaining structures have broadly similar
behaviours and have definite and finite critical Q values which
appear to be Q∗ = 4 for N1 and N2 on square lattices and also
on hexagonal lattices, but Q∗ = 5 for Moore neighbourhoods
on square lattices.

We have been limited to lattices of length L = 128 sites in
length due to the need to average over multiple independent
configurations. It would be worthwhile to investigate larger
systems to verify that what we are observing are structural
transitions that are related to the ratio of Q and L.

It is not clear if running the systems for much longer will lead
to further changes. We found that on observation no visual
changes appeared top occur beyond 200 time steps. This may
just be coincidental however and if data parallel processing
technologies such as graphical processing units (GPUs) [20]
were used, it should be possible to investigate larger simulated
systems and for much longer numbers of time steps.

We have restricted our work to two dimensions. In principle
the CCA model could be investigated in three dimensions or
even on hyper-cubic lattice at higher dimensions. We specu-
late that the structural transitions we have observed my mani-
fest themselves differently in higher dimensional systems.

The CCA appears to exhibit a very short transient period com-
pared to other models that can be quenched from a “hot” ran-
dom initial state. This would imply that some sort of nucle-
ation process could be used to model the rapid onset growth
of spatial structures. Theoretical apparatus such as fluctua-
tion dissipation theory or droplet growth models could also be
applied usefully to this model and compared with the compu-
tational experimental results presented here.

5 Conclusion
We have implemented an extension of Griffeath’s Cyclic Cel-
lular Automaton model in three different lattice in two dimen-
sions and have also studied nearest and next nearest neigh-
bourhoods as well as the conventional Moore neighbourhood
on the square lattice. We have found the system is somewhat
insensitive to the boundary conditions but is very sensitive to
the neighbourhood and lattice geometry applied.

We observed that there is a transition point in the number of
species present at Q∗ = 5 for the Moore neighbour hood on
a square lattice and Q∗ = 4 for the nearest and nest-nearest
neighbourhoods on a square lattice as well as for nearest on
a hexagonal lattice. It is arguable that the triangular system
does not have a well defined transition above 2. In summary...

We believe these transitions are all related to the structural fit-
ting in of kaleidoscopic patterns of layers of different cyclic
species with a thickness determined by Q. Different lattice al-
low different length more or less easily dependent upon their
neighbour hood sizes.

There is scope to study larger neighbourhood sizes with re-
spect to Q and also to investigate whether similar phenomena
occur in three or higher dimensional cyclic cellular automaton
models.

This system has shown a surprisingly rich and complex be-
haviour on spatial and time scales that are readily simulated.
The cyclic cellular automaton model is likely to prove a useful
platform for investigating further spatial and structural transi-
tions.

References
[1] Adamatzky, A. (ed.): Game of Life Cellular Automata. No.

ISBN 978-1-84996-216-2, Springer (2010)
[2] Bays, C.: Game of Life Cellular Automata, chap. The Game

of Life in Non-Square Environments, pp. 319–329. Springer
(2010)

[3] Boghosian, B.M., Rothman, D.H., W.Taylor: A Cellular Au-

226 Int'l Conf. Scientific Computing |  CSC'13  |



tomata Simulation of Two-Phase Flow on the CM-2 Connec-
tion Machine Computer (Mar 1988), private Communication

[4] Capcarrere, M.S.: Evolution of asynchronous cellular au-
tomata. In: Parallel Problem Solving from Nature Proc. PPSN
VII. vol. 2439 (2002)

[5] Cook, M.: Universality in elementary cellular automata. Com-
plex Systems 15, 1–40 (2004)

[6] Durrett, R., Griffeath, D.: Asymptotic behavior of excitable
cellular automata. Experimental Mathematics 2(3), 183–208
(1993)

[7] Eppstein, D.: Game of Life Cellular Automata, chap. Growth
and Decay in Life-Like Cellular Automata, pp. 71–98. Springer
(2010)

[8] Fisch, R.: Clustering in the one-dimensional three-color cyclic
cellular automaton. The Annals of Probability 20(3), 1528–
1548 (1992)

[9] Fort, H., Viola, S.: Spatial patterns and scale freedom in pris-
oner’s dilemma cellular automata with pavlovian strategies.
Journal of Statistical Mechanics: Theory and Experiment p.
P01010 (2005)

[10] Gardner, M.: Mathematical Games: The fantastic combina-
tions of John Conway’s new solitaire game ”Life”. Scientific
American 223, 120–123 (October 1970)

[11] Gotts, N.: Game of Life Cellular Automata, chap. Emergent
Complexity in Conway’s Game of Life, pp. 389–436. Springer
(2010)

[12] Griffeath, D.: Self-organization of random cellular automata:
Four snapshots. Probability and Phase Transition 420, 49–67
(1994), nATO ASI Series

[13] Hastings, M.B., Reichhardt, C.J.O., Reichhardt, C.: Ratchet
cellular automata. Phys. Rev. Lett. 90, 247004 (2003)

[14] Hawick, K.A.: Engineering internal domain-specific language
software for lattice-based simulations. In: Proc. Int. Conf. on
Software Engineering and Applications. IASTED, Las Vegas,
USA (12-14 November 2012)

[15] Hawick, K.A.: Static and dynamical equilibrium properties to
categorise generalised game-of-life related cellular automata.
In: Int. Conf. on Foundations of Computer Science (FCS’12).
pp. 51–57. CSREA, Las Vegas, USA (16-19 July 2012)

[16] Hawick, K.A., Scogings, C.J.: A minimal spatial cellular au-
tomata for hierarchical predator-prey simulation of food chains.
In: Proc. International Conference on Scientific Computing
(CSC’10). pp. 75–80. WorldComp, Las Vegas, USA (12-15
July 2010)

[17] Hawick, K.A., Scogings, C.J.: Cycles, transients, and com-
plexity in the game of death spatial automaton. In: Proc. In-
ternational Conference on Scientific Computing (CSC’11). pp.
241–247. No. CSC4040, CSREA, Las Vegas, USA (18-21 July
2011)

[18] Hawick, K.A., Scogings, C.J., James, H.A.: Defensive spi-
ral emergence in a predator-prey model. Complexity Inter-
national 12(msid37), 1–10 (October 2008), http://www.
complexity.org.au/ci/vol12/msid37, ISSN 1320-
0682

[19] Johnson, M.G.B., Playne, D.P., Hawick, K.A.: Data-
parallelism and gpus for lattice gas fluid simulations. In: Proc.
International Conference on Parallel and Distributed Process-
ing Techniques and Applications (PDPTA’10). pp. 210–216.
CSREA, Las Vegas, USA (12-15 July 2010), pDP4521

[20] Leist, A., Playne, D.P., Hawick, K.A.: Exploiting Graph-

ical Processing Units for Data-Parallel Scientific Applica-
tions. Concurrency and Computation: Practice and Experience
21(18), 2400–2437 (25 December 2009), CSTN-065

[21] Lyes, T.S., Johnson, M.G.B., Hawick, K.A.: Visual simula-
tion of a multi-species coloured lattice gas model. In: Proc.
Int. Conf. on Scientific Computing (CSC’12). pp. 115–124.
CSREA, Las Vegas, USA (16-19 July 2012)

[22] Meakin, P.: Fractals, Scaling and Growth far From Equilib-
rium. No. ISBN 0-521-45253-8, Cambridge University Press
(1998)

[23] Nehaniv, C.L.: Evolution in asynchronous cellular automata.
In: Proc ICAL 2003 - Eighth Int. Conf. on Artificial Life. pp.
65–73. MIT Press (2003)

[24] Owens, N., Stepney, S.: Investigations of game of life cellular
automata rules on penrose tilings: lifetime and ash statistics.
Journal of Cellular Automata 5, 207–225 (2010)

[25] Packard, N., Wolfram, S.: Two-dimensional cellular automata.
J. Stat. Phys. 38, 901–946 (1985)

[26] Reiter, C.A.: Medley of spirals from cyclic cellular automata.
Computers and Graphics 34, 72–76 (2010)

[27] Reiter, C.A.: Cyclic cellular automata in 3d. Chaos, Solitons
and Fractals 44, 764–768 (2011)

[28] Sarkar, P.: A brief history of cellular automata. ACM Comput-
ing Surveys 32, 80–107 (2000)

[29] Scogings, C.J., Hawick, K.A.: Optimal data structures for spa-
tially localised agent-based automata and hybrid systems. In:
Proc. Int. Conf. on Artificial Intelligence and Soft Computing.
pp. 221–227. IASTED, Napoli, Italy (25-27 June 2012)

[30] Shalizi, C.R., Shalizi, K.L.: Quantifying self-organization in
cyclic cellular automata. In: Proc. SPIE Noise in Complex Sys-
tems and Stochastic Dynamics. vol. 5114. SPIE (2003)

[31] Stauffer, D.: Computer simulations of cellular automata.
J.Phys.A:Math. Gen 24, 909–927 (1991)

[32] Thompson, D.W.: On Growth and Form. Cambridge University
Press (1942)

[33] Wolfram, S.: Statistical Mechanics of Cellular Automata.
Rev.Mod.Phys 55(3), 601–644 (1983)

[34] Wolfram, S.: Universality and complexity in cellular automata.
Physica D 10, 1–35 (1985)

[35] Wolfram, S.: A New Kind of Science. Wolfram Media, Inc.
(2002), iSBN 1-57955-008-8

[36] Wylie, B.J.: Application of Two-Dimensional Cellular Au-
tomaton Lattice-Gas Models to the Simulation of Hydrody-
namics. Ph.D. thesis, Physics Department, Edinburgh Univer-
sity (1990)

Int'l Conf. Scientific Computing |  CSC'13  | 227



A Computational Model for Cultural Intelligence  

 
Zhao Xin Wu

1
, Li ZHOU

2
 

 
1
Computer Science Department, University of Quebec in Montreal, Montreal, QC, Canada 

2School of Electronic and Control Engineering, Chang'an University, Xi’an, P.R. China 

zhao_xin_wu@hotmail.com, 47599053@qq.com 

 
 

 

Abstract - Computational model can be designed with soft 

computing technologies which are capable of reasoning 

and learning in an uncertain and imprecise environment. 

However, in a real practical project, there are many 

difficult computational bottlenecks in need to break 

through when using these technologies. This research aims 

to invent a cultural intelligence computational model, 

which can process cultural intelligence soft data through 

the use of soft computing technologies. The purpose of this 

study is for individuals and organizations to solve the 

intercultural adaptation problems they may be faced with 

in a variety of authentic cross-cultural situations. 

Keywords - Cultural Intelligence; Soft-Computing; Fuzzy 

Logic, Artificial Neural Network; Hybrid System 

 

1 Introduction 

 Soft-computing is an advanced AI technology which 

can deal with uncertain, imprecise and incomplete 

information through an approach that is more human-like. 

Concerning the cultural domain, we live in an era of 

globalization where international activities between 

different cultures and intercultural communications and 

exchanges are becoming more common and are taking on 

much greater importance than ever before. Yet, because of 

cultural diversity, "Culture is more often a source of 

conflict than of synergy. Cultural differences are a 

nuisance at best and often a disaster" (Dr. Geert Hofstede). 

Moreover, cultural knowledge is generally represented by 

natural language, which is replete with vague and 

ambiguous terms, and it is difficult for traditional 

computing techniques to cope with these. In such a context, 

globalization and traditional computing techniques have 

encountered two major challenges: the first is how to adapt 

to cultural diversity, and the second is the treatment of soft 

data and human-like thinking. 

Fortunately, research on cultural intelligence (CQ) [1] 

provides a new perspective and a new way to alleviate 

cultural issues that arise in such a globalized environment.  

The higher the CQ that people possess, the more effective 

their performance and adjustment will be in culturally 

diverse settings. CQ can also be improved by training the 

people involved in such settings. The most important point 

to consider is how to precisely evaluate CQ and provide 

relevant suggestions to improve it. However, current 

studies on CQ have used traditional methods to measure 

users’ CQ and have relied primarily on questionnaires to 

find solutions to CQ problems traditionally confined to the 

work of culture experts and researchers. The best way to 

enable non-expert users to make use of CQ knowledge at 

the present time is to computerize CQ.  A great deal of CQ 

knowledge, however, is expressed as 'fuzzy data' and 

human decision making.  Dealing effectively with these is 

beyond the scope of traditional computer technique, and 

research on CQ has never been empirically computerized 

to date.  

These problems will be resolved by this research 

which will provide an effective solution through the 

invention of a CQ computational model. 
 

2 Cultural Intelligence 

  CQ is defined as the ability to collect and process 

information, to form judgments, and to implement effective 

measures in order to adapt to a new cultural context [1]. 

Earley and Mosakowski [2] define CQ as a complementary 

intelligence form which may explain the capacity to adapt 

and face diversity, as well as the ability to operate in a new 

cultural setting. Earley and Mosakowski stress that people 

with a relatively high CQ level often appear at ease in new 

situations. They understand the subtleties of different 

cultures, so they can avoid or resolve conflicts early. 

Peterson interprets CQ in terms of its operation [3]. He 

believes that, for the concept of CQ, the definition of 

culture is compatible with the cultural values of Hofstede 

and their five main dimensions [4]. Peterson also describes 

CQ as the communicative capabilities which improve 

working environments. In other words, all workers have 

the ability to communicate efficiently with customers, 

partners and colleagues from different countries in order to 

maintain harmonious relationships. Brisling et al. define 

CQ as the level of success that people have when adapting 

to another culture [5]. Thomas describes CQ as the 
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capability to interact efficiently with people who are 

culturally different [6]. Johnson et al. define CQ as the 

effectiveness of an individual to integrate a set of 

knowledge, skills and personal qualities so as to work 

successfully with people from different cultures, both at 

home and abroad [7]. Finally, Ang et al. [8] define CQ as 

the conceptualization of a particular form of intelligence 

based on the ability of an individual to reason correctly in 

situations characterized by cultural diversity. 

3 Cultural Intelligence Dimensions 

  Different researchers have different dimensional 

structures to measure CQ. Earley and Ang [1] are pioneers 

in the development of CQ concepts. They described the 

first structure of CQ in 2003 using a three-dimensional 

model: cognition, motivation and behavior. Thomas [9] 

advocates another tridimensional structure; he states that 

the structure of CQ should be based on the skills required 

for intercultural communication, that is to say, knowledge, 

vigilance and behavior. In these three dimensions, 

vigilance, which is the key to CQ, acts as a bridge 

connecting knowledge and behavior. Tan [10] believes that 

CQ has three main components: cultural strategic thinking, 

motivation, and behavior, and that CQ integrates these 

three components. Tan stresses the importance of behavior 

as being essential to CQ. If the first two parts are not 

converted into action, CQ is meaningless. Ang and Van 

Dyne [11] later refined the concept of Earley et al. to 

consist of four dimensions rather than three: metacognition, 

cognition, motivation and behavior. They paid special 

attention to how a culturally diverse environment works. 

This structure has been widely used in the following 

cultural research and studies. The four dimensions of CQ 

are described as follows: 

 Metacognitive CQ refers to the cognitive ability of an 

individual to recognize and understand appropriate 

expectations in different cultural situations. It reflects 

the mental processes that an individual uses to acquire 

and understand cultural knowledge; 

 Cognitive CQ is a person's knowledge of the standards, 

practices and conventions in different cultures which 

he/she acquired from education and personal 

experiences; 

 Motivational CQ refers to the motivation of an 

individual to adapt to different cultural situations. It 

demonstrates the individual’s ability to focus his/her 

attention and energy on learning and practicing in 

culturally diverse situations;  

 Behavioral CQ is defined as an individual’s ability to 

communicate and behave with cultural sensitivity when 

interacting with people of different cultures. It 

represents a person’s ability to act and speak 

appropriately (i.e., use suitable language, tones, 

gestures and facial expressions) in a given culture. 
 

4 Conceptual Model 

  The concept of CQ is for the first time extended in 

order to assess cross-cultural activities. One’s with a high 

CQ evaluation are expected to have a more effective 

performance in and adjustment to multicultural situations.  

Sternberg et al. [12] state that general intelligence has 

four dimensions, i.e., Metacognition, Cognition, 

Motivation and Behavior. They consider the correlation 

between the four dimensions as an entity and take full 

account of their integrity because of their interdependence. 

CQ should also include and consider its four dimensions 

and their correlation. We agree that the four dimensions of 

CQ are critical factors that can help individuals, companies 

and organizations to overcome cross-cultural challenges. 

Thus, we believe that the diverse structures of CQ should 

be considered collectively in order to integrate the elements 

required to respond to the cultural knowledge acquired in 

cross-cultural activities. Therefore, we created a CQ 

conceptual model in order to complete the theories of CQ 

and the evaluation process required.  

We present our model as a whole aggregate 

multidimensional construct by considering the following 

conditions: (1) the entire construct considers that the four 

CQ dimensions occupy the same important level in 

conceptualization; and (2) the four CQ dimensions form 

the construct. In sum, in our research we put forward the 

cognitive theory that the metacognitive CQ, cognitive CQ, 

motivational CQ and behavioral CQ are four interrelated 

components built into the CQ, and we integrate our theory 

into the model (see Fig.1). 
 

 

Figure 1. Cultural Intelligence Conceptual Model 

This conceptual model proposes a cyclical process of 

CQ evaluation in four stages, while respecting the 

correlation and interdependence between the four 

dimensions: (1) It observes the behaviors, promotes active 

thinking and drives individuals to adapt and revise their 

strategies in different cultural settings; (2) It acquires and 

understands the knowledge that can influence individuals’ 

thoughts and behaviors; (3) It considers the implications 

and emotions associated with cultural settings, and it drives 

efforts and energy toward effective functioning in a new 

culture; and (4) It transfers knowledge through verbal and 

nonverbal behaviors to the culturally diverse situations. 

This process enables us to identify the elements of the 
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global CQ so we may apply it as a whole, regardless of 

whether these dimensions are decision variables or other 

measurable parameters. In this process, we adopt a holistic 

approach that does not aim to reduce the model to its 

individual components. 
 

5 Data and Knowledge Acquisition  

  Ang et al. [11] developed a self-assessment 

questionnaire which has 20 items that measure CQ. This 

questionnaire was used to collect data for studies on the 

test subjects regarding their capacity for cultural 

adaptation. The questionnaire is generally divided into four 

sections: metacognition, cognition, motivation and 

behavior. For example, one of the items is: "I am conscious 

of the cultural knowledge I use when I interact with people 

with different cultural backgrounds." Van Dyne et al. [13] 

developed a version of the questionnaire from the point of 

view of an observer. It is also based on the 20 items of Ang 

et al. [11] in order to measure CQ in individuals. The 

questionnaire was adapted from each item of the self-

assessment questionnaire to reflect the assessment made by 

an observer rather than the user himself. As explained by 

Van Dyne et al. [13], these questionnaires allow for the 

effective assessment of CQ in practical applications.  

We collected CQ knowledge by reviewing books, 

documents, manuals, papers, etc., and by interviewing 

cultural experts. One's CQ evaluations are often based on 

experts’ intuition, common sense and experience. We 

clearly put forward that four CQ dimensions make up an 

integrated and interdependent body. A large number of 

fuzzy rules provided us with the means for modeling how 

experts measure one's CQ.  

Among other potential applications, we identified the 

evaluation of CQ for application domains covered in our 

model. Thus, we adapted the self-assessment questionnaire 

of Ang et al. [11] and the observer questionnaire by Van 

Dyne et al. [13] to measure CQ. 

 

6 Soft-Computing Technologies 

 The CQ generally has two types of data:  the first type 

is associated with "hard" computing, which uses numbers, 

or crisp values; the second type is associated with "soft" 

computing, which operates with uncertain, incomplete and 

imprecise soft data. The second type is presented in a way 

that reflects human thinking. When we explain the cultural 

concept of cross-cultural activities, we usually use soft 

values represented by words rather than by crisp numbers. 

Traditional techniques, or "hard" computing, cannot treat 

CQ soft data. In order to enable computers to emulate 

human-like thinking and to model a human-like 

understanding of words in evaluation, we use a hybrid 

neuro-fuzzy technology to invent a CQ computational 

model. This soft-computing technology is capable of 

dealing with uncertain, imprecise and incomplete CQ soft 

data, which also possesses parallel computation and the 

learning abilities.  

Fuzzy logic is introduced by Lotfi Zadeh who first 

realized the potential of soft computing and established the 

Berkeley Initiative in Soft Computing in March 1991[14]. 

The fuzzy logic technology is used in our model for three 

reasons. First, fuzzy logic is good for CQ knowledge, 

which is expressed in natural language that contains 

ambiguous and imprecise linguistic variables, such as "this 

person has high motivation" and "that person has lots of 

cultural knowledge." Second, fuzzy logic is well-suited to 

modeling human decision-making processes when dealing 

with "soft criteria." These processes are based on common 

sense and may contain vague and ambiguous terms. Third, 

fuzzy logic provides a wide range of cultural expressions 

that can be understood by computers.  

Although the fuzzy logic technology has the ability 

and the means to understand natural language, it offers no 

mechanism for automatic rule acquisition and adjustment. 

The artificial neural network (ANN) offers learning 

mechanisms, which emulate human intelligence, in 

uncertain, incomplete and imprecise cultural settings. It 

presents viable solutions for processing incomplete and 

imprecise CQ information. The ANN can manage the new 

CQ data input and the generalization of acquired 

knowledge. 

The hybrid neuro-fuzzy technology makes use of the 

advantages and power of fuzzy logic and the ANN. Fuzzy 

logic and the ANN are complementary paradigms. The 

hybrid technology represents the essence of our 

computational model. 
 

7 Linguistic Variables and Fuzzy Rules 

  The idea of linguistic variables is one basis of the 

fuzzy set theory. A linguistic variable of fuzzy set theory is 

a fuzzy variable. For example, when we say "CQ is high," 

it means that the linguistic variable of CQ takes the 

linguistic value "high". Thus, our CQ linguistic variables 

are used in fuzzy rules in the model, for example: 

Rule 1: 

IF   Metacognition is high AND Cognition is high    

                AND Motivation is high AND Behavior is high 

THEN      CQ is high 

 

The operations of CQ fuzzy sets used in our model are 

Intersection and Union [15]. For example, the fuzzy 

operation used to create the Intersection of two CQ fuzzy 

sets A and B is as follows: 

 
   


The operation to form the fuzzy Union of two CQ fuzzy 

sets A and B is as follows: 

 
  





(1) 

(2) 
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8 Cultural Intelligence Computational  

Model 

 In this section, we describe the hybrid computational 

model in detail. The CQ computational model is based on 

our conceptual model (see section 4). The computational 

model is noteworthy because we use the four CQ 

dimensions as integrated and interdependent entities. 

Essentially, the model is a multi-layer neural network with 

the functional equivalency of a fuzzy inference process. 

The neuro-fuzzy network is composed of six layers in our 

computational model. It has four dimensions in the input 

layer and the CQ output layer, and four hidden layers that 

represent membership functions and CQ fuzzy rules. The 

model is shown in Fig. 2.  

 
 

Figure  2. Computational Model of Cultural Intelligence 

This hybrid computational model has 20 inputs which 

represent the 20 items of the questionnaires of Ang et al. 

[11] to measure CQ:  the metacognitive dimension (MC) 

has four items, the cognitive dimension (C) contains six 

items, the motivational dimension (M) includes five items 

and the behavioral dimension (BEH) consists of five items 

and has one output:  CQ.  

Layer 1 - Input: No calculation is made in this layer. Each 

of the 20 neurons corresponds to an input variable. These 

input values are transmitted directly to the next layer.  

Layer 2 - Fuzzification: Each neuron corresponds to a 

linguistic label. To simplify the task, fuzzy linguistic 

variables used in our model are triangular membership 

functions (e.g., High, Medium and Low), associated with 

one of the input variables in Layer 1. We have 60 neurons 

in this layer. 

Layer 3 - Fuzzy Rules: The output of a neuron at this layer 

is the fuzzy rules of CQ. For example, Neuron R1 

represents Rule 1 and receives input from the neurons MC-

Q1 (High) and MC-Q4 (High), etc. 

Layer 4 – Fuzzification: In this layer, the neurons receive 

the membership degrees as the inputs which are produced 

from the fuzzy rules layer. 

Layer 5 - Rule Unions (or consequence): This layer has 

two main tasks: 1) to combine the new precedent of rules; 

and 2) to determine the output level (High, Medium and 

Low) which belongs to the CQ linguistic variables. For 

example, R1 is the input of MC1 (High) and C1 (High), etc. 

It integrates the four dimensions of CQ to make a logical 

judgment in this layer by using 27 CQ rules. 

Layer 6 - Combination and Defuzzification: This layer 

combines all the consequence rules and, lastly, computes 

the crisp output after Defuzzification. This layer has three 

neurons: CQ-High, CQ-Medium and CQ-Low. The Center 

of Gravity method is used to calculate the output. The 

single output after this layer is the precise CQ evaluation 

result. We apply, in this case, the triangle calculation in our 

model, which is the simplest calculation of the fuzzy set as 

shown in Fig. 3: 

 

 

Figure  3.  Triangle Calculation of the Fuzzy Set 

 

where a2 is the center and a3 is the end of the triangle. b1, b2 

and b3 are the widths of fuzzy sets which correspond to 

CQ3-Low, CQ2-Medium and CQ1-High. 
 

9 Supervised Learning 

  One of the main properties of the model is supervised 

learning, which has the ability to learn from CQ expert 

experiences and to improve performance by modifying the 

CQ rules through learning. Supervised learning involves 

cultural inputs and cultural outputs that are available to our 
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multilayer neuro-fuzzy network. The task of the network is 

to predict or adjust inputs to the desired outputs. 

This multilayer neuro-fuzzy network can apply 

standard learning algorithms, such as back-propagation, to 

train it. The network offers a mechanism for automatic IF-

THEN rule acquisition and adjustment. This mechanism is 

very useful, especially in situations where cultural experts 

are unable to verbalize the knowledge or problem-solving 

strategy they use. 

The principle of the back-propagation algorithm in 

supervised learning in our model is that we provide the 

model with the final external CQ data that supervised 

learning requires; these data represent the results of a 

user’s evaluation. Each case contains the original input 

cultural data and the output data offered by CQ human 

experts to be produced by the model. The model compares 

actual output with the CQ experts’ data during the training 

process. If the actual output differs from the data given by 

experts in the training case, the model weights are 

modified. Fig. 4 shows first part (metacognitive dimension) 

of the Fig. 2 with three layers (input layer, hidden layer and 

output layer) as an example to illustrate how the neuro-

fuzzy network learns by applying the back-propagation 

algorithm. 

 

Figure  4. Back-propagation in Cultural Intelligence 

Computational Model Learning 

MC-Q1 and MC-Q4 refer to neurons in the input layer; 

MC-Q1/MC-Q4 High, MC-Q1/MC-Q4 Medium and MC-

Q1Mc-Q4 Low refer to neurons in the hidden layer; and R1, 

R2 and Rn refer to neurons in the output layer. We explain 

our model’s learning process theory in three steps as 

follows: 

Step 1 - Input Signals: we input signals from MC-Q1 to 
MC-Q4 into the model; these signals are propagated 
through the neuro-fuzzy network from left to right, while 

the difference signals (or error signals) are propagated from 
right to left.  
Step 2 - Weights Training: to propagate difference signals, 
we start at the output layer and work backward to the 
hidden layer. The difference signal at the output of neuron 
R1 at sequence s is calculated as follows: 
 

  

where  is the cultural experts’ desired output data 

of neuron R1 at iteration s.  is the difference 

between the output  and the experts’ desired output 

data at iteration s. For example, we use a forward procedure 

method to update the CQ rules’ weight . Rule 

R1 for updating weight at the output layer at iteration s is 

defined as: 

 

 
 

Following the above three-step learning procedure, we 

give a concrete example to show how the model obtains the 

desired value after learning. Suppose we have collected 

five people's answers as input data, and get five 

corresponding CQ evaluation results from the output of the 

model as: y = [5, 6, 7, 3, 2].  For any reason, the cultural 

experts gave five desired CQ output values as: yd = [7, 7, 

6.5, 4.5, 7]. We then used these five pairs of input data and 

the desired values to train the model. After nine epoch 

training processes, our new output from the model was: y = 

[7, 7, 6.5, 4.5, 7], shown in Fig. 5. 

 

 

 

Figure  5. Learning Result in the Computational Model  

(4) 

(5) 
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The model’s output quite accurately resembles the 

desired CQ values from the cultural experts, that is to say, 

the model has the ability to learn new CQ knowledge. 

 

10 Conclusion  

 The achievement of this research is noteworthy 

because in the CQ domain, this study effectively deals with 

linguistic variables, soft data and human decision making 

based on a hybrid neuro-fuzzy technology, and it possesses 

parallel computation and the learning abilities of neural 

networks. At the same time, due to its powerfully designed 

functions, the model is very easy to extend to other 

application domains, such as integrating the Expatriation 

and Business Activities [16].  

The other main contributions of our study are: 1) in the 

cognitive domain, it improves the application of CQ 

theories. The study focuses on modeling four CQ 

dimensions as an integrated and interdependent body. As a 

result, the theories are more complete, efficient and precise 

in their application. 2) In the application of soft-computing, 

it fills the gap between CQ and soft-computing. As a result, 

this innovative study provides the opportunity for new 

research topics and directions, and expands the range in the 

field of soft-computing.  
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Fast Operations for Certain Two Alphabet Circulant Matrices
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Abstract— In order to efficiently compute some combina-
torial designs based upon circulant matrices which have
different, defined numbers of 1s and 0s in each row and
column we need to find candidate vectors with differing
weights and Hamming distances. This paper concentrates
on how to efficiently create such circulant matrices. These
circulant matrices have applications in signal processing,
public key codes and spectography.

Keywords: algorithm, periodic autocorrelation function, cross
correlations , Hamming distance, circulant matrices.

1. Introduction
This paper uses the mapping of two-alphabet (for example

{±1}, {x,y}, {0,1}) circulant matrices to binary equivalents.
Interest in binary arrays or matrices with a constant

row sums is of continuing study in combinatorics. For
example a BIBD(v, b, r, k, λ) which can be defined as a
v × b matrix which has constant row sum r and constant
column sum k and distinct inner product of rows λ and
variations of this design are used in statistical and medical
experiments. Recently such circulant matrices have been
used to construct asymmetric public key codes. Sequences
with elements 0,±1, very small periodic or non-periodic
autocorrelation function and small cross correlation function
are also of considerable interest in signal processing. Powers
of circulant matrices arise in spectography but in a different
form.

2. Definitions and Preliminaries
Since this paper uses the mapping of two-alphabet cir-

culant matrices to binary equivalents the fast construction
of binary candidates that match specified parameters is
crucial. We discuss how some operations relevant to the
multiplication of matrices, an O(n3) process, can in some
cases be converted to a linear process by using architectural
level operations.

We first clarify the notation and processes that we will
use in our analysis.

2.1 Circulant and Type 1 Matrix Basics
Because it is so important for the rest of our work we

now spend a little effort to establish why the properties we
will require for binary circulant matrices are so important.

We define the shift matrix, T of order n by

T =


0 1 · · · 0
0 0 · · · 0
...

...
1 0 · · · 0

 . (1)

So any circulant matrix, of order n and first row
x1, x2, · · · , xn, that is,

x1 x2 x3 · · · xn
xn x1 x2 · · · xn−1
xn−1 xn x1 · · · xn−2

...
...

x2 x3 x4 · · · x1

 (2)

can be written as the polynomial

x1T
n + x2T + x3T

2 · · ·xnTn−1.

We now note that polynomials commute, so any two
circulant matrices of the same order n commute.

Mathematically we have that:
Definition 1: A circulant matrix X = (xij) of order n is

a matrix which satisfies the condition that

xij = x1,j−i+1 (3)

where j − i+ 1 is reduced modulo n [1].
Thus any circulant matrix X = (xij) of order n can be

defined by
xij = xi+1,j+1 = x1,j−i+1,

that is, the first row is enough to specify the whole matrix.
In all cases the sums are reduced modulo n so that n is
written n, n+ 1 is written as 1 and so on.

In all our definitions of circulant matrices we have as-
sumed that the rows and columns have been indexed by
the order, that is for order n, the rows are named after the
integers 1, 2, · · · , n and similarly for the columns. The
internal entries are then defined by the first row using a
1:1 and onto mapping f : G → G. However we could
have indexed the rows and columns using the elements of a
group G, with elements g1, g2, · · · , gn. Loosely a type one
matrix will then be defined so the (ij) element depends on
a 1:1 and onto mapping of f(gj − gi) for type 1 matrices
which occur in construction of combinatorial designs. We
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use additive notation, but that is not necessary. Seberry-
Wallis and Whiteman [2] have shown that circulant and type
1 matrices can be used interchangeably in the enunciations
of theorems. This can be used to explore similar theorems
in more structured groups.

2.2 Periodic Autocorrelation Function and
Cross Correlation Function

These terms, which arise in signal processing, are usually
thought of differently by mathematicians.

Definition 2: The PAF (j) or periodic auto correlation
function of a sequence {x11, x12, · · · , x1n} (that is the
first row of a circulant matrix X = (xij)) of order n is
given, for j = 1, · · · , n, by

PAF (j) =
n∑

i=1

(x1ix1,i+j)

Definition 3: The PAF (X) or PAF (j, k) or periodic
auto correlation function of the two rows, j and k, of a
circulant matrix X = (xij) of order n is defined as

PAF (j, k) =

n∑
i=1

(xixk−j+i).

We note that this is exactly the same as the inner product
of rows j and k of the matrix XX>.

Definition 4: CPAF or cross correlation function of two
rows j of a circulant matrix X = (xij) of order n and k of
a circulant matrix Y = (yij) of order n is defined as

CPAF (j, k) =
n∑

i=1

(xiyk−j+i).

This is also written as CPAF (X,Y ).
In signal processing we would consider matrices with

elements ±1 but clearly each circulant matrix with these
two elements uniquely maps to a binary circulant matrix.

3. General Properties of Circulant Ma-
trices

Remark 1: Each row of a circulant ±1 matrix can be
considered as an integer, uniquely, by replacing the elements
−1 by zero and converting the sequence to decimal. Thus a
circulant matrix of order n can be represented by an integer
of size the least integer greater than ln2 n. This means any
sequence we would consider can be represented by one word
of storage. For example for the length n = 7 the integer
106 = 64 + 32 + 8 + 2 represents the row
1 1 -1 1 -1 1 -1,

or
1 1 0 1 0 1 0 =106.

3.1 Complexity of Squaring a Matrix
We note
Theorem 1: Any circulant matrix, X = (xij),of order n

can be defined by its first row. Writing X in terms of the
shift matrix (1) we have

X2 = (x11I + x12T + x13T
2 + · · ·+ x1,nT

n−1)2

so squaring can be achieved by O(n(n+1
2 ) operations.

We note X2 contains at most n distinct values which are
the new first row.

Similarly the product of two order n, circulant matrices,
takes O(n(n+1

2 ) operations and contain at most n distinct
values which are the new first row.

In future work, we will show that, using our construc-
tion for candidates, we can make this a linear number of
operations.

Example 1: Let X be a 5 × 5 matrix with first row
elements a, b, c, d and e:

X =


a b c d e
e a b c d
d e a b c
c d e a b
b c d e a

 .
As the (j, k) element of X2 is equal to the (1, k − j + 1)
element, because the answer is also a circulant matrix: the
elements of X2 are

(1, 1) = (2, 2) = (3, 3) = (4, 4) = (5, 5) = a2 + 2be+ 2cd

(1, 2) = (2, 3) = (3, 4) = (4, 5) = (5, 1) = 2ab+ 2ce+ d2

(1, 3) = b2 + 2ac+ 2be

(1, 4) = e2 + 2ad+ 2bc

(1, 5) = c2 + 2ae+ 2bd

These 5 values are the first row of X2 and give all the entries
of X2 all the possible PAF s.

We also note that
Theorem 2: The PAF of a sequence of n elements

contains only n+1
2 distinct entries.

Example 2: Let X be a 5 × 5 matrix with first row
elements a, b, c, d and e:

X =


a b c d e
e a b c d
d e a b c
c d e a b
b c d e a

 .
Then

PAF (1, 1) = PAF (k, k) = a2 + b2 + c2 + d2 + e2,

PAF (1, 2) = · · · = PAF (n, 1) = ae+ ba+ cb+ de+ ed,

PAF (1, 3) = · · · = PAF (n−1, 1) = ad+be+ca+db+ec.

These 3 values are all the possible PAF s.
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4. Architectural Level Operations
Because we depend upon the speed of bit level manipu-

lation we shall now discuss the advantages of architectural
level operations in modern computer architectures. Histor-
ically architectural level operations afforded speed advan-
tages for all operation in a high level language including
additions and subtractions. Modern architectures perform
additions almost as fast as bitwise manipulations but still
take more cycles to perform a multiplication.

The speed gain is found by being able to manipulate
multiple pieces of data with a single instruction. For instance
if we wished to find the inner product of two vectors stored
in an array we would need to read each entry multiply
them and add each result. With two binary vectors the inner
product can be found by performing a bitwise XOR and
bit count to find the Hamming distance of the two vectors.
Knowledge of this result can be used to find the inner
product of the two vectors using a single subtraction and a
bitwise shift of the Hamming distance. Thus for larger length
vectors significant savings in operations can be found using
architectural level operations.

5. Integers to Bits
We now move from representing the circulant matrices as

vectors of length n and elements from a 2-ary alphabet to
first using their binary equivalent and then noting that the
binary vector for lengths ≤ 32 can be stored as a single
binary word of 32 bits. We now establish the requirements
that reflect our specified parameters as above in single words.
That is we work to pre-specify the length and weight using
architectural level operations.

Example 3: Let X be {x, y} be a sequence of length 10:
X = { x x x y y y x y x y}.

It can be represented as the binary number

1110001010base 2 = 187base 10.
In general we are looking for binary numbers of length

` and weight h, with pre-specified properties such as the
sum of the components, multiplication properties, the PAF
and/or inner products. A naive search for candidates with
such properties can be achieved in the binary domain by
iterating through all the binary numbers and testing the
weight of each number. This would require that 2` numbers
are tested for conformity to the required parameters.

In our approach we start by assuming that candidates for
a previous weight h − 1 and length ` are already known:
then new potential candidates with weight h can be rapidly
found using an iterative procedure.

For each candidate of size h − 1 we need to find the
highest set bit (HSB) of the candidate which requires at most
` − (h − 1) tests. Once the position of the HSB has been
determined then there are at most `− h operations required

to set the higher order bits. Thus the expansion from weight
h− 1 to h takes (2× `− 2× h+ 1).

Algorithm 1 Construction of Binary Candidates
Step 1: Read the first candidate of a given length (`) and
weight one less (h − 1) than the desired weight (h) from
file
Step 2: while we have have candidates remaining in this
file
Step 3: find the HSB in current candidate
Step 4: set a single bit for each position between this bit
and the length of the candidate

Example 4: Suppose we have starting candidate
0 0 0 1 1 0

of length 6 and weight 2. This can be used directly to find
three candidates with a weight of 3 and length 6
0 0 1 1 1 0
0 1 0 1 1 0
and;
1 0 0 1 1 0

Which each have one additional bit set above the HSB of
the seed candidate. By iterating through the ten candidates
of weight 2 we can easily find the ten candidates of length
5 and weight 3 in this manner.

Thus considering the complete candidate set with a weight
of 2 we obtain;
0 0 0 0 1 1,
0 0 0 1 0 1,
0 0 1 0 0 1,
0 1 0 0 0 1,
1 0 0 0 0 1,
0 0 0 1 1 0,
0 0 1 0 1 0,
0 1 0 0 1 0,
1 0 0 0 1 0,
0 0 1 1 0 0,
0 1 0 1 0 0,
1 0 0 1 0 0,
0 1 1 0 0 0,
1 0 1 0 0 0,
1 1 0 0 0 0

Which leads to the generation of 20 candidates of the
same length and one extra bit set.
0 0 0 1 1 1,
0 0 1 0 1 1,
0 1 0 0 1 1,
1 0 0 0 1 1,
0 0 1 1 0 1,
0 1 0 1 0 1,
1 0 0 1 0 1,
0 1 1 0 0 1,
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1 0 1 0 0 1,
1 1 0 0 0 1,
0 0 1 1 1 0,
0 1 0 1 1 0,
1 0 0 1 1 0,
0 1 1 0 1 0,
1 0 1 0 1 0,
1 1 0 0 1 0,
0 1 1 1 0 0,
1 0 1 1 0 0,
1 1 0 1 0 0,
1 1 1 0 0 0

Extending these 20 candidates results in 15 candidates
with 4 bits set. These candidates are the inverse of the 15
candidates with 2 bits set. Thus we only need to generate
the candidates up to a weight of the integer part of `+1

2 . As
the length of the candidate set increase it is seen that the
number of candidates will match a row on Pascal’s triangle.

Additionally the search space can be reduced further by
recognizing that since 3 ≡ 5 − 2 these candidates could be
found directly by inverting all of the candidates of weight 2.
Thus we only need to generate the candidates up to a weight
of the integer part of `+1

2 .
The number of candidates for each weight (h) of a given

length (`) follows the entries for a row in Pascal’s triangle
meaning that if we wish to find candidates with the integer
part of `+1

2 bits set there would be at worst 2`

2 operations
required to find these candidates. However, in many cases
the weight of candidates is either close to 0 or close to `
and thus significant savings can be made in not having to
test all numbers.

Example 5: If we consider the case where we require
candidates of length 13 with 4 bits set then we would need
to find all candidates with 1, 2, 3 and 4 bits set. The total
number of candidates would be 13 + 78 + 186 + 715 =

992 candidates
∑4

h=1

(
13
h

)
that are discovered using this

method. This is of order 2(`− h+ 1) which is a significant
saving over the 2` = 213 numbers that would be tested using
the naive approach. For longer length candidates the savings
as the required weight deviates from `

2 becomes even more
significant.

5.1 Circulation in the Binary Domain
Construction of a circulant matrix from these binary

candidates can be performed using bitwise operations upon
the first row to shift the entire row by one bit and move
the lowest bit to the highest bit position. Many of the
operation usually performed upon these circulant matrices
can also be done in the binary domain using architectural
level operations.

This requires one operation to perform each of the fol-
lowing four steps for each row, copy row(i) to row(i+ 1),

Algorithm 2 Circulation of a Binary Matrix
Input: The first row of the circulant matrix of length and
order ` in binary form (row(1))

for i = 1 to `
Copy row(i) to row(i+ 1)
Set variable bit to the LSB of row(i+ 1)
Shift row(i+ 1) right by one
Set MSB of row(i+ 1) to bit

test and set the variable bit, shift row(i + 1) right by one
bit and set MSB of row(i + 1) to the value of bit. Thus
each additional row of the circulant matrix requires four
operations to create. Therefore the entire circulant matrix can
be computed in 4× ` operations. It is noted that any row of
the circulant matrix row(j) can be directly computed from
the first row by testing the lowest j bits and saving them,
shifting the first row right by j bits (j operations at most)
and copying the original lowest j bits to the top j bits of
the shifted row.

5.2 Binary Inner Products
We can take advantage of the fact that when integer

matrices under consideration contain ±1 only to reduce the
computation of inner product vectors in the binary domain.
When any two values are the same in a first row circulation
then they will result in a +1 in determining the inner product
and when they are different they will result in a −1.

In the integer domain the inner product is determined as
Theorem 3: IP = a1

st

1 ∗a2
nd

1 +a1
st

2 ∗a2
nd

2 +· · ·+a1st` ∗a2
nd

`

which results in q negative results and p = (n−q) positive
results.

Thus the inner product can be determined to be p− q

IP = (n− q)− q = n− 2q (4)

In the binary domain the location of bits that are different
(equivalent to a −1 in the integer domain) can be achieved
with a bitwise XOR of two rows of the circulant matrix. The
Hamming distance of the resultant XOR on the two vectors
is equivalent to the number of -1s in the integer domain. The
binary inner product can be determined as follows

In the binary domain the number of negative bits (weight)
in the inner product of two rows can be determined by
performing a bitwise XOR on two vectors (rows of the
circulant matrix). The integer inner product can be calculated
directly from knowledge of the number of negative bits (q)
and the length of the two vectors (`)
IP = `− 2× q
In Example 2 we showed that the circulant inner products

obtained from an ` matrix has only `+1
2 distinct values.

To find the inner product in the integer domain requires `
muliplications and ` − 1 additions for each inner product.
Thus in total it would require `(`−1)

2 multiplications and

Int'l Conf. Scientific Computing |  CSC'13  | 237



`(`−2)
2 additions. Now we consider the case where we have

moved the first row into a binary word.

Algorithm 3 Binary Inner Product
Input: The first row of the circulant matrix of length and
order ` in binary form (row(1))

for i = 2 to `+1
2

Circulate row(i) to row(i+ 1)
Hamming Distance =
weight of (XOR(row(1), row(i))
IP (i) = `− (Hamming distance× 2)

[Note: multiplication by 2 is a shift left operation at the
architectural level]

This means that, ignoring the circulation operations, we
have one operation to find the XOR of two rows, one
operation to find the weight, and two operations to calculate
the inner product of the two rows. This means we have four
operations to find the inner product of any two rows of the
circulant matrix regardless of the value of ell. To find all
the inner products we need to calculate the inner product
for `−1

2 rows. Thus the total number of calculations required
to find all inner products of a circulant matrix of order ` is
2× (`− 1).

6. Conclusion
We have introduced architectural level operations for

various two alphabet circulant matrix operations. We have
shown that this approach reduces the complexity in each
case we have studied. We intend to further use this approach
to search for BIBDs, sequences with elements 0,±1, very
small periodic or non-periodic autocorrelation function and
small cross correlation function and their applications.
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