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Abstract— Covering Arrays (CAs) are combinatorial ob-
jects that, with a small number of cases, cover a certain
level of interaction of a set of parameters. CAs have found
application in a variety of fields where interactions among
factors need to be identified; some of these fields are biology,
agriculture, medicine, and software and hardware testing.
In particular, a covering array is anN × k matrix over an
alphabetv s.t. eachN × k subset contains at least one time
each combination from{0, 1, ..., v − 1}t, given a positive
integer valuet. The process of ensuring that a CA contains
each of thevt combinations is called verification of CA.
When CAs have many variables or their strength is greater
than 3, its verification is computationally very expensive.
In this paper we present an algorithm for CA verification
and its implementation details in sequential and parallel
computing.
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1. Introduction
The experimental design is a key piece in the software

development given that it allows to identify fails in the
software before it begins to operate. A good strategy to
test a software involves the generation of the whole set of
cases that participate in its operation. However, testing all
the possible cases of a program requires a great amount of
time, which can be inadmissible even for small programs
[1].

An alternative strategy to test a software is the use
of Covering Arrays (CAs). A Covering array (CA) is a
combinatorial object that, with a small number of cases,
covers a certain level of interaction of a set of parameters.
The meaning of level of interaction relates any subset oft

parameters of a matrix to the set of thevt different combi-
nations derived fromv different values. The confidence level
of the testing using combinatorial objects as CA increases
with the interaction level involved [2].

Covering arrays(CAs) have been object of study and
application in different research areas. Cawse [3] used CAs
in the material design, Hedayatet al. [4] used them in
medicine and agriculture; in biology and industrial processes
have also been used by Shashaet al. [5] and Pahdke [6]. CAs
have been used in hardware testing [7] but significantly the
area with the major application of these objects is in software

testing [8], [9]. Next, Definition 1.1 is a formal definition of
CA.

Definition 1.1 (Covering Array):Let N, t, k, v be posi-
tive integers witht ≤ k. A covering array, denoted by
CA(N ; t, k, v), of alphabetv, strengtht, is an arrayM of
sizeN × k, where each elementmi,j takes values from the
set S = {0, 1, 2, ..., v − 1} and each subset ofM of size
N × t contains all the possible combinations derived from
{0, 1, ..., v − 1}t symbols. In the rest of this document a
subset of sizeN × t will be known as at-tuple and the
initial t-tuple will be {1, 2, ..., t}.

To illustrate the CA approach applied to the design of
software testing, consider the Web-based system example
shown in Table 1, the example involves four parameters
each with three possible values. A full experimental design
(t = 4) should cover34 = 81 possibilities, however, if the
interaction is relaxed tot = 2 (pair-wise), then the number
of possible combinations is reduced to 9 test cases.

Table 1: Parameters of Web-based system example.

Browser OS DBMS Connections

0 Firefox Windows 7 MySQL ISDN
1 Chromium Ubuntu 10.10 PostgreSQL ADSL
2 Netscape Red Hat 5 MaxDB Cable

Figure 1 shows the CA corresponding toCA(9; 2, 4, 3);
given that its strength and alphabet aret = 2 and v = 3,
respectively, the combinations that must appear at least once
in each subset of sizeN×2 are{0, 0}, {0, 1}, {0, 2}, {1, 0},
{1, 1}, {1, 2}, {2, 0}, {2, 1}, {2, 2}.
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Fig. 1: A combinatorial design,CA(9; 2, 4, 3).

Finally, to make the mapping between the CA and the
Web-based system, every possible value of each parameter
in Table 1 is labeled by the row number. Table 2 shows
the corresponding pair-wise test suite; each of its nine
experiments is analogous to one row of the CA shown in
Figure 1.



Table 2: Test-suite covering all 2-way interactions,
CA(9; 2, 4, 3).

Experiments

1 Firefox Windows 7 MySQL ISDN
2 Firefox Ubuntu 10.10 PostgreSQL ADSL
3 Firefox Red Hat 5 MaxDB Cable
4 Chromium Windows 7 PostgreSQL Cable
5 Chromium Ubuntu 10.10 MaxDB ISDN
6 Chromium Red Hat 5 MySQL ADSL
7 Netscape Windows 7 MaxDB ADSL
8 Netscape Ubuntu 10.10 MySQL Cable
9 Netscape Red Hat 5 PostgreSQL ISDN

When aCA contains the minimum possible number of
rows, it is optimal and its size is called theCovering Array
Number(CAN ). TheCAN is defined according to

CAN(t, k, v) = min{N : ∃ CA(N ; t, k, v)}.

The trivial mathematicallower boundfor a covering array is
vt ≤ CAN(t, k, v), however, this number is rarely achieved.
Therefore determining achievable lower bounds is one of the
main research lines for CAs.

The construction ofCAN(2, k, 2) can be efficiently done
according with [10]; the same is possible forCA(2, k, v)
when the cardinality of the alphabet isv = pn, wherep is a
prime number andn a positive integer value [11]. However,
in the general case determining thecovering array number
is known to be a hard combinatorial problem [12], [13]. For
the values oft and v that no efficient algorithm is known,
we use approximated algorithms to construct them. Some
of these approximated strategies must verify that the matrix
they are building is a CA. If the matrix is of sizeN × k

and the interaction ist, there are
(

k

t

)

different combinations
which implies a cost ofO(N×

(

k
t

)

) for the verification (when
the matrix hasN ≥ vt rows, otherwise it will never be a
CA and its verification is pointless). For small values oft

and v the verification of CAs is overcame through the use
of sequential approaches; however, when we try to construct
CAs of moderate values oft, v andk, the time spent by those
approaches is impractical. Then, the necessity for parallel
algorithms to construct and verify CAs appears.

In this paper we propose an algorithm to verify that a
given matrix is a CA. The algorithm is implemented follow-
ing the sequential and parallel strategies. The performance of
each paradigm is experimentally compared with the purpose
of showing their particular limitations. The remaining of
the paper is organized as follows. Section 2 reviews related
work dedicated to the construction and verification of CAs.
Section 3 formally presents the problem of verifying a CA
and describes the approaches proposed in this paper to
verify CAs. Section 4 presents the methodology followed
to experimentally compare the approaches; this section ends
with some discussion derived from the results obtained from
the experiment. Section 5 presents the conclusions derived
from the research presented in this paper.

2. Relevant related work
Because of the importance of the construction of (near)

optimal CAs, much research has been carried out in develop-
ing effective methods for construct them. There are several
reported methods for constructing these combinatorial mod-
els. Among them are: (a) algebraic methods, (b) recursive
methods, (c) greedy methods, and d) meta-heuristics. In
this section we describe the relevant related work to the
construction of CAs.

Algebraic approaches construct CAs using predefined
rules. Most algebraic approaches compute CAs directly by
a mathematical function [14], [15]. The algorithms that use
recursive constructions generate a number of small CAs and
with them build CAs of greater size. These algorithms have
been used in Augmented Annealing [16] and CTS [17] to
construct CAs. The majority of commerce and open source
test data generating tools use greedy algorithms for cover-
ing array construction (AETG [18], TCG [19], DDA [20],
ACTS [12], [21], and IRPS [22]). Some meta-heuristics that
have been used to solve the CA problem are: Simulated
Annealing (SA) [23], [24], Tabu Search (TS) [25], [26] and
Memetic Algorithms (MA) [27].

All the algorithms already presented that construct cover-
ing arrays must contain a certificate that the resulting matrix
is indeed a CA. For general matrices, the certificate is given
by the verification process of a CA; this process requires
to test that the sub-matrices derived from the

(

k

t

)

different
t-tuples contain all the combinations of symbols found in
{0, 1, ..., v − 1}t. Hence, the cost of verifying a CA is a
time consuming task that is highly combinatorial and rapidly
becomes impractical to be solved by sequential approaches
(even for moderate values oft, k, v of the CA). It is there
where lies the necessity of a parallel strategy that makes
faster the verification process in larger CAs.

The next section presents sequential and parallel strategies
proposed in this paper to verify a given matrix as a CA.

3. How to verify CAs
A matrix M of sizeN × k is a CA(N ; t, k, v) iff every

t-tuple contains the set of combination of symbols described
by {0, 1, ..., v−1}t. We propose a strategy that uses two data
structures calledP and J , and two injections between the
sets oft-tuples and combinations of symbols, and the set of
integer numbers, to verify thatM is a CA.

Let C = {c1, c2, ..., c(kt)
} be the set of the differentt-

tuples. A t-tuple ci = {ci,1, ci,2, ..., ci,t} is formed by t
numbers, each numberci,1 denotes a column of matrix
M. The setC can be managed using an injective function
f(ci) : C → I betweenC and the integer numbers, this
function is defined in Equation 1.

f(ci) =

t
∑

j=1

(

ci,j − 1

i+ 1

)

(1)



Now, letW = {w1, w2, ..., wvt} be the set of the different
combination of symbols, wherewi ∈ {0, 1, ..., v − 1}t.
The injective functiong(wi) : W → I is defined as
done in Equation 2. The functiong(wi) is equivalent to the
transformation of av-ary number to the decimal system.

g(wi) =

t
∑

j=1

wi,j · v
t−i (2)

The use of the injections represents an efficient method
to manipulate the information that will be stored in the data
structuresP and J used in the verification process ofM
as a CA. The matrixP is of size

(

k

t

)

× vt and it counts
the number of times that each combination appears inM in
the differentt-tuples. Each row ofP represents a different
t-tuple, while each column contains a different combination
of symbols. The management of the cellspi,j ∈ P is done
through the functionsf(ci) andg(wj); while f(ci) retrieves
the row related with thet-tupleci, the functiong(wi) returns
the column that corresponds to the combination of symbols
wi. The vectorJ is of sizet and it helps in the enumeration
of all the t-tuplesci ∈ C.

Table 3 shows an example of the use of the functiong(wj)
for the Covering ArrayCA(9; 2, 4, 3) (shown in Figure 1).
Column 1 shows the different combination of symbols.
Column 2 contains the operation from which the equivalence
is derived. Column 3 presents the integer number associated
with that combination.

Table 3: Mapping of the setW to the set of integers using
the functiong(wj) in CA(9; 2, 4, 3) shown in Figure 1.

W g(wi) I

w1 ={0,0} 0 · 31 + 0 · 30 0
w2 ={0,1} 0 · 31 + 1 · 30 1
w3 ={0,2} 0 · 31 + 2 · 30 2
w4 ={1,0} 1 · 31 + 0 · 30 3
w5 ={1,1} 1 · 31 + 1 · 30 4
w6 ={1,2} 1 · 31 + 2 · 30 5
w7 ={2,0} 2 · 31 + 0 · 30 6
w8 ={2,1} 2 · 31 + 1 · 30 7
w9 ={2,2} 2 · 31 + 2 · 30 8

The matrixP is initialized to zero. The construction of
matrix P is direct from the definitions off(ci) andg(wj);
it counts the number of times that a combination of symbols
wj ∈ W appears in each subset of columns corresponding to
a t-tupleci, and increases the value of the cellpf(ci),g(wj) ∈
P in that number.

Table 4b shows the use of injective functionf(ci). Table
4b presents the matrixP of CA(9; 2, 4, 3). The different
combination of symbolswj ∈ W are in the first rows. The
number appearing in each cell referenced by a pair(ci, wj)
is the number of times that combinationwj appears in the
set of columnsci of the matrixCA(9; 2, 4, 3).

In summary, to determine if a matrixM is or not a CA
the number of different combination of symbols pert-tuple

is counted using the matrixP . The matrixM will be a CA
iff the matrix P contains no zero in it.

Several approaches can be followed to implement this
strategy to verify a CA. The traditional one is the sequential
algorithm (one instruction at a time), other approach is
parallel computing. These strategies use the data structures
described in this section and are discussed in the following
subsections.

3.1 Sequential Algorithm (SA) to verify CAs
The Sequential Algorithm (SA) takes as input a matrix

M and the parametersN, k, v, t that describe the CA that
M can be. Also, the algorithm requires the setsC andW
and, without lost of generality, the valuesKl andKu that
represent the first and lastt-tuple to be verified (which for
SA areKl = 1,Ku =

(

k
t

)

). SA outputs the total number
of missing combinations in the matrixM to be a CA.
The algorithm first counts for each differentt-tuple ci the
times that a combinationwj ∈ W is found in the columns
of M corresponding toci. After that, SA calculates the
missing combinationswj ∈ W in ci. Finally, the algorithm
transformsci into ci+1, i.e. it determines the nextt-tuple to
be evaluated.

The pseudo-code for SA is presented in Algorithm 1. For
each differentt-tuple (lines 5 to 21) the algorithm performs
the following actions: counts the expected number of times
a combinationwj appears in the set of columns indicated
by J (lines 6 to 11, where the combinationwj is the one
appearing inMn,J , i.e. in rown and t-tuple J); then, the
counter covered is increased in the number of different
combinations with a number of repetitions greater than zero
(lines 10 and 11). After that, the algorithm calculates the
number of missing combinations (line 12). The last step of
each iteration of the algorithm is the calculation of the next
t-tuple to be analyzed (lines 13 to 21). The algorithm ends
when all thet-tuples have been analyzed (line 5).

3.2 Parallel Approach (PA) to verify CAs
The parallel strategy to verify CAs is simple. It involves

a block distribution model of the set oft-tuples. The setC is
divided inton blocks, wheren is the processors number; the
size of blockB is equal to⌈C

n
⌉. The block distribution model

maintains the simplicity in the code; this model allows the
assignment of each block to a different core such that SA
can be applied to verify the blocks.

To make the distribution of work, it is necessary to
calculate the initialt-tuple f for each core according to its
ID (denoted byrank), whereF = rank · B. Therefore it is
necessary a method to convert the scalarF to the equivalent
t-tuple ci ∈ C. The sequential generation of eacht-tuple
ci previous tocF can be a time consuming task. There is
where lies the main contribution of our parallel approach; its
simplicity is combined with a clever strategy for computing
the initial t-tuple of each block.



Table 4: Example of the matrixP resulting fromCA(9; 2, 4, 3) presented in Figure 1.

(a) Applying f(ci).

ci
index t-tuple f(ci)

c1 {1, 2} 0
c2 {1, 3} 1
c3 {1, 4} 3
c4 {2, 3} 2
c5 {2, 4} 4
c6 {3, 4} 5

(b) Matrix P .

g(wj)
f(ci) {0,0} {0,1} {0,2} {1,0} {1,1} {1,2} {2,0} {2,1} {2,2}

0 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1
2 1 1 1 1 1 1 1 1 1
3 1 1 1 1 1 1 1 1 1
4 1 1 1 1 1 1 1 1 1
5 1 1 1 1 1 1 1 1 1

Algorithm 1: SA, sequential algorithm to verify a CA.
1 t_wise(MN,k, v, t,Kl,Ku)
2 begin
3 Miss← 0, iMax ← t− 1, P ← 0

/* Get initial t-tuple */
4 J ← getInitialTuple(k, t, cKl

)
5 while Jt ≤ k and f(J) ≤ Ku do
6 covered← 0
7 for n← 1 to N do
8 Pf(J),g(Mn,J ) ← Pf(J),g(Mn,J ) + 1

9 for j ← 1 to vt do
10 if Pf(J),j > 0 then
11 covered← covered + 1

12 Miss←Miss + vt − covered

/* Calculates the next t-tuple */
13 Jt ← Jt + 1
14 if Jt > k and iMax > 0 then
15 JiMax ← JiMax + 1
16 for i← iMax + 1 to t do
17 Ji = Ji−1 + 1

18 if JiMax > k − t + iMax then
19 iMax ← iMax − 1
20 else
21 iMax = t

22 return Miss

We propose the Algorithm 2 as a method that generates
cF , according to a lexicographical, without generating its
previoust-tuplesci, wherei < F . To explain the purpose
of the Algorithm 2, lets consider theCA(9; 2, 4, 3) shown
in Figure 1. This CA has as setC the elements found in
column1 of Table 4a. The algorithmgetInitialTuple
with input k = 4, t = 2, F = 3 must returnJ = {1, 4}, i.e.
the values of thet-tuple c3. The Algorithm 2 is optimized
to find the vectorJ = {J1, J2, ..., Jt} that corresponds to
F . The valueJi is calculated according to

Ji = min
j≥1







∆i ≤

j
∑

l=Ji−1+1

(

k − l

t− i

)







where

∆i = F −
i−1
∑

m=1

Jm−1
∑

l=Jm−1+1

(

k − l

t−m

)

and
J0 = 0.

Algorithm 2: Get initial t-tuple to PA.
1 getInitialTuple(k, t, ci)

Output : Initial t-tuple each core
2 begin
3 Θ← i, iK ← 1, iT ← 1

4 kint ←
(

k−iK
t−iT

)

5 for i← 1 to t do
6 while Θ > kint do
7 Θ← Θ− kint

8 iK ← iK + 1

9 kint ←
(

k−iK

t−iT

)

10 Ji ← iK

11 iK ← iK + 1
12 iT ← iT + 1

13 kint ←
(

k−iK
t−iT

)

14 return J

In conclusion, the Algorithm 2 only requires the computa-
tion ofO(t×k) binomials to compute then initial t-tuples of
the PA. This represents a great improvement in contrast with
the naive approach that would require the generation of all
the

(

k
t

)

t-tuples, as done in the SA. The next section presents
the experimental results of using SA and PA approaches
proposed in this paper applied to the verification of CAs.

4. Experimental design to compare the
different approaches to verify a CA

This section presents an experimental design and results
derived from testing the approaches described in the last
section. The purpose of the experiment is to show the
performance of each approach and the limitations that one
can find on them. The two approaches were implemented
in C language. SA was compiled withgcc -O3and PA was
compiled withmpicc -O3. SA and PA were run in the Tirant
supercomputer belonging to the Spanish Supercomputing
Network [28].

In order to show the performance of the verification of
CAs algorithm, two experiments were developed. The first
experiment uses a benchmark that contains 16 binary CAs,
the second experiment uses a benchmark that contains 16
ternary CAs. Each benchmark was created using the follow-
ing parameters:t = {2, 3, 4}, k = {64, 128, 256, 512}.
We developed a specific implementation of Galois algo-
rithm [11], enhanced by the use of logarithmic tables [29].
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(c) Speedup (t = 4)
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(d) Efficiency (t = 2)
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(e) Efficiency (t = 3)
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(f) Efficiency (t = 4)

Fig. 2: Performance analysis whent = {2, 3, 4} k = {64, 128, 256, 512} andv = 2.

We use this implementation to generate the 32 CAs. For
simplicity, the only multi-core approach considered during
the comparison was PA having a maximum number of cores
of 16 and the maximum time was 48 hours.

The comparison was based on the speedup (S) and the
efficiency (E) on a parallel architecture against a single core
case. We define speedup as the factor by which the execution
time for the application changes,S(n) = τ(s)

τ(n) , whereτs is
execution time on a single processor andτn is execution
time on a multiprocessor. Efficiency gives fraction of time
that processors are being used on computation, (E = S(n)

n
).

4.1 Binary benchmark
This subsection presents a comparison between the SA

and PA approaches using a binary benchmark with the
purpose of studying the variation in the performance between
a single core approach and an approach with more than one
core. Table 5 shows the time (in seconds) spent by SA and
PA to verify the experimental CAs. The first four columns
describe the test case, the rest of the columns show the time
spent by SA and PA, respectively, to verify each instance.

Figures 2a and 2d shows the performance achieved for
the instances of strengtht = 2; it is possible to observe that
for almost all the cases the speedup is almost linear up to4
cores, and after that it drops considerably. Figures 2b and 2e
shows the performance for the instances wheret = 3. A
linear speedup up to8 cores, and after that it drops slightly.
Figures 2c and 2f shows the performance for the instances

Table 5: Comparison of the performance of SA and PA. This
table shows the time (in seconds) spent by each approach
when verifying the chosen benchmark.

N t k v SA PA (16 cores)

64 2 64 2 0.000382 0.000108
64 3 64 2 0.018693 0.001287
64 4 64 2 0.662790 0.044016
64 5 64 2 14.490000 0.911106
128 2 128 2 0.001592 0.000182
128 3 128 2 0.159930 0.010300
128 4 128 2 12.760802 0.812173
128 5 128 2 709.999744 47.536213
256 2 256 2 0.005984 0.000580
256 3 256 2 1.276129 0.079378
256 4 256 2 206.547729 13.151242
256 5 256 2 27240.528490 1753.620271
512 2 512 2 0.024898 0.001681
512 3 512 2 10.938686 0.685710
512 4 512 2 3568.107378 231.240136
512 5 512 2 898675.740682 69418.805718

where t = 4. The performance shows a better behavior in
the speedup and the efficiency than the ones observed for the
cases wheret = {2, 3}, i.e. the speedup is almost linear and
the efficiency is almost 100% in all the instances showed.

4.2 Ternary benchmark
This subsection presents a comparison between the SA

and PA approaches using a benchmark that contains 16
ternary CAs. The Table 6 shows the time (in seconds) spent
by SA and PA to verify the experimental CAs. The first four
columns describe the test case, the rest of the columns show
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Fig. 3: Performance analysis whent = {2, 3, 4}, k = {64, 128, 256, 512} andv = 3.

the time spent by SA and PA, respectively, to verify each
instance. A cell in the table with the expressionn.a. denotes
that this experiment does not end at the maximum available
time (48 hours).

Table 6: Comparison of the performance of SA and PA. This
table shows the time (in seconds) spent by each approach
when verifying the chosen benchmark.

N t k v SA PA (16 cores)

64 2 64 3 0.000430 0.000255
64 3 64 3 0.104173 0.009200
64 4 64 3 2.233600 0.143011
64 5 64 3 35.201100 2.217308
128 2 128 3 0.007564 0.000590
128 3 128 3 1.109700 0.071200
128 4 128 3 68.076500 4.308390
128 5 128 3 2134.342164 135.955665
256 2 256 3 0.026556 0.001728
256 3 256 3 9.335492 0.584722
256 4 256 3 1895.894700 124.724641
256 5 256 3 132781.989216 9024.639374
512 2 512 3 0.112200 0.007339
512 3 512 3 80.039744 5.056195
512 4 512 3 41956.982600 2733.268051
512 5 512 3 n.a. n.a.

To illustrate the scalability of our parallel algorithm we
use the cases whent = {2, 3, 4}, k = {64, 128, 256, 512}
and processors = {4, 8, 12, 16}. The Figure 3 shows that
the acceleration is almost linear and the efficiency is about
95% whenv = 3. Therefore we can conclude that our
parallel algorithm scales very well.

5. Conclusions

This paper presents sequential and parallel approaches to
solve the problem of verifying CAs. The approaches were
used to verify a benchmark formed by 32 matrices which
were proposed to be verified as CAs. The CAs to be verified
have alphabetsv = {2, 3}, strengthst = {2, 3, 4, 5} and
number of columnsk = {64, 128, 256, 512}.

The results of the two experiments presented showed SA
as a good option whent ≤ 3; however, this approach
consumed a lot of time whent ≥ 4 and k > 128 which
made it impractical to use.

We proposed an optimized algorithm to calculate the
initial t-tuple, its computational cost isO(t×k). PA approach
worked well in the cases whent > 2. In general, the results
showed that the partition strategy proposed for PA was
efficient for the CA verification problem due to it required an
almost null communication; this fact is observed in the linear
speedup seen experimentally. Therefore we can conclude that
our parallel algorithm scales very well.

Finally, given that the results gave birth to new CAs,
another contribution of this paper is a new set of CAs
which have been concentrated in the repository avail-
able at http://www.tamps.cinvestav.mx/~jtj/
CA.php. In this web site it is possible to download the
CAs, with better upper bounds than the ones given at the
NIST Web site [30]. The current best upper bounds can be
found in [31].
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