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Abstract— We are interested in simple cellular automata
(CA) and their computational and dynamical properties. In
our past and ongoing work, we have been investigating (i)
asymptotic dynamics of various types of CA and (ii) different
communication models for CA. In this paper, we specifically
focus on the convergence properties of a very simple kind
of totalistic CA, namely, those defined on one-dimensional
arrays where each cell or node updates according to the
Boolean Majority function: the new state of a cell becomes
1 if and only if a simple majority of its inputs are currently
in state 1, and it becomes 0 otherwise. We have observed
in our prior work that such CA tend to have relatively
simple asymptotic dynamics: a short transient chain followed
by convergence to a “fixed point”. We now provide solid
statistical evidence for these conjectures, based on our
recent extensive computer simulations of Majority 1-D CA.
In particular, we study the convergence properties of such
CA for two communication models: one is the classical,
parallel CA model with perfectly synchronous cell updates,
and the other are CA whose cells update sequentially, one at
a time; we consider two variants of such sequential update
regimes. We simulate CA whose sizes range up to 1,000
cells, and demonstrate very fast (in particular, sublinear),
and very slowly decreasing with an increase in the total
number of cells, speeds of convergence. Finally, we draw
conclusions based on our extensive simulations and outline
some interesting questions to be considered in the future
work.

Keywords: models for parallel and distributed computing, cellular
automata, simple threshold Boolean functions, asymptotic dynam-
ics, convergence properties

1. Introduction and Motivation
Cellular automata (CA) were originally introduced as an

abstract mathematical model of biological systems capable
of self-reproduction [13]. CA have been extensively studied
in many different domains, especially in the context of mod-
eling and simulation of complex physical, biological, social
and socio-technical systems and their collective dynamics;
see, e.g., [6], [7], [21], [25], [28], [29], [30]. However, CA
have also been viewed as an abstraction of massively par-
allel computers [5], [16], [23]. While most of the previous
research in computer and computational sciences on CA and

similar models have used these models as abstractions of
parallel hardware architectures, in our prior and ongoing
work we have viewed these discrete dynamical system mod-
els as useful abstractions of open distributed environments
at the software level [16], [17]. In particular, we view CA
and related Boolean network automata as formal models of
autonomously executing local processes that are reactive,
persistent, and coupled to and interacting with one another.
Even when the individual processes are rather simple, their
mutual interaction and synergy may, in general, potentially
yield a highly complex and difficult to predict long-term
global behavior [17], [18], [24], [25].

This short paper has two main purposes. On the one
hand, we experimentally investigate and validate several
conjectures about the overall dynamics and hence possible
computations of Majority CA, that were based on mainly an-
alytical and conceptual considerations (but, in several cases
not rigorously mathematically proven by either ourselves or,
as far as we know, other researchers); see e.g. [21], [23],
[24], [25]. On the other hand, our extensive simulations and
statistical analysis of simulation results also provide some
novel insights into the overall properties of Majority CA
dynamics, with implications for various biological, social,
socio-technical and computational systems and phenomena
that can be modeled as such cellular automata.

We have established elsewhere [20], [21] that the number
of possible distinct asymptotic dynamics of Majority CA
grows exponentially with the number of cells. Consequently,
already for the number of cells of the order of hundreds,
exhaustive simulations of all possible dynamics is com-
putationally infeasible. We therefore undertake a statisti-
cal experimental study, where we randomly sample initial
configurations, then evolve a Majority Cellular Automaton
(abbreviated as MAJ CA) from such a random initial con-
figuration, then statistically analyze the obtained results with
the focus on the speed of convergence to a fixed point.

The rest of the paper is organized as follows. We provide
formal definitions of CA models and cell update rules of
interest in the next section. We briefly review the most
relevant prior art. We then summarize and discuss the
statistics of our simulation experiments on MAJ CA (with
both parallel and sequential cell update regimes) with up
to 1,000 cells, and correlate these experimental findings
with our prior theoretical results and conjectures about the



MAJ CA convergence properties. Finally, we draw some
conclusions and outline several directions for our ongoing
and possible future work.

2. Cellular Automata Basics
We formally define classical CA in two steps: we first

introduce the notion of a cellular space, and then define a
cellular automaton over an appropriate cellular space. We
then define the sequential version of the “default” (that is,
parallel) CA.

Definition 2.1: A Cellular Space, Γ, is an ordered pair
(G,Q), where

– G is a regular undirected Cayley graph that may be finite
or infinite, with each node labeled with a distinct integer; and

– Q is a finite set of states that has at least two elements,
one of which is the special quiescent state, denoted by 0.

We denote the set of integer labels of the nodes in Γ by
L. That is, L may be equal to, or be a proper subset of, the
set of all integers.

Definition 2.2: A Cellular Automaton A is an ordered
triple (Γ, N,M), where

– Γ is a cellular space;
– N is a fundamental neighborhood; and
– M is a finite state machine whose input alphabet is

Q|N |, and the local transition function (update rule) for each
node is of the form δ : Q|N |+1 → Q for CA with memory,
and δ : Q|N | → Q for memoryless CA.

The fundamental neighborhood N specifies which near-
by nodes provide inputs to the update rule of a given node.
The local transition rule δ specifies how each node updates
its state (that is, value), based on its current state, and the
current states of its neighbors in N . By composing together
the application of the local transition rule to each of the
CA’s nodes, we obtain the global map on the set of global
configurations of a CA.

We note that we use the terms node and cell interchange-
ably throughout the paper to refer to the elementary single
computational unit of a CA.

Definition 2.3: A Sequential Cellular Automaton (SCA)
S is an ordered quadruple (Γ, N,M, s), where Γ, N and
M are as in Definition 2.2, and s is an arbitrary sequence,
finite or infinite, all of whose elements are drawn from the
set L of integers used in labeling the vertices of Γ. The
sequence s is specifying the sequential ordering according
to which an SCA’s nodes update their states, one at a time.

We now adopt a (discrete) dynamical system view of CA
in order to be able to meaningfully discuss their dynamics.
A phase space of a dynamical system is a directed graph
where the vertices are the global configurations (or global
states) of the system, and directed edges correspond to direct
transitions from one global state to another. One can define
the fundamental types of global configurations that a CA can
find itself in. These different types of configurations relate
to key properties of asymptotic dynamics of CA (or other

similar models when viewed as discrete dynamical systems).
We have been investigating configuration space properties
of parallel and sequential CA as they capture qualitatively
distinct types of possible dynamics of systems abstracted as
those various types of CA [17], [21], [22], [26].

We define the fundamental types of dynamical system
configurations for parallel CA. These definitions are also ap-
plicable to finite SCA whose sequential update orderings are
required to be permutations. In this paper, we only consider
such, permutation ordering based, SCA; for a discussion
on how to modify the definitions of fundamental types of
configurations below in order to make them applicable to
SCA with more general sequential update orderings, see
[23], [24], [25].

Our classification is based on answering the following
question: starting from a given global CA configuration, can
this CA return back to that same configuration after a finite
number of computational steps?

Definition 2.4: A fixed point (FP) is a configuration in
the phase space of a CA such that, once the CA reaches
this configuration, it stays there forever. A (temporal) cycle
configuration (CC) is a configuration that, once reached,
will be revisited infinitely often with a fixed, finite temporal
period of 2 or greater. A transient configuration (TC) is
a configuration that, once reached, is never going to be
revisited again.

In particular, a FP is a special, degenerate case of a recur-
rent state with period 1. Due to deterministic evolution, any
configuration of a classical, parallel CA or a permutation-
based sequential CA necessarily has to be exactly one of
three: a FP, a “proper” CC, or a TC.

Among various cell update rules for CA, totalistic rules
based on Boolean functions that are symmetric with respect
to all of their inputs have been researched particularly
extensively (e.g., [27], [28], [29]). Totalistic Boolean update
rules, in general, need not be monotone. The restricted
ones that however are monotone (in addition to being
symmetric), have been argued in our prior work to be
amenable to mathematical analysis, where many (but not
all) interesting properties of the possible resulting dynamics
can be explicitly analytically proved. We call such Boolean
update rules that are both monotone and symmetric simple
threshold update rules (see below for definitions). Examples
of simple threshold update rules include Boolean AND and
OR functions, as well as functions such as “update to 1 if
and only if at least 3 out of 7 current inputs are 1”, and so
on. Arguably the most interesting such rule, in terms of the
corresponding CA’s dynamics, is the Majority update rule:
a cell updates to 1 if and only if a simple majority of its
inputs (that is, relevant neighboring cells) are currently in
state 1.

We next formally define (simple) linear threshold func-
tions and the corresponding types of (S)CA. We then focus
on the Majority update rule.



Definition 2.5: A Boolean-valued linear threshold func-
tion of m inputs, x1, ..., xm, is any function of the form

f(x1, ..., xm) =

{
1, if

∑
i wi · xi ≥ θ

0, otherwise
(1)

where θ is an appropriate threshold constant, and w1, ..., wm

are arbitrary (but fixed) real numbers called weights.
A threshold cellular automaton (threshold (S)CA) is a

(parallel or sequential) cellular automaton where δ is a
Boolean-valued linear threshold function.

Definition 2.6: A simple threshold (S)CA is a cellular au-
tomaton whose local update rule δ is a monotone symmetric
Boolean threshold function.

As already observed, the most interesting simple threshold
CA are those with Majority (abbreviated as MAJ) function
as the cell update rule [23], [24], [25]. We have extensively
analytically studied Majority CA in our prior work, and
proven a number of interesting phase space properties for
sequential and parallel CA with δ = MAJ [21], [22],
[25]. We have also made some conjectures about overall
phase space structures in general, and rates of convergence
in particular, in our prior work.

In the present paper, we summarize out simulation results
on MAJ CA of small to intermediate sizes (up to 1000
cells) and provide strong statistical evidence that most of
our conjectures dating back to the early and mid 2000s
were correct. We also share some interesting findings that
were not necessarily in accordance with our expectations
based on prior mathematical and conceptual analysis of MAJ
CA. Therefore, the present paper, whose results are mostly
of experimental nature, in essence complements our prior,
mostly analytical, investigation of MAJ CA in parallel and
sequential settings.

3. Related Work
Various models of cellular and network automata have

been studied in a broad variety of scientific disciplines
and research areas, from unconventional models for parallel
and distributed computing (e.g., [5], [12], [25]), to complex
dynamical systems in physics [6], [7], to theoretical biology
[10], [11]. Various sequential and asynchronous variants of
CA have also been relatively extensively studied, and in
particular, compared and contrasted in various ways with
the classical, parallel CA [3], [4], [9], [21], [24], [25].

Computational aspects of the classical Cellular Automata
have been investigated in various contexts. Prior to the
1980s, most of the theoretical work dealt with infinite
CA and the fundamental (un)decidability results about the
global CA properties. Systematic study of a broad variety
of computational aspects of CA defined on finite cellular
spaces, from topological to formal language theoretic to
computational complexity theoretic, was prompted in the
1980s by the seminal work of S. Wolfram [27], [28], [29].

Among other issues, Wolfram addressed the fundamental
characteristics of CA in terms of their computational expres-
siveness and universality. He also offered the first broadly
accepted classification of all CA into four qualitatively
distinct classes in terms of the structural complexity of the
possible computations or, equivalently, dynamics.

Classical CA are a parallel computational model that
is characterized by perfect synchrony of the parallel node
updates. This perfect synchrony implies, in effect, logical
simultaneity, and is hard to justify on either physics or
computer science grounds. By allowing the nodes to update
one at a time, one arrives at a sequential version of CA,
called Sequential Cellular Automata (SCA), and sequential
versions of the corresponding more general graph automata
[20], [24], [25]. One interesting general question in this con-
text is, what are the differences in asymptotic dynamics of
CA with a given local update rule, as a function of the under-
lying inter-cell communication model? We have analytically
addressed this question in our prior work [21], [22], [24],
[25]. The present paper complements the theoretical results
in our earlier research and offers experimental and statistical
comparison-and-contrast, based on extensive simulations, of
parallel and sequential CA convergence properties when the
cells update according to the Majority rule.

Stable configurations, also known as fixed points (FPs),
of CA and other discrete dynamical system models have
been extensively studied in the literature. Some classical
computational problems about FPs include computational
hardness (or easiness) of (i) determining the FP existence,
(ii) enumerating (exactly or approximately) their number,
(iii) determining their reachability from various starting con-
figurations, and (iv) determining the worst-case or average-
case convergence to a FP. Our focus in the present paper is
on asymptotic dynamics of Majority CA, and we contribute
to the better understanding of the problem (iv) above, in
the context of what are the average or expected convergence
speeds to a FP for this restricted type of totalistic Boolean
CA. Some references that address various aspects related to
FPs in cellular automata, more general graph automata and
discrete Hopfield networks include [1], [2], [11], [14], [15],
[18], [20], [21], [24], [25].

4. Convergence Properties of Parallel
and Sequential Majority CA

We now focus on the main goals of this paper: investi-
gating the convergence properties of Majority (MAJ) one-
dimensional (1D) CA defined on finite cellular spaces, in
both parallel and sequential settings. The two main input
parameters (beside whether the cells update sequentially
or in parallel) are the total number of cells, n, and the
Majority update rule radius, r. We assume CA with memory
throughout; hence, the next state of a cell c[i] depends on the
cell’s own current state, as well as states of its neighbors:



r neighbors to the left and r neighbors to the right from
position i, for the total of 2r + 1 inputs. Throughout, we
assume MAJ CA with circular boundary conditions; that is,
the underlying cellular spaces in what follows are always
rings defined on an appropriate number of cells. So, the
nearest left neighbor of cell c[1] is cell c[n], the 2nd nearest
left neighbor is c[n− 1], etc.

Our first specific objective is to determine the implications
of the underlying communication model (parallel vs. se-
quential) on the speed of convergence from a random initial
configuration to a fixed point. While (in the case of parallel
MAJ CA) it is also possible that (depending on the initial
configuration) a temporal two-cycle, as opposed to a FP, is
reached [23], [24], [21], we have excluded those (very rare)
cases and sampled statistics solely for the “typical” behavior,
which is convergence to a FP. (This behavior is typical for
parallel MAJ CA, and indeed the only possible for arbitrary
sequential CA, as our prior work cited above establishes.)
Based on prior theoretical investigations, as well as what is
known from scientific large-scale parallel computing (e.g.,
Gauss-Seidel vs. Jacobi methods in numerical linear alge-
bra), we expected that MAJ SCA, everything else being
equal, would converge to a FP faster than corresponding
MAJ parallel CA with the same parameter values n and r.
This prediction has been corroborated via our simulations,
as will be discussed in more detail below.

Our second specific objective is to investigate how the
speed of convergence, for a given number of cells, changes
with the rule update radius r; we have experimented with
the rule radii ranging from r = 1 to r = 5. For the Majority
update rule, cell c[i] updates to 1 if and only if at least r+1
of its current updates are in state 1 (since r + 1 constitutes
a simple majority of 2r + 1 input values).

To understand the dependence of speed of convergence
as a function of rule radius r, one needs to first understand
what the typical FP configuration looks like. In our prior
work, we have classified MAJ CA FPs into three categories
[23], [24]. While there are “atypical” FP configurations that
are characterized by particular spatial symmetries (whose
details depend on n, r and the boundary conditions), a
typical fixed point is made of alternating “stable blocks”
of consecutive 0s and consecutive 1s, where the size of
the minimal stable block depends on r. The extreme cases
are special configurations 0n and 1n, that are made of all
zeros and of all ones, respectively; but (for nontrivial sizes
n) the most common FPs are made of some number of
smaller stable blocks, where blocks of 0s and blocks of 1s
alternate with each other. To illustrate our point here, some
examples of such “typical” FPs for MAJ CA on n = 10
nodes and with rule radius r = 1 (and assuming circular
boundary conditions) include 0001111000, 0111001110 and
1110011000.

It is easy to see that, given r ≥ 1, any block of consecutive
r + 1 or more zeros is stable, and likewise with blocks

of r + 1 or more consecutive ones. Hence, for example, a
subconfiguration made of two consecutive cells c[i]c[i+1] =
00 is stable for r = 1, but it is not stable for r ≥ 2.
Consequently, given a fixed number of cells n, (i) the number
of FPs of MAJ CA with n nodes monotonically decreases as
r increases, and (ii) for the parallel cell update regime, the
expected convergence time (number of iterations) to a FP
decreases as r increases. We have analytically established
property (i) in our prior work; we experimentally validate
property (ii), at least for the parallel and certain sequential
cell update regimes, in the present paper (see below).

We summarize our simulation framework, and then dis-
cuss our results in the context of the two main objectives
that we have described above. Three sets of simulations
were done: one for parallel cell updates and two for different
kinds of sequential updates. In one sequential case, the cells
update, in each iteration, according to a fixed ordering: first
node c[1], then c[2], etc., all the way to c[n]. Once c[n] has
updated, the global iteration of SCA configuration update
is done, and the next iteration begins with c[1] updating
first, etc. In the second sequential case, at the beginning
of each iteration, a random permutation of integers [1..n]
is generated, and then the cells are updated according to
that permutation. Since a random permutation is generated
before each iteration, in general, (i) the node update ordering
will differ from one iteration to the next, and (ii) there is no
way to “tweak” the speed of convergence based on the node
update orderings, as those are (pseudo-)random and hence
unpredictable from one global iteration to the next. We shall
see shortly that these two different kinds of sequential node
update orderings lead to considerably different convergence
behaviors.

For a given n, the initial configuration is selected at
random, where each cell’s initial value is selected randomly
and equi-probably to be 0 or 1. This implies, in particular,
that (i) the initial cell values are i.i.d random variables and
(ii) that a “typical” initial configuration (for large enough
n) is going to have roughly the same number of 0s and 1s.
Once a random initial configuration is selected, the parallel
or sequential CA is evolved fully deterministically (modulo,
in the Sequential2 case, the random choice of node update
ordering before each iteration, as explained above).

To obtain statistically significant results, for each scenario,
and each combination of values of n and r, a total of 1,000
simulation runs were performed and recorded. Each run
starts from a fresh randomly generated initial configuration
(hence, for n ≥ 20, it is extremely unlikely that the same
initial configuration will be “hit” twice). The convergence
rates, that is, the average number of global iterations until
an FP is reached in each scenario, are then determined
as averages (arithmetic means) over those 1,000 runs. We
have also computed standard deviations for each choice of
parameter values (not captured in the plots below, but we
plan to use these results in our ongoing and future work).



We note that our Java-based Majority CA simulator is easy
to use and has a simple but nice user interface. A snapshot of
the simulator’s GUI is given in Figure 0 below. We intend
to make a version of the simulator freely available to the
scientific community in the near future.

Figure 0: A snapshot of the GUI of our Majority CA simulator.

Next, we briefly summarize predictions of what kind of
convergence behavior we expected to see. We will then
present our results, followed by discussion where our pre-
dictions turned out to be correct, and where they did not
– and what are possible explanations for the experimental
results we have obtained.
• In both parallel and sequential cases, a typical dynamic

evolution of a MAJ CA is a short transient chain
followed by reaching a FP (that is, a fairly fast conver-
gence to a FP); if our simulations are done correctly,
this is what the statistics we get should corroborate.

• For the same values of n and r, either sequential regime
should lead to a faster convergence than the parallel cell
update regime.

• For a given n, the speed of convergence should (very
slightly) slow down with an increase in r.

• For a given r, the average number of iterations until
convergence should very slowly (more specifically, sub-
linearly) increase with increase in n.

• For n ≥ 20 (meaning: one million or more possi-
ble configurations), “hitting” probabilistically unlikely
events, such as a temporal two-cycle, or reaching the
same FP multiple times, should be observed very sel-
dom or never.

One aspect where our intuition turned out to be misleading
(and where our prior analytical work on the Majority CA
with various communication models shed no light, one way
or the other), is the question of whether considerable differ-
ences in convergence behaviors between the two sequential
models under consideration are to be expected. Since, for
each run, new random initial configuration is generated, the
particular choice of fixed permutation in method Sequential1
(we simply chose the permutation (1, 2, ..., n)) is expected
to be immaterial – it is just as good (or bad) as any other

fixed ordering of sequential node updates. Therefore, the
question boils down to, how does updating according to
an arbitrary but fixed sequential ordering compare with
updating according to a new (hence, in general, different)
random update ordering from one global iteration to the
next? Our initial prediction was that there should be no
major differences in convergence behaviors; this, however,
turns out to be false (see Figures 2 and 3 below), and we
are still seeking explanation of this experimentally observed
phenomenon.

In Figures 1 - 3, the total number of nodes of a MAJ CA,
n, is captured along the x-axis, whereas the y-axis captures
the average number of iterations until convergence to an
FP, from 1,000 randomly generated initial configurations and
given the values of n and r.

Figure 1 provides the summary of the speed of conver-
gence statistics for parallel Majority CA:

Figure 1: Convergence rates of parallel MAJ CA on up to n =

1, 000 nodes.

The general behavior pattern – a fairly short transient tail
followed by an FP – has certainly been confirmed by our
simulations. Also, as predicted, (i) convergence rates are very
slowly growing, concave functions of the number of cells
n, and (ii) for the same n, larger rule radius r generally
implies faster convergence. However, this dependence of
convergence rate on r is most pronounced for r = 1
as contrasted with r ≥ 2; but, for r = 4 and r = 5,
the convergence rates already appear practically statistically
indistinguishable. Based on the underlying mathematics, we
would expect to see some separation of convergence speeds
among different values of r ≥ 4 only once the number of
cells n is considerably larger than relatively modest n =
1000, the max. number of cells captured by our simulations.

What is the convergence behavior of sequential MAJ CA?
The summary of our simulations, for SCA (i) Sequential1
updating of cells according to the fixed ordering (1, 2, ..., n)
and (ii) Sequential2 updating where a new permutation
ordering is randomly generated before each iteration, is
captured in Figures 2 and 3, respectively:



Figure 2: Convergence rates of sequential MAJ CA whose cells
update according to the fixed permutation (1, 2, ..., n), and on
cellular spaces with up to n = 1, 000 nodes.

Figure 3: Convergence rates of sequential MAJ CA with random
update ordering on each iteration, and on cellular spaces with up
to n = 1, 000 nodes.

When the sequential ordering is generated at random prior
to each iteration, we observe exactly what we expected –
very similar shapes of the convergence curves to those in the
parallel case, except that now the convergence takes place
faster. In particular, even for n = 1000, and for the values
of r we have considered, it (on average) takes only slightly
more than 2 global iterations to reach a FP. In contrast, for
parallel MAJ CA on n = 1000 nodes, the average number
of iterations until convergence to a FP is around or below
3 for r ≥ 3, slightly below 3.5 for r = 2, and greater than
4 (but still well below 5) for r = 1. Also, the “spread” of
convergence rates as a function of r is much wider in the
parallel case than in the random sequential case.

One interesting observation about all possible sequential
orderings of node updates is the following
Lemma: When r = 1, a 1D MAJ CA whose cells
update according to any (deterministic or random or mixed)
sequential update ordering is guaranteed to converge to a FP
in at most one iteration.

Proof: If the initial configuration is an FP, then the
convergence takes place in 0 steps. Else, since the cells

update sequentially, the temporal cycles aren’t possible [24],
[25], and therefore the only remaining case is that the initial
configuration is transient. As such, it must have one or more
cells that are unstable (otherwise, this configuration would
be a FP). Since r = 1, the only unstable cells are those that
aren’t a part of a stable block of size 2 or greater – that is,
the central cells in subconfigurations 010 and 101. Consider
c[i− 1]c[i]c[i+ 1] = 010. If the leftmost cell gets to update
before the central cell and it changes its value to 1, then the
stable block c[i−1]c[i] = 11 has formed, and the central cell
will never be able to change its state again. Similar analysis
applies should the rightmost cell get to update before the
central cell, and it updates to 1. The remaining cases are (i)
when the central cell gets to update first and (ii) when neither
the leftmost nor the rightmost cell changes its value from 0
to 1 before the central cell gets its opportunity to update.
Either way, the central cell will necessarily update to 0, and
hence the stable block c[i − 1]c[i]c[i + 1] = 000 will form.
The other unstable type of subconfiguration, 101, is analyzed
analogously. Since these are the only possible minimal (with
respect to the “is a substring of” partial ordering) unstable
subconfigurations, and in all possible scenarios after at most
one update of each cell in each such subconfiguration a
stable block is created, it follows that, starting from any
TC, and for any sequence of node updating (as long as it is
a permutation [21], [25]), a fixed point will be reached in a
single global iteration.

Notice that in Figures 2-3, for r = 1 and relatively small
values of n, the average number of iterations is strictly below
1. The reason is that, for small n, there is a considerable
probability that a fixed point will be selected as an initial
configuration. Whenever the initial configuration is an FP,
the number of iterations is zero, whereas in other cases
it is exactly one, thereby resulting in an average of less
than 1. Since the statistical dominance of TCs over FPs
grows rapidly as n increases [23], [25], and the total number
of configurations grows exponentially with n, chance of
“hitting” an FP among 1,000 randomly generated initial
configurations rapidly approaches zero as n grows. This is
why the convergence rate for r = 1 in both sequential plots
very rapidly levels at 1.

Lastly, one result that we truly did not expect, and still do
not have any convincing explanation for: the shapes of the
convergence curves for Sequential1, where the cells update
according to a fixed permutation, and when r ≥ 2. We have
re-run the simulations and obtained similar results and very
similarly shaped curves in each case. We are investigating
what is the reason for this, rather counterintuitive and
unexpected to us, convergence behavior.

5. Summary and Future Work
We investigate one-dimensional cellular automata with

the Majority cell update rule. We perform a detailed ex-
perimental study of the convergence behavior of such CA



for several different update rule radii, and for both parallel
and sequential cell update regimes. Our simulations have
generally validated a number of theoretical predictions,
including (i) that Majority CA tend to converge to a fixed
point very rapidly, where, on average, this convergence rate
is clearly a sub-linear1 function of the number of cells, (ii)
that, everything else being equal, the sequential cell updates
lead to faster convergence than the parallel cell updates, and
(iii) in parallel MAJ CA, the convergence rates tend to get
(a little) faster as the rule radius r grows.

However, we have also obtained convergence behavior
for the sequential update ordering according to a fixed
permutation that we cannot explain. Investigating and fully
explaining this strange behavior is one of our imminent
tasks. In our near-future work, we will investigate CA
convergence behavior for much greater numbers of cells n,
as well as study occurrences of statistically unlikely patterns,
such as the temporal cycles in the parallel case.

Further down the road, we plan to expand the simulator’s
capabilities so that other cell update rules can be simulated
and analyzed. We also intend to first expand the functionality
of our simulator and then undertake a similar experimental
study to capture when the cell updates take place (i) ac-
cording to more general sequential regimes than the ones
discussed in this paper and (ii) in a genuinely asynchronous
manner, as discussed in [21], [22], [23], [25]. We believe
that such systematic study will provide valuable insights into
the implications of the underlying communication model on
the resulting dynamics of various technical, physical and
biological systems that can be modeled by cellular automata.
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