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Abstract— It is known that the edge cover problem is #P
complete. Even for path graphs withm edges it has been
shown that the set of edge covers is equal tofibonnaci(m).
As a consequence, generating the set of edge covers of a
given path graph is an exponential combinatorial problem.
In this paper we show that the set of edge covers of a given
path graph can be generated by what we call a set of kernel
strings. Even more, we show that both the set of kernel
strings is bounded by a quadratic polynomial and also there
is a quadratic polynomial algorithm which generates kernel
strings. As a consequence, a particular edge cover can be
recovered from a kernel string in polynomial time.
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1. Introduction
An edge cover of an undirected graph is a subset of

its edges such that every vertex of the graph is incident
to at least one edge of the subset. It is well known that
the edge cover problemis #P complete. So, heuristic and
exact methods have been proposed to count the number of
edge covers for classes of graphs. For example, Bezáková et.
al. [1] have shown that a Glauber dynamics Markov chain
for edge covers mixes rapidly for graphs with degree at
most three. De Ita et. al. [2] have shown that the number
of edge covers for path graphs withm edges corresponds
to fibonacci(m). Although there is a polynomial time
algorithm which computes the number of edge covers of a
given path graph, generating the set of edge covers of a given
path graph is an exponential combinatorial problem. For
example a path graph with 60 edges has 1,548,008,755,920
edge covers. All of them are unthinkable useful for any
real application. Even more, assuming that we can encode
each edge cover on a byte, the storage space needed will
be approximately 1TB for a 60 edges path graph. Instead
of generating the whole set of edge covers, in this paper
we show how to generate what we call kernel edge covers.
Kernel edge covers means that any other edge cover can
be generated from them. We show that the number of kernel
edge covers is quadratic with respect to the number of edges
in the graph. Additionally, we present an algorithm which
generates the set of kernel edge covers also in quadratic time.

The set of kernel edge covers for path graphs is gener-
ated using an efficient algorithm for generating ascending
compositions of an integern in m parts based in the

diagram structure proposed by [3]. The technique uses a
binary pattern to map integer partitions into binary strings
to represent edge covers.

The paper is organized as follow. Section 2 presents the
preliminaries. Section 3 deals with generating partitionsof
an integern in m parts, Section 4 presents the generation of
edge covers of path graphs. Section 5 concludes the paper
and future work is presented.

2. Preliminaries
An undirected graphG (i.e. finite, loopless and with no

parallel edges) is defined as a tuple(V,E), whereV is the
set of vertices(or nodes) andE the set ofedges. A vertex
and an incident edge are said tocovereach other.

A path graphP = (V,E) consists of a set of nodesV =
{a1, a2, . . . an} and edges built asei = ai−1ai, 1 ≤ i ≤ n,
i.e a path graph hasm = n− 1 edges.

The neighborhood of a vertexv ∈ V is the setN(v) =
{w ∈ V : vw ∈ E} and its degree, denoted asdG(v), is
the number of neighbors thatv has. The cardinality of a
setA will be denoted as|A|. Given a graphG = (V,E),
S = (V ′, E′) is called a subgraph ofG if V ′ ⊆ V and
E′ ⊆ E. G − v denotes the subgraph obtained fromG by
deletingv and all incidents edges tov whereasG\e is the
subgraph obtained by simply deletion of the edgee.

An edge cover for a graphG = (V,E) is a subset of
edgesE′ ⊆ E that covers all nodes ofG, that is, for each
u ∈ V there is av ∈ V such thate = uv ∈ E′. Let
EG = {E′ ⊆ E : E′ is an edge cover ofG} be the set of
edge covers for G, and|EG| be the number ofedge covers
of G.

3. Partitions of Integers
In this section we introduce partitions of integers and give

and efficient algorithm to compute them. In the following
section, the use of partition of integers to generate edge
covers will be discussed.

Let n be a positive integer. A composition ofn is a
way of writing n as the sum of positive integers denoted
as n = y1 + y2 + ... + yk. If the order of integersyj is
irrelevant, this representation is aninteger partition. When
y1 ≤ y2 ≤ ... ≤ yk we have an ascending composition.
Algorithms for enumerating all the partitions of an integer
or only the partitions with a restriction have been extensively
studied [4], [5].



A data structure calledpartition diagram for storing all
the partitions of an integer is proposed in [3]. In Merca [6],
[7] improvements are proposed which, to date, are the most
adequate data structures for generating integer partitions.
We use the data structure proposed by Merca to present an
efficient algorithm for generating ascending compositionsof
an integern in m parts (See Algorithm 1). This algorithm
is the foundation to generate edge covers of a path graph.

3.1 Partition Diagram
The partition diagram of an integern is a directed acyclic

graph. Fig. 1 shows a partition diagram of integeri = 6.
A node in a partition diagram is denoted by(y, Y ), where
y is an element of a partition andY is a number to be
divided into parts that are not smaller thany. A node(y, Y )
that has no predecessor is called aanchored node (root
node) in a partition diagram. A node(y, Y ) which has no
succesor andY = 0 is called aterminal node. A node
(y, Y ) with Y > 0 andy ≤ Y is called aninternal node.
For example, in Fig. 1 the node(1, 6) is ananchored node
and alsointernal node, whereas node(5, 0) is a terminal
node (leaf node). Fig. 1 shows a path pointing from(2, 4)
to (2, 2) and(4, 0), it means that the nodes(2, 2) and(4, 0)
are the succesor of(2, 4).

(1, 6)

(1, 5) (2, 4) (3, 3) (6, 0)

(1, 4) (2, 3) (5, 0, )

(1, 3) (2, 2) (4, 0)

(1, 2) (3, 0)

(1, 1) (2, 0)

(1, 0)

Fig. 1: Partition diagram needed to generate the integer
partitions of the number 6. The diagram represents a directed
acyclic graph.

Given a partition diagram of an integern, a path from an
anchored node to a terminal node defines a unique partition

of n. The partition is formed during a path traversal by recov-
ering all the first parts of the tuples excluding the anchored
node and nodes of the form(1, r) if its predecessor is of the
form (y, r), wherey > 1. For example, the path(1, 6) (1, 5)
(1, 4) (2, 2) (1, 2) (2, 0) defines partition〈1, 1, 2, 2〉 since
the nodes(1, 6) and (1, 2) are excluded. Traversing all the
paths, the partitions of6 are 〈1, 1, 1, 1, 1, 1〉, 〈1, 1, 1, 1, 2〉,
〈1, 1, 1, 3〉, 〈1, 1, 2, 2〉, 〈1, 1, 4〉, 〈1, 2, 3〉, 〈1, 5〉, 〈2, 2, 2〉,
〈2, 4〉, 〈3, 3〉, and〈6〉.

Although the partition diagram shown in Fig. 1 is created
for integeri = 6, it also consists of all the partition diagrams
of any integer smaller than6. The partition diagram of
any integerr smaller thann is anchored at node(1, r).
For example, the node(1, 5) is the anchored node of the
partition diagram of5. In the next subsection we presented
an efficient algorithm to generate the ascending composition
of an integern in m parts.

3.2 Algorithm for generating ascending com-
position of an integer n in m parts

To obtain all the ascending composition of integern in
m parts, we can generate all paths from the root node to
the leaf nodes whose deep ism + 1 using the partition
diagram. To achieve this, we present a variant of Merca
algorithm for traversing all the paths with the constraint of m
parts. We represent each level of the partition diagram as a
dynamic vector, i.e.diagram[0] = {(1, 6)}, diagram[1] =
{(1, 5), (2, 4), (3, 3), (6, 0)} and so on. Particular elements
of the diagram can be recovered asdiagram[row][column]
whererow represent the level of the diagram andcolumn
the position in the level.

The required variables should be initialized as follows.
Variablesrow ← 1 and colum← 0, these values represent
their position in the diagram. The variablepart ← 0, is
the number of parts in whichn has been already divided.
Finally, partition ← {} has the elements of a partition.
When a partition is formed, the setpartition is stored and
modified to generate a new partition.

4. Computing edge covers for path
graphs

In this section we show how to generate the set ofedge
covers of a path graph using 3.2. Firstly we present how to
encode edge covers for path graphs as binary strings.

4.1 Binary strings to represent edge covers
A binary pattern can be used to represent anedge cover

of a path graph. Letb1b2 . . . bm be a binary sequence. If
bi = 1 then the edge(ai, ai+1) belongs to theedge cover
otherwise (i.e.bi = 0) the edge(ai, ai+1) does not belong
to theedge cover.

Let G be a path graph withn nodes. A binary sequence
b1b2 . . . bm, m = n − 1 represents anedge cover for G if
the following conditions hold:



Algorithm 1 Parts (Generating ascending composition den
in m parts)
Require: diagram (Diagram structure ofn)
Require: m, row, column, part, partition

1: for all i = 0; i ≤ length(diagram [row]−1); i = i+1
do

2: partition = partition ∪ first component
(diagram [row] [i]);

3: part← part+ 1;
4: if second component (diagram [row] [i])! = 0 and

part < m then
5: Parts (n-second component

(diagram [row] [i]) + 1, 0, part,m,n)
6: else
7: if second component (diagram [row] [i] = 0) and

part == m then
8: storepartition;
9: end if

10: end if
11: partition = partition-last component(partition);
12: part← part− 1;
13: end for

1) 6 ∃ bi, bi+1 such thatbi = 0 andbi+1 = 0.
2) b1 = 1 andbm = 1.
An edge cover representation, does not admit a sequence

of consecutive zeros. So, a binary sequence is represented
as
1p001p1 · · · 01pl−101pl for somel ∈ N andp0, p1, . . . pl > 0.

Lemma 1:Let ω be a binary sequence which represents
an edge cover of a path graph withn nodes. The maximum
numbersn of zeros appearing inω is given by
sn = n−2

2 ; if n is even and
sn = n−1

2 ; if n is odd.
Proof:

It is obvious that, when eachpi = 1, 1 ≤ i ≤ n, the
stringω has the maximum number of zeros. Since the one’s
appearing at the extrema ofω are fixed, then a string of
lengthn− 2 is left where half of the symbols are zero ifn
is even or half ofn− 1 symbols are zero ifn is odd.

Corollary 1: Let P be a path graph such that the number
of nodes ofP is n. If ω is a binary string which represents
an edge cover forP then

1) if n is even there are0 ≤ s ≤ n−2
2 zeros onω;

2) if n is odd there are0 ≤ s ≤ n−1
2 zeros onω.

Example 1: : If a path graph withn = 10 nodes is
given, then0 ≤ s ≤ 4 zeros are allowed in a binary
string to represent anedge cover. If s = 0 then, there is
only one binary string〈1111111111〉, if s = 1 then there
are eight binary strings〈1011111111〉, 〈1101111111〉,
〈1110111111〉, 〈1111011111〉, 〈1111101111〉,
〈1111110111〉, 〈1111111011〉, 〈1111111101〉 and so
on.

It is easy to see that there is only one string without zeros
that represent anedge cover of a path graph withn nodes.
In fact, it is the string withn−1 ones (each one represents an
edge). The strings with one zero that representedge covers
are also easily counted and generated as the following lemma
shows.

Lemma 2:Let P be a path graph withm edges ordered
asa1, a2, . . . , am. There arem− 2 strings of lengthm with
one zero that represent edge covers ofP .

Proof: Let b1b2 . . . bm be an arbitrary string which
represent the edges of the path graphP . It is obvious thatb1
and bm should be one since each of them cover the nodes
a1 and an respectively. So the string whereb2 = 0 and
bi = 1, i = 1, 3, 4, . . .m represents an edge cover ofP with
one zero. If we shift the value ofb2 to b3 and assign to
b2 the value one, we have the second string that represents
an edge cover ofP with one zero. In general ifbi = 0,
2 ≤ i ≤ m− 2 then shifting the value ofbi with bi+1 gives
a new edge cover ofP with one zero.

The generation of some strings with more that one zero
which representedge covers can be determined via the
correspondence with the integer partitions of a numbern.

Definition 1: A kernel string is a binary string of the form
01p101p2 · · · 1pl0, l ≥ 1 where0 < p1 ≤ p2 ≤ · · · ≤ pl.

Proposition 1: There aren − 4 kernel strings with two
zeros of length at mostn− 2.

Proof: A kernel string with two zeros is of the form
01p10. In fact, if 1 ≤ p1 ≤ n − 4 the kernel strings01p10
have length at mostn− 2.

An ascending integer partition can be used to generate
kernel strings.

Lemma 3:Let p(n,m) be the set of ascending integer
partitions ofn in m parts. If l1 + l2 + · · ·+ lm ∈ p(n,m),
then 01l101l2 · · · 1lm0 is a kernel string withm + 1 zeros
whose length isl1 + l2 + · · ·+ lm +m+ 1.

Proof: That01l101l2 · · · 1lm0 is a kernel string is easily
verified since eachli 6= 0 and the ascending condition means
that l1 ≤ l2 ≤ · · · ≤ lm. The number of zeros is also
straightforward computed.

Lemma 4:There are
∑n−r−3

i=r |p(i, r)| kernel strings with
r + 1 zeros for alln ≥ 5.

Proof: The proof is by induction overn.
The following example shows how to generate a kernel string
from an ascending integer partitionp(n,m).

Example 2:The partitions of four in two part are
p(4,2)={2+2, 1+3}. Since the cardinality of the set is two,
this means that there are two kernel strings with three zeros
and four ones. The kernel string are of the form01p101p20.
Each element of a partition is the value of api. So one
kernel string is formed whenp1 = p2 = 2 and the other
kernel string is formed whenp1 = 1 andp2 = 3 which are
the kernel strings0110110 and0101110, respectively. From
lemma 4, ifn = 9 there are four kernel strings with three
zeros because



9−2−3∑

i=2

p(i, 2) =

4∑

i=2

p(i, 2)

= p(2, 2) + p(3, 2) + (4, 2)

= 1 + 1 + 2

= 4

The kernel strings are shown in the following table.

p(2, 2) = 1 + 1 01010
p(3, 2) = 1 + 2 010110

p(4, 2) = {2 + 2, 1 + 3} 0110110, 0101110

It is well known that if l1 + l2 + · · · + lm is an integer
partition of a numbern then a combination of the number,
i.e., l2 + l1 + · · ·+ lm, represents the same integer partition
of n. However, if they are used to generate kernel strings,
those strings are different. We can not call both of them
kernel strings since, ifl1 ≤ l2, it is not the case thatl1 > l2,
so the second is not a kernel string. We introduce another
definition to include those strings.

Definition 2: A combined string is a binary string of the
form 01p101p2 · · · 1pl0, l ≥ 1 where eachpi 6= 0, 1 ≤ i ≤ l.

Now, combined strings can be generated from integer
partitions also. However, we do not want to count combina-
tions of ascending integer partitions that are identical, i.e., if
l1 + l2 + · · ·+ lm is a partition which represent a combined
string andl1 = l2 then,l2 + l1 + · · ·+ lm will represent the
same string. We useλli to denote the number of times the
value li is repeated in the partition.

Let t = l1+ l2+ · · ·+ lm be an ascending integer partition
of the numbert. It is well known that the total number
of non-repeated combinations of the partitiont is given by
(
∑m

i=1 λli)!/
∏m

i=1(λli)!. Algorithms which efficiently built
these kind of integer partition combinations have long been
studied, a survey can be found in Knuth [8]. What is impor-
tant to point out is that combined strings can de generated
from kernel string since combined integer partitions can be
generated form integer partitions.

Corollary 2: Each combined string can be generated from
a kernel string.

Corollary 3: The set of kernel strings is a subset of the
set of combined strings.

Lemma 5:Let P be a path graph withm edges. Ifw is a
combined string such that|w| ≤ m−2 then1w1l represents
an edge cover ofP wherel = m− |w| − 1.

Proof: By definition, a combined string does not have
two consecutive zeros. That the length of1ω1l is m is
establish by the conditionl = m− |w| − 1.

Theorem 1:Let P be a path graph withm ≥ 4 edges.

1) If m is even then(m2 − 2)(m2 − 1) kernel strings
are needed to generate combined strings that represent
edge covers.

p(1, 1)
p(2, 1) p(2, 2)
p(3, 1) p(3, 2) p(3, 3)
p(4, 1) p(4, 2) p(4, 3)
p(5, 1) p(5, 2)
p(6, 1)

Table 1: Ascending integer partitions calculated from Algo-
rithm 2 for n = 10

2) If m is odd then(m−3)2

4 kernel strings are needed to
generate combined strings that represent edge covers.

Proof: We first prove the case wherem is even. By
lemma 1, it suffices to generate kernel strings withs zeros,
2 < s < (n − 2)/2. By proposition 1 there arem − 4
kernel strings with two zeros. In the same way, there are
n − 3 kernel strings with three zeros. In general, there are
(n/2) + 1 kernel strings with(n − 2)/2 zeros. Adding the
number of string we have

∑m−2
i=4,even(m− i) kernel strings.∑m−2

i=4,even(m−i) = (m2 −2)(m2 −1). Similarly, if m is odd,

there are
∑m−3

i=4,odd(m− i) kernel strings and
∑m−3

i=4,odd(m−

i) = (m−3)2

4 .

Algorithm 2 Increasing integer partitions needed to generate
kernel strings
Require: Integerm ≥ 4 which represent the number of

edges ofP
1: if m odd then
2: l = m−3

2
3: p(l, l)
4: else
5: l = m−2

2
6: end if
7: for all j = 1; j ≤ l; j ++ do
8: for all i = j; i < 2l− j; i++ do
9: p(i, j)

10: end for
11: end for

Let P be a path graph withm ≥ 4 edges, algorithm 2
calculates the ascending integer partitions ofl in r parts
needed to generate kernel strings based on the number of
edgesm. For example, ifn = 10, Table 1 shows which
ascending integer partitions are needed. We use a tThe
integer partitions are presented in rows and columns to see
its correspondence with the previous results. For example,
the second component of the elements in row one are 1.
Those partitions represent the kernel strings with two zeros
needed (lemma 4).

Although we known how to compute the set of combined
string from kernel strings, there is a last set of strings which
representedge covers of path graphs that are not included in
lemma 5. For example, the string10110101111 represents an
edge cover of a path graph with eleven edges, the combined



string which generates such a string is011010 based on a
combination of the ascending partition1 + 2, i.e. 2 + 1.
However, the string11011010111 which also represents
an edge cover of a path graph with eleven edges is not
generated from the result of lemma 5. Those strings can be
obtained by shiftings to the right combined strings in the
whole string. In our example, if the combined string011010
is shifted one position to the right in the string10110101111
, the string11011010111 is generated.

Lemma 6:Let P be a path graph withm edges. If1w1l

represents an edge cover forP wherew is a combined string
and l > 1 then,l − 1 different strings which represent edge
covers ofP can be generated from1w1l.

Proof: Sincel > 1 then, shifting one place to the right
the combined stringw generates a new string11w1l−1 which
also represents an edge cover ofP . It is straightforward to
notice that the shifting can be donel − 1 times.

We are now in a position to present the algorithm to
generate the strings that representedge covers for a path
graph with at least four edges.Edge covers for path graphs
with less than four edges are straightforward calculated.

Algorithm 3 Generating the edge covers of a path graphP

Require: Integerm ≥ 4 which represent the number of
edges ofP

1: Generatediagram structure of m
2: Include the string without zeros, i.e.,1m

3: Includem− 2 edge covers with one zero
4: Compute kernel strings
5: Generate combined strings
6: for all combined stringw do
7: p = m− |w| − 1
8: for all i = 0; i < p; i++ do
9: add11iw1p−i

10: end for
11: end for

5. Conclusions and future work

A procedure to computeedge covers for path graphs us-
ing an efficient algorithm for generating ascending composi-
tions of an integern in m parts has been presented. Although
the number of edge covers grows exponentially [2], the space
and time needed to store either the partition diagram or the
set of kernel strings is quadratic. The implication of this
result is that, in practical applications, we can efficiently
recover subsets of edge covers for a given path graph as
kernel strings are the base to generate combined strings. We
believe that the procedure presented will be the foundation
to generate edge covers for simple graphs, i.e., acyclic and
cyclic.
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